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1 Introduction

Channel coding using binary linear codes is a way of enhancing the reliability of data by
detecting and correcting any errors that may occur during its transmission or storage. One
class of binary linear codes, low-density parity-check (LDPC) codes, has become especially
popular due to being able to reach arbitrarily small probabilities of error at code rates
up to the capacity of the channel [Mac99, Sec. II.B.|, while retaining a structure that
allows for very efficient decoding. While the established decoders for LDPC codes, such
as belief propagation (BP) and the min-sum algorithm, offer good decoding performance,
they are suboptimal in most cases and exhibit an error floor for high signal-to-noise ratios
(SNRs) [RL09, Sec. 15.3], making them unsuitable for applications with extreme reliability
requirements.

Optimization based decoding algorithms are an entirely different way of approaching the
decoding problem. The first introduction of optimization techniques as a way of decoding
binary linear codes was conducted in Feldman’s 2003 Ph.D. thesis and a subsequent paper,
establishing the field of linear programming (LP) decoding |Fel03|, [FWKO05|. There, the
maximum likelihood (ML) decoding problem is approximated by a linear program, i.e.,
a linear, convex optimization problem, which can subsequently be solved using several
different algorithms [T'S06|, [Von08|, |[Bar+13|, [Zha+19|. More recently, novel approaches
such as proximal decoding have been introduced. Proximal decoding is based on a non-
convex optimization formulation of the mazimum a posteriori (MAP) decoding problem

[WT22].

The motivation behind applying optimization methods to channel decoding is to utilize
existing techniques in the broad field of optimization theory, as well as to find new decod-
ing methods not suffering from the same disadvantages as existing message passing based
approaches or exhibiting other desirable properties. LP decoding, for example, comes with
strong theoretical guarantees allowing it to be used as a way of closely approximating
ML decoding [Bar+13, Sec. I], and proximal decoding is applicable to non-trivial chan-
nel models such as LDPC-coded massive multiple-input multiple-output (MIMO) channels
[WT22]|.

This thesis aims to further the analysis of optimization based decoding algorithms as
well as to verify and complement the considerations present in the existing literature.
Specifically, the proximal decoding algorithm and LP decoding using the alternating di-
rection method of multipliers (ADMM) [Bar-+13] are explored within the context of binary
phase-shift keying (BPSK) modulated additive white Gaussian noise (AWGN) channels.
Implementations of both decoding methods are produced, and based on simulation results
from those implementations the algorithms are examined and compared. Approaches to
determine the optimal value of each parameter are derived and the computational and de-
coding performance of the algorithms is examined. An improvement on proximal decoding
is suggested, achieving up to 1 dB of gain, depending on the parameters chosen and the
code considered.






2 Theoretical Background

In this chapter, the theoretical background necessary to understand the decoding algo-
rithms examined in this work is given. First, the notation used is clarified. The physical
layer is detailed - the used modulation scheme and channel model. A short introduction to
channel coding with binary linear codes and especially LDPC codes is given. The estab-
lished methods of decoding LDPC codes are briefly explained. Lastly, the general process
of decoding using optimization techniques is described and an overview of the utilized
optimization methods is given.

2.1 General Remarks on Notation

Wherever the domain of a variable is expanded, this will be indicated with a tilde. For
example:

re{-1,1} -z €R
ccFy—éc[0,1]CR.

Additionally, a shorthand notation will be used, denoting a set of indices as
[m:n]:={mm+1,...,n—1,n}, m<n, mné€Z.

In order to designate element-wise operations, in particular the Hadamard product and the
Hadamard power, the operator o will be used:
T n
aob::[albl anbn] , a,beR"” neN
a ::[a’f...ak]T, acR" neNkelZ.

n

2.2 Channel Model and Modulation

In order to transmit a bit-word ¢ € F5 of length n over a channel, it has to be mapped
onto a symbol @ € R™ that can be physically transmitted. This is known as modulation.
The modulation scheme chosen here is BPSK:

x=1-2c.

The transmitted symbol is distorted by the channel and denoted as y € R™. This distortion
is described by the channel model, which in the context of this thesis is chosen to be AWGN:

2
y=1x+n, ni€N<0,02>, ie€[l:n].



2.3 Channel Coding with LDPC Codes

Channel coding describes the process of adding redundancy to information transmitted over
a channel in order to detect and correct any errors that may occur during the transmission.
Encoding the information using binary linear codes is one way of conducting this process,
whereby data words are mapped onto longer codewords, which carry redundant information.
LDPC codes have become especially popular, since they are able to reach arbitrarily small
probabilities of error at code rates up to the capacity of the channel [Mac99, Sec. I11.B.],
while having a structure that allows for very efficient decoding.

The lengths of the data words and codewords are denoted by k € N and n € N, respec-
tively, with & < n. The set of codewords C C F3 of a binary linear code can be represented
using the parity-check matriz H € F5**", where m represents the number of parity-checks:

CZ:{CEFSZHCTZO}.

A data word u € IF"QC can be mapped onto a codeword ¢ € [y using the generator matriz
G € FE*m.

c=uG.

After obtaining a codeword from a data word, it is transmitted over a channel as de-
scribed in section 2.2. The received signal y is then decoded to obtain an estimate of
the transmitted codeword, denoted as é. Finally, the encoding procedure is reversed and
an estimate of the originally sent data word, w4, is produced. The methods examined in
this work are all based on soft-decision decoding, i.e., y is considered to be in R™ and no
preliminary decision is made by a demodulator. The process of transmitting and decoding
a codeword is visualized in figure 2.1.

Channel

Figure 2.1: Overview of channel model and modulation

The decoding process itself is generally based either on the MAP or the ML criterion:
énvap = argmax peyy (¢ | y)
ceC
éur, = argmax fyc (y | ¢) .
ceC

The two criteria are closely connected through Bayes’ theorem and are equivalent when
the prior probability of transmitting a codeword is the same for all codewords:

fyic (y ] e)pc(e)
argmax pc|y (¢ | y) = argmax
cec cec fr (y)

= argmax fy|c (y | ¢).
ceC



2.4 Tanner Graphs and Belief Propagation

It is often helpful to visualize codes graphically. This is especially true for LDPC codes, as
the established decoding algorithms are message passing algorithms, which are inherently
graph-based.

A binary linear code with a parity-check matrix H can be visualized using a Tanner or
factor graph: Each row of H, which represents one parity-check, is viewed as a check node
(CN). Each component of the codeword ¢ is interpreted as a variable node (VN). The
relationship between CNs and VNs can then be plotted by noting which components of
c are considered for which parity-check. Figure 2.2 shows the Tanner graph for the (7,4)
Hamming code, which has the following parity-check matrix [RL09, Example 5.7.|:

1010101
0 011
1 111

VN 1 VN2 VN3 VN4 VN5 VN6 VN7
c1 Cco c3 C4 Cs Ce Cr

CN 1 CN 2 CN 3
(c1+e3+es+er=0) (ca+c3+ce+cr=0) (ca+c5+c6+cr=0)

Figure 2.2: Tanner graph for the (7,4) Hamming code

CNs and VNs, and by extension the rows and columns of H, are indexed with the variables
j and i. The sets of all CNs and all VNs are denoted by J := [1:m] and Z := [1 : n],
respectively. The neighborhood of the jth CN, i.e., the set of all adjacent VNs, is denoted
by N, (j). The neighborhood of the ith VN is denoted by N, (i). For the code depicted
in figure 2.2, for example, N, (1) = {1,3,5,7} and N, (3) = {1,2}. The degree d; of a CN
is defined as the number of adjacent VNs: d; := |N, (j)|; the degree of a VN is similarly
defined as d; := | N, (7)|.

Message passing algorithms are based on the notion of passing messages between CNs
and VNs. BP is one such algorithm that is commonly used to decode LDPC codes. It
aims to compute the posterior probabilities pc,y (¢; = 1|y), i € Z, see [Mac99, Sec. IIL |
and use them to calculate the estimate ¢é. For cycle-free graphs this goal is reached after a
finite number of steps and BP is equivalent to MAP decoding. When the graph contains
cycles, however, BP only approximates the MAP probabilities and is sub-optimal. This
leads to generally worse performance than MAP decoding for practical codes. Additionally,
an error floor appears for very high SNRs, making the use of BP impractical for applica-
tions where a very low error rate is desired [RL09, Sec. 15.3]. Another popular decoding



method for LDPC codes is the min-sum algorithm. This is a simplification of BP using an
approximation of the non-linear tanh function to improve the computational performance.

2.5 Decoding using Optimization Methods

The general idea behind using optimization methods for channel decoding is to reformulate
the decoding problem as an optimization problem. This new formulation can then be solved
with one of the many available optimization algorithms.

Generally, the original decoding problem considered is either the MAP or the ML de-
coding problem:

évap = argmax pely (¢ | y) (2.1)
ceC

évL = argmax fyc (y | €. (2.2)
ceC

The goal is to arrive at a formulation, where a certain objective function g : R — R must
be minimized under certain constraints:

minimize g (é)

subject to ¢ € D,

where D C R"™ is the domain of values attainable for ¢ and represents the constraints under
which the minimization is to take place.

In contrast to the established message-passing decoding algorithms, the perspective then
changes from observing the decoding process in its Tanner graph representation with VNs
and CNs (as shown in figure 2.3a) to a spatial representation (figure 2.3b), where the
codewords are some of the vertices of a hypercube. The goal is to find the point ¢, which
minimizes the objective function g.

(c1) (c2) (c3) (0,1,1)

0,1)

(1,1,0)

CN

0,0,0
(c14+c2+c3=0) (0,0.0)

(b) Spatial representation of a single parity-check

(a) Tanner graph representation of a single parity- code

check code

Figure 2.3: Different representations of the decoding problem
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2.6 A Short Introduction to the Proximal Gradient Method
and ADMM

In this section, the general ideas behind the optimization methods used in this work are
outlined. The application of these optimization methods to channel decoding decoding will
be discussed in later chapters. Two methods are introduced, the proximal gradient method

and ADMM.

Proximal algorithms are algorithms for solving convex optimization problems that rely
on the use of prozimal operators. The proximal operator prox,; : R" — R"™ of a function
[ :R"™ — R is defined by [PB14, Sec. 1.1]

i 1
prox (v) = argain (1 (@) + 55— ol )
xTER™
This operator computes a point that is a compromise between minimizing f and staying in
the proximity of v. The parameter A determines how each term is weighed. The proximal
gradient method is an iterative optimization method utilizing proximal operators, used to
solve problems of the form
minimize  f (x) + g (x)
xeR"

that consists of two steps: minimizing f with gradient descent and minimizing g using the
proximal operator [PB14, Sec. 4.2]:

x+—x—A\Vf(x)

T < prox,, (),

Since ¢ is minimized with the proximal operator and is thus not required to be differen-
tiable, it can be used to encode the constraints of the optimization problem (e.g., in the
form of an indicator function, as mentioned in [PB14, Sec. 1.2]).

ADMM is another optimization method. In this thesis it will be used to solve a linear
program, which is a special type of convex optimization problem in which the objective
function is linear and the constraints consist of linear equalities and inequalities. Generally,
any linear program can be expressed in standard form! [BT97, Sec. 1.1]:

minimize 'yT:c
xTER™

subject to Ax=05b (2.3)
x>0,

where ¢,v € R® b € R™ and A € R™*". A technique called Lagrangian relazation
can then be applied |[BT97, Sec. 11.4]. First, some of the constraints are moved into
the objective function itself and weights A are introduced. A new, relaxed problem is
formulated as
minimize Tz + AT (Az — b)
xeR" (2. 4)
subject to @ > 0,

'The inequality = > 0 is to be interpreted componentwise.

11



the new objective function being the Lagrangian?®

L(x, X)) =~Te+ AT (Az —b).

This problem is not directly equivalent to the original one, as the solution now depends
on the choice of the Lagrange multipliers A. Interestingly, however, for this particular class
of problems, the minimum of the objective function (hereafter called optimal objective) of
the relaxed problem (2.4) is a lower bound for the optimal objective of the original problem
(2.3) [BT97, Sec. 4.1]:

. . T
glzlgﬁ(w,)\) < min " .
Ax=b
Furthermore, for uniquely solvable linear programs strong duality always holds [BT97,
Theorem 4.4|. This means that not only is it a lower bound, the tightest lower bound
actually reaches the value itself: in other words, with the optimal choice of A, the optimal
objectives of the problems (2.4) and (2.3) have the same value, i.e.,

max min £ (x,\) = min v z.
AER™ x>0 x>0
Azx=b

Thus, we can define the dual problem as the search for the tightest lower bound:

maximize min L (x, \), (2.5)
AER™ x>0

and recover the solution ¢ to problem (2.3) from the solution Ao to problem (2.5) by

computing [Boy+11, Sec. 2.1]

ZTopt = argmin L (x, Agpt) - (2.6)
x>0

The dual problem can then be solved iteratively using dual ascent: starting with an
initial estimate for A, calculate an estimate for & using equation (2.6); then, update A
using gradient descent [Boy+11, Sec. 2.1]:

x + argmin L (x, )
x>0

A= A+a(Ax—-b), a>0.

The algorithm can be improved by observing that when the objective function g : R” — R
is separable into a sum of N € N sub-functions g; : R" — R, ie., g(x) = Zf\il gi (xi),
where x; € R™, i € [1: N| are subvectors of x, the Lagrangian is as well:

N
minimize Z gi (x;)
i=1

N
subject to ZAﬂfz‘ =b
i=1

2Depending on what literature is consulted, the definition of the Lagrangian differs in the order of Az
and b. As will subsequently be seen, however, the only property of the Lagrangian having any bearing
on the optimization process is that minimizing it gives a lower bound on the optimal objective of the
original problem. This property is satisfied no matter the order of the terms and the order chosen here
is the one used in the LP decoding literature making use of ADMM.

12



.C((zclfvl,)\) Zgz (x;) —i—)\T (ZA:L’,—b)

The matrices A; € R™*™ ¢ € [1 : N| form a partition of A, corresponding to A =
[Al AN]. The minimization of each term can happen in parallel, in a distributed
fashion [Boy+11, Sec. 2.2]. In each minimization step, only one subvector x; of x is
considered, regarding all other subvectors as being constant. This modified version of dual

ascent is called dual decomposition:

x; < argmin £ ((:cz)f\il ,)\) Vie [1:N]
:131'20

N
>\<—>\+OK<ZAi$i—b>, a > 0.

=1

ADMM works the same way as dual decomposition. It only differs in the use of an
augmented Lagrangian L, (w)f\i 1> A ) in order to strengthen the convergence properties.
The augmented Lagrangian extends the classical one with an additional penalty term with

the penalty parameter u:

N
Lo (@A) = Zgl w1+AT<ZAml—b>+M Z;Aiazi—b

Classical Lagrangian Penalty term

2

, pu>0.
2

The steps to solve the problem are the same as with dual decomposition, with the added
condition that the step size be pu:

x; < argmin £, ((w)fil ,A) Vi€ [1: N]

x; >0

N
)\%)\—i-u(ZAi:Bi—b), w>0.

=1

In subsequent chapters, the decoding problem will be reformulated as an optimization
problem using two different methodologies. In chapter 3, a non-convex optimization ap-
proach is chosen and addressed using the proximal gradient method. In chapter 4, an LP
based optimization problem is formulated and solved using ADMM.

13






3 Proximal Decoding

In this chapter, the proximal decoding algorithm is examined. First, the algorithm itself
is described and some useful considerations concerning the implementation are presented.
Simulation results are shown, based on which behavior of the algorithm is investigated for
different codes and parameters. Finally, an improvement on proximal decoding is proposed.

3.1 Decoding Algorithm and Implementation

Proximal decoding was proposed by Wadayama et al. as a novel formulation of optimization-
based decoding [WT22]. With this algorithm, minimization is performed using the proxi-
mal gradient method. In contrast to LP decoding, which will be covered in chapter 4, the
objective function is based on a non-convex optimization formulation of the MAP decoding
problem.

In order to derive the objective function, the authors begin with the MAP decoding rule,
expressed as a continuous maximization problem! over :

© = argmax [y (@ | y) = argmax fy x (y | Z) fx (T). (3.1)
TeR™ TER™
The likelihood fy % (y | ©) is a known function determined by the channel model. The
prior PDF f¢ (&) is also known, as the equal probability assumption is made on C. How-
ever, since the considered domain is continuous, the prior PDF cannot be ignored as a
constant during the minimization as is often done, and has a rather unwieldy representa-
tion:

I (&) = \Cl] S 6(@ - (—1)°). (3.2)

ceC
In order to rewrite the prior PDF f¢ (&), the so-called code-constraint polynomial is in-
troduced as
2

h@ = (@ -0 +3 | T] @| -1
i=1 j=1

i€N(7)

Bipolar constraint Parity constraint

The intention of this function is to provide a way to penalize vectors far from a codeword
and favor those close to one. In order to achieve this, the polynomial is composed of two
parts: one term representing the bipolar constraint, providing for a discrete solution of the
continuous optimization problem, and one term representing the parity constraints, ac-
commodating the role of the parity-check matrix H. The prior PDF is then approximated

!The expansion of the domain to be continuous doesn’t constitute a material difference in the meaning
of the rule. The only change is that what previously were probability mass functions (PMFs) now have
to be expressed in terms of probability density functions (PDFs).

15



using the code-constraint polynomial as:

- 1 3
I[x (@) = —e (@) (3.3)
Z
The authors justify this approximation by arguing that for v — oo, the approximation in
equation (3.3) approaches the original function in equation (3.2). This approximation can
then be plugged into equation (3.1) and the likelihood can be rewritten using the negative

log-likelihood L (y | #) = —In ( yix W 5:)) as

& = argmax e LWI®)g—(@)
xTeR"

=argmin L (y | ) + vh (Z) .
xzeR"
Thus, with proximal decoding, the objective function g () considered is
g(®)=L(y|z)+~h(2) (3.4)

and the decoding problem is reformulated to

minimize L (y | &) + vh (£)
subject to & € R".

For the solution of the approximate MAP decoding problem using the proximal gradient
method, the two parts of equation (3.4) are considered separately: the minimization of
the objective function occurs in an alternating fashion, switching between the negative
log-likelihood L (y | ) and the scaled code-constraint polynomial vh (). Two helper
variables, r and s, are introduced, describing the result of each of the two steps. The first
step, minimizing the log-likelihood, is performed using gradient descent:

r<—s—wVL(y|s), w>0. (3.5)

For the second step, minimizing the scaled code-constraint polynomial, the prozimal op-
erator of vh (&) has to be computed. It is then immediately approximated with gradient-
descent:

- : 1 -
prox., () = argminvyh (¢) + 5 It — ||
teRn

~&—~yVh(x), >0, small.
The second optimization step thus becomes
s« r—~Vh(r), ~ >0, small

While the approximation of the prior PDF made in equation (3.3) theoretically becomes
better with larger v, the constraint that v be small is important, as it keeps the effect of
h (&) on the landscape of the objective function small. Otherwise, unwanted stationary
points, including local minima, are introduced. The authors say that “[...| in practice, the
value of v should be adjusted according to the decoding performance” [WT22, Sec. 3.1].

16



In the case of AWGN, the likelihood fy ¢ (y| ) is

1 _ly-a?

f > y fé = e 202

Thus, the gradient of the negative log-likelihood becomes

2
VL(y|&) o« ~V]y - 2|
X T —y,
allowing equation (3.5) to be rewritten as

r—s—w(s—y).

One thing to consider during the actual decoding process, is that the gradient of the code-
constraint polynomial can take on extremely large values. To avoid numerical instability,
an additional step is added, where all components of the current estimate are clipped to
[—n,n], where 7 is a positive constant slightly larger than one:

s« II, (r —yVh(r)),

IL,, () expressing the projection onto [—n,n]".

The iterative decoding process resulting from these considerations is depicted in algo-
rithm 3.1.

1 8§« 0

2 for K iterations do

3 r—s—w(s—y)

4 s« II, (r —yVh(r))
5 & <+ sign (s)

6 if Hé =0 do

7 return ¢é

8 end if

o end for

10 return é

Algorithm 3.1: Proximal decoding algorithm for an AWGN channel. Based on Algorithm 1 in
[WT22|

The algorithm was first implemented in Python because of the fast development process
and straightforward debugging ability. It was subsequently reimplemented in C++ using
the Eigen? linear algebra library to achieve higher performance. The focus has been on
a fast implementation, sometimes at the expense of memory usage, somewhat limiting
the size of the codes the implementation can be used with. The evaluation of decoding

2For the minimization, constants can be disregarded. For this reason, it suffices to consider only propor-
tionality instead of equality.
Shttps://eigen.tuxfamily.org
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operations and subsequent calculation of bit error rates (BERS), frame error rates (FERs),
etc., has been wholly realized in Python.

Concerning the proximal decoding algorithm itself, there are certain aspects presenting
optimization opportunities during the implementation. The gradient of the code-constraint
polynomial [WT22, Sec. 2.3|, for example, is given by

T
Vh(:fz):[a%lh(i) e Fh(@) } ,
2
0 h(a}):4(@2—1)@k+3 > II #| - II &
Oy, g Tr T 1l
JEN (k) i€Ne(4) i€N.(5)

Since the products [, No(j) Zi, j € J are identical for all components T of &, they can
be precomputed. Defining

p = : and v = p02 —p,

HiGNc(m) Ly
the gradient can be written as
Vh(z) =4 (2% - &) +22°Y 0 H v,

enabling its computation primarily with element-wise operations and matrix-vector multi-
plication. This is beneficial, as the libraries employed for the implementation are heavily
optimized for such calculations (e.g., through vectorization of the operations).

The projection Hn (.) also proves straightforward to compute, as it amounts to simply
clipping each component of the vector onto [—7, 7] individually.

3.2 Analysis and Simulation Results

In this section, the general behavior of the proximal decoding algorithm is analyzed. The
impact of the parameters v, as well as w, the maximum number of iterations K and 7 is
examined. The decoding performance is assessed based on the BER and the FER as well
as the decoding failure rate - the rate at which the algorithm produces results that are
not valid codewords. The convergence properties are reviewed and related to the decoding
performance. Finally, the computational performance is examined on a theoretical basis
as well as on the basis of the implementation completed in the context of this thesis.

All simulation results presented hereafter are based on Monte Carlo simulations. The
BER and FER curves in particular have been generated by producing at least 100 frame
errors for each data point, unless otherwise stated.

3.2.1 Choice of Parameters

First, the effect of the parameter « is investigated. Figure 3.1 shows a comparison of the
decoding performance of the proximal decoding algorithm as presented by Wadayama et

18



al. [WT22| and the implementation realized for this work. The BER curves for three
different choices of v are shown, as well as the curve resulting from decoding using a BP
decoder, as a reference. The results from Wadayama et al. are shown with solid lines,
while the newly generated ones are shown with dashed lines. The parameters chosen are
K =200, = 0.05 and n = 1.5. It is noticeable that for a moderately chosen value of ~

109

E
lo—o—o——o

1071

102

BER

1073

104

— [T
)
w
N
ot

Ey/No (dB)

—o—~ = 0.15 (Wadayama et al.) -»- v = 0.15 (Own results)
—o—~ = 0.01 (Wadayama et al.)-»- v = 0.01 (Own results)
—o—~ = 0.05 (Wadayama et al.) - - v = 0.05 (Own results)
—e— BP (200 iterations)

Figure 3.1: Comparison of datapoints from Wadayama et al. with own simulation results. (3, 6)
regular LDPC code with n = 204, k = 102 [Mac23, 204.33.484]

(7 = 0.05) the decoding performance is better than for low (y = 0.01) or high (y = 0.15)
values. The question arises whether there is some optimal value maximizing the decoding
performance, especially since it seems to dramatically depend on . To better understand
how they are related, figure 3.1 was recreated, but with a considerably larger selection of
values for . In this new graph, shown in figure 3.2, instead of stacking the BER curves
on top of one another in the same plot, the visualization is extended to three dimensions.
The previously shown results are highlighted.

Evidently, while the decoding performance does depend on the value of -, there is no
single optimal value offering optimal performance, but rather a certain interval in which it
stays largely unchanged. This indicates that while the choice of the parameter v signifi-
cantly affects the decoding performance, there is not much benefit attainable in undertaking
an extensive search for an exact optimum. Rather, a preliminary examination providing
a rough window for v may be sufficient. Similar results can be observed when comparing
several different codes, as shown in figure 3.13. It is apparent that while the exact land-
scape of the graph depends on the code, the general behavior is the same for all codes
analyzed in this thesis.
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@ - = [0:0.01:0.16]
v =0.01
c: — 4 =005
aa —_ v =0.15
6 0.15
0.1
. -2
Ey/No (dB) 0 5-10

v

Figure 3.2: Visualization of the relationship between the decoding performance and the param-
eter . (3,6) regular LDPC code with n = 204, k = 102 [Mac23, 204.33.484]

The parameter v describes the step-size for the optimization step dealing with the code-
constraint polynomial; the parameter w describes the step-size for the step dealing with
the negative-log likelihood. The relationship between w and « is portrayed in figure 3.3.
The color of each cell indicates the BER when the corresponding values are chosen for
the decoding. The SNR is kept constant at 4dB. The BER exhibits similar behavior in
its dependency on w and on ~: it is minimized when keeping the value within certain
bounds, without displaying a single distinct optimum. It is noteworthy that the decoder
seems to achieve the best performance for similar values of the two step sizes. Again, this
consideration applies to a multitude of different codes, as depicted in figure 3.14.

To better understand how to determine the optimal value for the parameter K, the
average error is inspected. This time « and w are held constant at 0.05 and the average
error is observed during each iteration of the decoding process, for several different SNRs.
The plots have been generated by averaging the error over 500 000 decodings.

BER

0.15
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0.05

0.05 0.1 0.15 0.2
w

Figure 3.3: The BER as a function of the two step sizes. (3,6) regular LDPC code with n =
204, k = 102 [Mac23, 204.33.484]
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As some decodings go on for more iterations than others, the number of values which
are averaged for each datapoints vary. This explains the dip visible in all curves around
the 20th iteration, since after this point more and more correct decodings are completed,
leaving more and more faulty ones to be averaged. Additionally, at this point the decline in
the average error stagnates, rendering an increase in K counterproductive as it only raises
the average timing requirements of the decoding process. Another aspect to consider is
that the higher the SNR, the fewer decodings are present at each iteration to average,
since a solution is found earlier. This explains the decreasing smoothness of the lines as
the SNR increases. Remarkably, the SNR seems to not have any impact on the number of
iterations necessary to reach the point at which the average error stabilizes.
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Figure 3.4: Average error for 500 000 decodings. (3,6) regular LDPC code with n = 204, k = 102
[Mac23, 204.33.484]

Changing the parameter 1 does not appear to have a significant effect on the decoding
performance when keeping the value within a reasonable window (“slightly larger than
one”, as stated in [WT22, Sec. 3.2]), which seems plausible considering its only function is
ensuring numerical stability.

Summarizing the above considerations, an intricate strategy to find the exact optimum
values for the parameters v and w appears to bring limited benefit; an initial rudimentary
examination to find the general bounds in which the two values should lie is sufficient. The
parameter K is independent of the SNR and raising its value above a certain threshold does
not improve the decoding performance. The choice of 7 is insignificant and the parameter
is only relevant as a means to bring about numerical stability.

3.2.2 Decoding Performance

Until now, only the BER has been considered to gauge the decoding performance. The
FER, however, shows considerably different behavior, as can be seen in figure 3.5. Besides
the BER and FER curves, the figure also shows the decoding failure rate. This is the rate
at which the iterative process produces invalid codewords, i.e., the stopping criterion (line
6 of algorithm 3.1) is never satisfied and the maximum number of iterations K is reached
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without converging to a valid codeword. Three lines are plotted in each case, corresponding
to different values of the parameter . The values chosen are the same as in figure 3.1,
as they seem to adequately describe the behavior across a wide range of values (see figure

3.2).
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Figure 3.5: Comparison of FER, BER and decoding failure rate. (3,6) regular LDPC code with
n = 204,k = 102 [Mac23, 204.33.484]

It is apparent that the FER and the decoding failure rate are extremely similar, especially
for higher SNRs. This leads to the hypothesis that, at least for higher SNRs, frame errors
arise mainly due to the non-convergence of the algorithm instead of convergence to the
wrong codeword. This course of thought will be picked up in section 3.3 when proposing
a method to improve the algorithm.

In summary, the BER and FER indicate dissimilar decoding performance. The decoding
failure rate closely resembles the FER, suggesting that the frame errors may largely be
attributed to decoding failures.

3.2.3 Convergence Properties

The previous observation that the FER may arise mainly due to the non-convergence
of the algorithm instead of convergence to the wrong codeword, raises the question why
the decoding process does not converge so often. To better understand this issue, the
iterative process is visualized in figure 3.6. In order to be able to simultaneously consider
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all components of the vectors being dealt with, a BCH code with n = 7 and k = 4 is
chosen. Each plot shows one component of the current estimate during a given iteration
(r and s are counted as different estimates and their values are interwoven to obtain the
shown result), as well as the gradients of the negative log-likelihood and the code-constraint
polynomial, which influence the next estimate.

1F — est || 1 ‘ — est ||
of / — (VL | o} S — (VL) ||
N — (W] 3< ;———wmg

| | | |
0 25 50 75 100 0 25 50 75 100
Iterations Iterations

o -
[\)
(@)
(@
(e}
-3
ot
—_
o -
(e}
o -
[\)
(@)
(@)
o
-3
ot
=
o -
(e}

Iterations Iterations
1L ‘ ‘ ‘ — est || 2 ‘ ‘ — est ]
— (VL) 1r — (VL) ||
ol AN— — (VR |l ol — (Vh), ||
-1 I | | — -1 1 1 1 ]
0 25 50 75 100 0 25 50 75 100
Iterations Tterations
1 i T T /\\ T — esé |
/’,,a"f/v — (VD)
of — (Vh), ||
1k |
| | | | |
0 25 50 75 100
Iterations

Figure 3.6: Visualization of a single decoding operation. BCH(7,4) code

It is evident that in all cases, past a certain number of iterations, the estimate starts
to oscillate around a particular value. Jointly, the two gradients stop further approaching
the value zero. This leads to the two terms of the objective function and in particular the
code-constraint polynomial not being minimized. As such, the constraints are not being
satisfied and the estimate is not converging towards a valid codeword.

While figure 3.6 shows only one instance of a decoding task with no statistical signif-
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icance, it is indicative of the general behavior of the algorithm. This can be justified
by looking at the gradients themselves. In figure 3.7 the gradients of the negative log-
likelihood and the code-constraint polynomial for a repetition code with n = 2 are shown.
The two valid codewords of the n = 2 repetition code can be recognized in figure 3.7b as
c| = [71 71] and co = [1 1]; these are also the points producing the global minima of
the code-constraint polynomial. The gradient of the negative log-likelihood points towards
the received codeword as can be seen in figure 3.7a, since assuming AWGN and no other
information that is the estimate maximizing the likelihood. Looking at figure 3.7b it also
becomes apparent why the value of the parameter v has to be kept small, as mentioned
in section 3.1. Local minima are introduced between the codewords, in the areas in which
it is not immediately clear which codeword is the most likely one. Increasing the value of
~ results in h (&) dominating the landscape of the objective function, thereby introducing
these local minima into the objective function.
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Figure 3.7: Gradiensts of the negative log-likelihood and the code-constraint polynomial

It is obvious that walking along the gradients in an alternating fashion will produce
a net movement in a certain direction, as long as they have a common component. As
soon as this common component is exhausted, they will start pulling the estimate in
opposing directions, leading to an oscillation as illustrated in figure 3.6. Consequently,
this oscillation is an intrinsic property of the structure of the minimization process of the
proximal decoding algorithm, where the two parts of the objective function are minimized
in an alternating fashion by use of their gradients.

While the initial net movement is generally directed in the right direction owing to the
gradient of the negative log-likelihood, the resulting oscillation may well take place in a
segment of space not corresponding to a valid codeword, leading to the aforementioned
non-convergence of the algorithm. This also partly explains the difference in decoding
performance when looking at the BER and FER, as it would lower the amount of bit
errors while still yielding an invalid codeword.

The higher the SNR, the more likely the gradient of the negative log-likelihood is to
point to a valid codeword. The common component of the two gradients then pulls the
estimate closer to a valid codeword before the oscillation takes place. This explains why
the decoding performance is significantly better for higher SNRs.
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When considering codes with larger n the behavior generally stays the same, with some
minor differences. In figure 3.8 the decoding process is visualized for one component of a
code with n = 204, for a single decoding. The two gradients still eventually oppose each
other and the estimate still starts to oscillate, the same as illustrated in figure 3.6 based on
a code with n = 7. However, in this case, the gradient of the code-constraint polynomial
itself starts to oscillate, its average value being such that the effect of the gradient of the
negative log-likelihood is counteracted.
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Figure 3.8: Visualization of a single decoding operation. (3,6) regular LDPC code with n =
204, k = 102 [Mac23, 204.33.484]

In conclusion, as a general rule, the proximal decoding algorithm reaches an oscillatory
state which it cannot escape as a consequence of its structure. In this state the constraints
may not be satisfied, leading to the algorithm exhausting its maximum number of iterations
without converging and returning an invalid codeword.

3.2.4 Computational Performance

In order to determine the time complexity of proximal decoding for an AWGN channel,
the decoding process as depicted in algorithm 3.1 is considered.

When dealing with LDPC codes, i.e., the number of non-zero entries in the parity-
check matrix H grows linearly with n, the two recursive steps in lines 3 and 4 have time
complexity O (n) [WT22, Sec. 4.1]. The sign operation in line 5 also has O (n) time
complexity, as it only depends on the n components of s. Given the sparsity of the matrix
H | evaluating the parity-check condition has linear time complexity as well, since at most
n additions and multiplications have to be performed. This means that the overall time
complexity of proximal decoding for LDPC codes in an AWGN channel is O (n), which is
practical since it is the same as that of BP.

This theoretical analysis is also corroborated by the practical results shown in figure
3.9. The codes considered are the BCH(31, 11) and BCH(31, 26) codes, several (3, 6)
regular LDPC codes ([Mac23, 96.3.965, 204.33.484, 408.33.844]), a (5,10) regular LDPC
code (|Mac23, 204.55.187]) and a progressive edge growth construction code (|Mac23,
PEGReg252x504]|). Some deviations from linear behavior are unavoidable, since not all
codes considered are actually LDPC codes, or LDPC codes constructed according to the
same scheme. Nonetheless, a generally linear relationship between the average time needed
to decode a received frame and the length n of the frame can be observed. These results

25



were generated on an Intel Core i7-7700HQ 4-core CPU, running at 2.80 GHz and utilizing
all cores.
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Figure 3.9: Timing requirements of the proximal decoding implementation

3.3 Improved Implementation

As mentioned earlier, frame errors seem to mainly stem from decoding failures. Coupled
with the fact that the BER indicates significantly better performance than the FER, this
leads to the assumption that only a small number of components of the estimated vector
may be responsible for an invalid result. If it was possible to limit the number of possibly
wrong components of the estimate to a small subset, an ML-decoding step could be per-
formed on a limited number of possible results (“ML-in-the-list”, as it is called) to improve
the decoding performance. This concept is pursued in this section.

First, a guideline must be found with which to evaluate the probability that a given
component of an estimate is wrong. One compelling observation is that the closer an
estimate is to being at a valid codeword, the smaller the magnitude of the gradient of the
code-constraint polynomial, as illustrated in figure 3.7. This gives rise to the notion that
some property or behavior of VA (&) may be related in its magnitude to the confidence that
a given bit is correct. And indeed, the magnitude of the oscillation of VA () (introduced
previously in section 3.2.3 and shown in figure 3.8) and the probability of having a bit error
are strongly correlated, a relationship being depicted in figure 3.10. The x-axis depicts the
variance in Vh (&) after the 100th iteration, and the y-axis depicts whether there is a bit
error. While this is not exactly the magnitude of the oscillation, it is proportional and
easier to compute. The datapoints are taken from a single decoding operation.

Using this observation as a rule to determine the N € N most probably wrong bits, all
variations of the estimate with those bits modified can be generated. An ML-in-the-list
step can then be performed to determine the most likely candidate. This process is outlined
in algorithm 3.2. Its only difference to algorithm 3.1 is that instead of returning the last
estimate when no valid result is reached, an ML-in-the-list step is performed.
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Figure 3.10: Correlation between the occurrence of a bit error and the amplitude of oscillation
of the gradient of the code-constraint polynomial. (3,6) regular LDPC code with
n = 204,k = 102 [Mac23, 204.33.484]

1 s+ 0

2 for K iterations do

3 r<s—wVL(y|s)

4 s+ r—~Vh(r)

5 & + sign (s)

6 if Hé=0

7 return é

8 end if

9 end for

10 Find N most probably wrong bits
11 Generate variations &, [ = 1,...,2" of é with the N bits modified

12 Compute dp (€, ¢€) for all valid codewords ¢;
13 Output ¢ with lowest dg (€, €)

Algorithm 3.2: Improved proximal decoding algorithm

Figure 3.11 shows the gain that can be achieved when the number N is chosen to be 12.
Again, three values of gamma are chosen, for which the BER, FER and decoding failure
rate are plotted. The simulation results for the original proximal decoding algorithm are
shown with solid lines and the results for the improved version are shown with dashed
lines. For the case of v = 0.05, the number of frame errors produced for the datapoints
at 6dB, 6.5dB and 7dB are 70, 17 and 2, respectively. The gain seems to depend on the
value of v, as well as becoming more pronounced for higher SNR values. This is to be
expected, since with higher SNR values the number of bit errors decreases, making the
correction of those errors in the ML-in-the-list step more likely. In figure 3.15 the decoding
performance between proximal decoding and the improved algorithm is compared for a
number of different codes. In the case of the code with n = 504 shown in figure 3.15f,
only 76 frame errors were produced to generate the point for the improved algorithm for
v = 0.05 at 5.5 dB. Similar behavior can be observed in all cases, with varying improvement
over standard proximal decoding. In some cases, a gain of up to 1dB or higher can be
achieved.
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Figure 3.11: Comparison of the decoding performance between proximal decoding and the im-
proved implementation. (3,6) regular LDPC code with n = 204,k = 102 [Mac23,
204.33.484]

The average run time of the improved algorithm depends on the parameter N. The time
complexity, however, does not: it is still linear with respect to n. Interestingly, the improved
algorithm does not have a much different average run time than proximal decoding, because
the computationally expensive ML-in-the-list step is only performed when the proximal
decoding algorithm produces an invalid result, which in absolute terms happens relatively
infrequently. This is illustrated in figure 3.12, where the average time needed to decode
a single received frame is visualized for proximal decoding as well as for the improved
algorithm. The same codes as before are considered, i.e., the BCH(31, 11) and BCH(31,
26) codes, several (3, 6) regular LDPC codes ([Mac23, 96.3.965, 204.33.484, 408.33.844]|), a
(5,10) regular LDPC code (|[Mac23, 204.55.187]) and a progressive edge growth construction
code ([Mac23, PEGReg252x504]). It should be noted that some variability in the data is
to be expected, since the timing of the actual simulations depends on a multitude of other
parameters such as the scheduling choices of the operating system as well as variations
in the implementations themselves. Nevertheless, the empirical data, at least in part,
supports the theoretical considerations.

In conclusion, the decoding performance of proximal decoding can be improved by ap-
pending an ML-in-the-list step when the algorithm does not produce a valid result. The
gain can in some cases be as high as 1dB and is achievable with negligible computational
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performance penalty. The improvement is mainly noticeable for higher SNR values and
depends on the code as well as the chosen parameters.
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Figure 3.12: Comparison of the timing requirements of the implementations of proximal decoding

and the improved algorithm
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Figure 3.15: Comparison of the decoding performance of proximal decoding and the improved
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4 LP Decoding using ADMM

This chapter is concerned with LP decoding - the reformulation of the decoding problem
as a linear program. More specifically, the LP decoding problem is solved using ADMM.
First, the general field of LP decoding is introduced. The application of ADMM to the
decoding problem is explained and some notable implementation details are mentioned.
Finally, the behavior of the algorithm is examined based on simulation results.

4.1 LP Decoding

LP decoding is a subject area introduced by Feldman et al. [FWKO05|. They reframe the
decoding problem as an integer linear program and subsequently present two relaxations
into linear programs, one representing an LP formulation of exact ML decoding and one,
which is an approximation with a more manageable representation. To solve the resulting
linear program, various optimization methods can be used (see for example [T'S06], [Von08|,
[ZS13|, [Zha+19]).

Feldman et al. begin by looking at the ML decoding problem!

éur, = argmax fyc (y | ¢)- (4.1)
ceC

Assuming a memoryless channel, equation (4.1) can be rewritten in terms of the log-
likelihood ratios (LLRs) ; [Fel03, Sec. 2.5]:

n
c argminzfy c v =1In (in|CZ- (yi | i = 0))
ML = iCi, - '
| . Z fvie, Wi lci=1)

The authors propose using the following cost function? for the LP decoding problem:
n
g(e)=> rici=7"c.
i=1

With this cost function, the exact integer linear program formulation of ML decoding
becomes

minimize 'ch
subject to ¢ € C.
As solving integer linear programs is generally NP-hard, this decoding problem has to

be approximated by a problem with looser constraints. A technique called relazation is
applied: relaxing the constraints, thereby broadening the considered domain (e.g., by lifting

!They assume that all codewords are equally likely to be transmitted, making the ML and MAP decoding
problems equivalent.
2In this context, cost function and objective function have the same meaning.
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the integer requirement). First, the authors present an equivalent LP formulation of exact
ML decoding, redefining the constraints in terms of the codeword polytope

poly (C) = {Zacc: Qe ZO,ZQC: 1},

ceC ceC

which represents the convex hull of all possible codewords, i.e., the convex set of linear
combinations of all codewords. This corresponds to simply lifting the integer requirement.
However, since the number of constraints needed to characterize the codeword polytope is
exponential in the code length, this formulation is relaxed further. By observing that each
check node defines its own local single parity-check code, and, thus, its own local codeword
polytope, the relazed codeword polytope Q is defined as the intersection of all local codeword
polytopes. This consideration leads to constraints that can be described as follows [ZS13,
Sec. II, Al:

TiccPy Vied,

where Py, is the check polytope, i.e., the convex hull of all binary vectors of length d; with
even parity3, and Tj is the transfer matriz, which selects the neighboring variable nodes of
check node j (i.e., the relevant components of ¢ for parity-check j). For example, if the jth
row of the parity-check matrix H was h; = [0 1 01 01 0], the transfer matrix
would be [ZS13, Sec. II, A]

010000
T;=1{0 0 010 0
000001

o O O

In figure 4.1, the two relaxations are compared for an examplary code, which is described
by the generator and parity-check matrices

G=[0 1 1] (4.2)
1 1 1
H- [0 ! J (4.3)
and has only two possible codewords:
0 0
C= of, (1
0 1

Figure 4.1a shows the domain of exact ML decoding. The first relaxation onto the codeword
polytope poly (C) is shown in figure 4.1b; this expresses the constraints for the equivalent
linear program to exact ML decoding. poly (C) is further relaxed onto the relaxed codeword
polytope @, shown in figure 4.1d. Figure 4.1c shows how @ is formed by intersecting the
local codeword polytopes of each check node.

3Essentially Py ; is the set of vectors that satisfy parity-check j, but extended to the continuous domain.
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Figure 4.1: Visualization of the codeword polytope and the relaxed codeword polytope of the
code described by equations (4.2) and (4.3)

It can be seen that the relaxed codeword polytope @ introduces vertices with fractional
values; these represent erroneous non-codeword solutions to the linear program and cor-
respond to the so-called pseudo-codewords introduced in [FWKO05]. However, since for
LDPC codes @ scales linearly with n instead of exponentially, it is a lot more tractable for
practical applications.

The resulting formulation of the relaxed optimization problem becomes

minimize 'yTé (4.4)

subject to Tye € Py, VjeEJ. .
One aspect making LP decoding especially appealing is the very strong theoretical guar-
antee that comes with it, called the ML certificate property [FWKO05, Sec. III. B.]. This
is the property that when a valid result is produced by an LP decoder, it is always the
ML codeword. This leads to an interesting application of LP decoding to approximate ML
decoding behavior, by successively adding redundant parity-checks until a valid result is
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returned |TS06, Sec. IV.|.

4.2 Decoding Algorithm and Implementation

The LP decoding formulation in section 4.1 is a very general one that can be solved with
a number of different optimization methods. In this work ADMM is examined, as its
distributed nature allows for a very efficient implementation. LP decoding using ADMM
can be regarded as a message passing algorithm with separate variable- and check-node
update steps; the resulting algorithm has a striking similarity to BP and its computational
complexity has been demonstrated to compare favorably to BP |Bar+13|, [ZS13].

The LP decoding problem in (4.4) can be slightly rewritten using the auxiliary variables
Zlyeeey Bm:

minimize ~'eé

; T-6 = . 4.5
subject to Tjc = z; vied. (4.5)
zZj € Pd].

In this form, the problem almost fits the ADMM template described in section 2.6, except
for the fact that there are multiple equality constraints Tj¢ = z; and the additional
constraints z; € Pg; Vj € J. The multiple constraints can be addressed by introducing
additional terms in the augmented lagrangian:

~ T~ T ~ K ~ 2
L (&) V) = vTe+ YoAT (Te— )+ 5 Y ITe - =3
jeJ JjeJ
The additional constraints remain in the dual optimization problem:

maximize min £, (é, (2)iLy (A);n:l> :
ZjG'Pd;VjGJ

The steps to solve the dual problem then become:

¢ < argmin L, (é, (2)iL,, ()\);n:l)
Cc

zj < argmin £, (6, (2)iLy, ()\)7;1) VieJ
zjede

)\j<—)\j—|—,u(Tj&—zj) Vjéj

Luckily, the additional constraints only affect the z;-update steps. Furthermore, the z;-
update steps can be shown to be equivalent to projections onto the check polytopes Py,
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and the é-update can be computed analytically* [Bar+13, Sec. III. B.]:

ez-%;i Z'((zj)i—l(xj)i)—% Viel

JENL(3) s H
Y .
Zj%dej chJr; Vied
)\j%Aj—}-u('I’jé—Zj) VJEJ

It should be noted that all of the z;-updates can be computed simultaneously, as they are
independent of one another. The same is true for the updates of the individual components
of ¢. This representation can be slightly simplified by substituting A; = - u;Vj € J:

_ 1 Vi .
G Z ((Zj)i - (uj)z> - Viel (4.6)
i\ . ) 1%
JEN(4)
2 Ty, (Tye+u;) vjeg (4.7
uj<—uj+Tjé—zj VJEJ (48)

The reason ADMM is able to perform so well is due to the relocation of the constraints
Tjc; € Pg; Vj € J into the objective function itself. The minimization of the new objective
function can then take place simultaneously with respect to all z;, j € J. Effectively, all of
the |J| parity constraints can be handled at the same time. This can also be understood
by interpreting the decoding process as a message-passing algorithm [Bar+13, Sec. III
D.|, [ZS13, Sec. II. B.|, depicted in algorithm 4.1.

1 Initialize ¢, Z[1:m] and U1.m)
2 while > . 7[|Tj¢ — zjll2 > €pri or 3 c 7112] — 2jl2 > €dual dO
3 for j in J do

4 Z; %dej (Tjé-i-uj)

5 u; < u; +Tjc — z;

6 end for

7 for i in Z do

: i F (Sreman (@) — (w); ) = %)
9 end for

10 end while

11 return ¢

Algorithm 4.1: LP decoding using ADMM interpreted as a message passing algorithm?®

In the &-update rule, the term (25), is a slight abuse of notation, as z; has less components than there
are variable-nodes . What is actually meant is the component of z; that is associated with the variable
node i, i.e., (T} z;),. The same is true for (};),.

Sepri > 0 and €qua > 0 are additional parameters defining the tolerances for the stopping criteria of the
algorithm. The variable 2} denotes the value of z; in the previous iteration.
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The zj;- and Aj-updates can be understood as a check-node update step (lines 3-6) and
the ¢;-updates can be understood as a variable-node update step (lines 7-9 in figure 4.1).
The updates for each variable- and check-node can be perfomed in parallel.

A technique called over-relazation can be employed to further improve convergence, in-
troducing the over-relaxation parameter p. This consists of computing the term pT;¢ —
(1 — p) zj before the z; and w; update steps (lines 4 and 5 of algorithm 4.1) and subse-
quently replacing T;¢é with the computed value in the two updates [Boy+11, Sec. 3.4.3].

The main computational effort in solving the linear program amounts to computing
the projection operation Ilp 4 () onto each check polytope. Various different methods to
perform this projection have been proposed (e.g., in [Bar+13|, [ZS13], [Gen+20]). The
method chosen here is the one presented in [Bar+13].

The development process used to implement this decoding algorithm was the same as
outlined in section 3.1 for proximal decoding. First, an initial version was implemented in
Python, before repeating the process using C++ to achieve higher performance. Again,
the performance can be increased by reframing the operations in such a way that the com-
putation can take place primarily with element-wise operations and matrix-vector multi-
plication, since these operations are highly optimized in the software libraries used for the
implementation.

In the summation operation in line 8 of algorithm 4.1, the components of each z; and wu;
relating to a given VN ¢ have to be found. This operation can be streamlined by observing
that the transfer matrices Tj, j € J are able to perform the mapping they were devised
for in both directions: with Tj¢, the d; components of ¢ required for parity check i are
selected; with Tszj, the d; components of z; can be mapped onto a vector of length n, each
component at the position corresponding to the VN it relates to. Using this observation,
the sum can be written as

(T (2 — ),
JEN,(7)

Further noticing that the vectors TjT (zj — u;) unrelated to VN i have 0 as the ith com-
ponent, the set of indices the summation takes place over can be extended to J, allowing
the expression to be rewritten as

DT (25— ), = | DT (2 — uy)

JjeTJ JjeT i
Defining®
dy
d:=|: and s:= ZTJT (zj —uj),
d,, JjeET

the ¢ update can then be rewritten as

é+dYo (s - 17) .
w

6Tn this case di, ..., d, refer to the degree of the variable nodes, i.e., d;, i € T.
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This modified version of the decoding process is depicted in algorithm 4.2.

1 Initialize €, 2[1.,,) and Uy

2 while > . /(| Tj¢ — zjll2 > €pri or > c 7112} — 2jll2 > €dual dO

3 s+ 0

4 for j in J do

5 zj < llp, (Tj¢ + uy)
6 u; < u; +Tjc— z;

7 s < s+ Tj(z; — uj)
8 end for

9 for i in Z do

10 é«+— d° Do (s - %’y)
11 end for

12 end while

13 return ¢

Algorithm 4.2: The LP decoding using ADMM algorithm with rewritten update steps

4.3 Analysis and Simulation Results

In this section, LP decoding using ADMM is examined based on simulation results for
various codes. First, the effect of the different parameters and how their values should be
chosen is investigated. Subsequently, the decoding performance is observed and compared
to that of BP. Finally, the computational performance of the implementation and time
complexity of the algorithm are studied.

As was the case in chapter 3 for proximal decoding, the following simulation results
are based on Monte Carlo simulations and the BER and FER curves have been generated
by producing at least 100 frame errors for each data point, except in cases where this is
explicitly specified otherwise.

4.3.1 Choice of Parameters

The first two parameters to be investigated are the penalty parameter p and the over-
relaxation parameter p. A first approach to get some indication of the values that might
be chosen for these parameters is to look at how the decoding performance depends on
them. The FER is plotted as a function of p and p in figure 4.2, for three different SNRs.
The code chosen for this examination is a (3,6) regular LDPC code with n = 204 and
k = 102 [Mac23, 204.33.484]. When varying p, p is set to 1 and when varying p, u is
set to 5. The maximum number of iterations K is set to 200 and equal and epyi to 107°.
The behavior that can be observed is very similar to that of the parameter v in proximal
decoding, analyzed in section 3.2. A single optimal value giving optimal performance does
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not exist; rather, as long as the value is chosen within a certain range, the performance is
approximately equally good.
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Figure 4.2: Dependence of the decoding performance on the parameters p and p. (3,6) regular
LDPC code with n = 204, k = 102 [Mac23, 204.33.484]

To aid in the choice of the parameters, an additional criterion can be used: the number
of iterations performed for a decoding operation. This is directly related to the time needed
to decode a received vector y, which the aim is to minimize. Figure 4.3 shows the average
number of iterations over 1000 decodings, as a function of p. This time the SNR is kept
constant at 4dB and the parameter p is varied. The values chosen for the rest of the
parameters are the same as before. It is visible that choosing a large value for p as well as
a small value for g minimizes the average number of iterations and thus the average run
time of the decoding process. The same behavior can be observed when looking at various

T T T T T
PN -e-4 =9
A Y
z \ ep=5
2 1022 % —92
= 1044 | \\* -l =2
Pt
) ‘\
pyt S
S Y N
#?t '\\o\
S TNe.
i 102 [ \%\\ ~'___‘\\ |
oD e .,
CS ‘.\“ AN [
o “elTel X /’
< . SRS R ,:
ey Nt
101.8 - W B
| | | | |
0 0.5 1 1.5 2
p

Figure 4.3: Dependence of the average number of iterations required on p and p for E,/Ny =
4dB. (3,6) regular LDPC code with n = 204, k = 102 [Mac23, 204.33.484|

different codes, as shown in figure 4.8.

To get an estimate for the maximum number of iterations K necessary, the average error
during decoding can be used. This is shown in figure 4.4 as an average of 100 000 decodings.
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(i is set to 5 and p is set to 1 and the rest of the parameters are again chosen as €y = 107°
and €qual = 107°. Similarly to the results in section 3.2.1, a dip is visible around the 20
iteration mark. This is due to the fact that as the number of iterations increases, more
and more decodings converge, leaving only the mistaken ones to be averaged. The point at
which the wrong decodings start to become dominant and the decoding performance does
not increase any longer is largely independent of the SNR, allowing the maximum number
of iterations to be chosen without considering the SNR.

T T T T T T
— Ep/No = 1dB
20 | H
— FEy /Ny = 2dB
o 151 —Eb/N():?)dBi
| — Ey /Ny = 4dB
)
g 10 :
@
g
Z 50 f
0 - |
| | | | | |
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Iteration

Average error for 100000 decodings. (3,6) regular LDPC code with n = 204, k = 102
[Mac23, 204.33.484]

Figure 4.4:

The last two parameters remaining to be examined are the tolerances for the stopping
criterion of the algorithm, €y; and €qual. These are both set to the same value €. The effect
of their value on the decoding performance is visualized in figure 4.5. All parameters except
€pri and €equal are kept constant, with =5, p = 1 and E,/Ny = 4dB and performing a
maximum of 200 iterations. A lower value for the tolerance initially leads to a dramatic
decrease in the FER, this effect fading as the tolerance becomes increasingly lower.
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Figure 4.5: Effect of the value of the parameters €p,; and €qua) on the FER. (3,6) regular LDPC
code with n = 204, k = 102 [Mac23, 204.33.484]
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In conclusion, the parameters p and p should be chosen comparatively small and large,
respectively, to reduce the average runtime of the decoding process, while keeping them
within a certain range as to not compromise the decoding performance. The maximum
number of iterations performed can be chosen independently of the SNR. Finally, small
values should be given to the parameters €,;; and equal to achieve the lowest possible error
rate.

4.3.2 Decoding Performance

In figure 4.6, the simulation results for the “Margulis” LDPC code (n = 2640, k = 1320)
presented by Barman et al. in [Bar+13| are compared to the results from the simulations
conducted in the context of this thesis. The parameters chosen were u = 3.3, p = 1.9,
K = 1000, €5 = 107 and equa; = 107°, the same as in [Bar+13|. The two FER curves
are practically identical. Also shown is the curve resulting from BP decoding, performing
1000 iterations. The two algorithms perform relatively similarly, staying within 0.5dB of
one another.
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Figure 4.6: Comparison of datapoints from Barman et al. with own simulation results. “Mar-
gulis” LDPC code with n = 2640, k = 1320 [Mac23, Margulis2640.1320.3]

In figure 4.9, FER curves for LP decoding using ADMM and BP are shown for various
codes. To ensure comparability, in all cases the number of iterations was set to K = 200.
The values of the other parameters were chosen as =5, p =1, €pri = 107° and egual =
10~°. Comparing the simulation results for the different codes, it is apparent that the
difference in decoding performance depends on the code being considered. For all codes
considered here, however, the performance of LP decoding using ADMM comes close to
that of BP, again staying withing approximately 0.5 dB.
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4.3.3 Computational Performance

In terms of time complexity, the three steps of the decoding algorithm in equations (4.6)
- (4.8) have to be considered. The ¢é- and uj-update steps are O (n) [Bar+13, Sec. III.
C.]. The complexity of the zj-update step depends on the projection algorithm employed.
Since for the implementation completed for this work the projection algorithm presented
in [Bar+13] is used, the z;-update step also has linear time complexity.
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Figure 4.7: Timing requirements of the LP decoding using ADMM implementation

Simulation results from a range of different codes can be used to verify this analysis.
Figure 4.7 shows the average time needed to decode one frame as a function of its length.
The codes used for this consideration are the same as in section 3.2.4 The results are
necessarily skewed because these vary not only in their length, but also in their construction
scheme and rate. Additionally, different optimization opportunities arise depending on the
length of a code, since for smaller codes dynamic memory allocation can be completely
omitted. This may explain why the datapoint at n = 504 is higher then would be expected
with linear behavior. Nonetheless, the simulation results roughly match the expected
behavior following from the theoretical considerations.
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5 Comparison of Proximal Decoding and
LP Decoding using ADMM

In this chapter, proximal decoding and LP Decoding using ADMM are compared. First,
the two algorithms are studied on a theoretical basis. Subsequently, their respective simu-
lation results are examined, and their differences are interpreted based on their theoretical
structure.

5.1 Theoretical Comparison

ADMM and the proximal gradient method can both be expressed in terms of proximal
operators [PB14, Sec. 4.4]. Additionally, the two algorithms show some striking similari-
ties with regard to their general structure and the way in which the minimization of the
respective objective functions is accomplished.

The LP decoding problem in equation (4.4) can be slightly rewritten using the indicator
functions gj : R% — {0, +o00} ,j € J for the polytopes Pa;, j € J, defined as

0, te Py
gj (t) = & 5
400, t& de

by moving the constraints into the objective function, as shown in figure 5.1b. The objective
functions of the two problems are similar in that they both comprise two parts: one
associated to the likelihood that a given codeword was sent, arising from the channel
model, and one associated to the constraints the decoding process is subjected to, arising
from the code used. Both algorithms are composed of an iterative approach consisting of
two alternating steps, each minimizing one part of the objective function.

Their major difference is that while with proximal decoding the constraints are regarded
in a global context, considering all parity checks at the same time, with ADMM each parity
check is considered separately and in a more local context (line 4 in both algorithms).
Furthermore, while with proximal decoding the step considering the constraints is realized
using gradient descent - amounting to an approximation - with ADMM it reduces to a
number of projections onto the parity polytopes Py;, j € J, which always provide exact
results.

The contrasting treatment of the constraints (global and approximate with proximal
decoding as opposed to local and exact with LP decoding using ADMM) also leads to dif-
ferent prospects when the decoding process gets stuck in a local minimum. With proximal
decoding this occurs due to the approximate nature of the calculation, whereas with LP
decoding it occurs due to the approximate formulation of the constraints - independent of
the optimization method itself. The advantage which arises because of this when employ-
ing LP decoding is the ML certificate property: when a valid codeword is returned, it is
also the ML codeword. This means that additional redundant parity-checks can be added
successively until the codeword returned is valid and thus the ML solution is found [T'S06,
Sec. IV.].
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(a) Proximal decoding (b) LP decoding using ADMM

Figure 5.1: Comparison of proximal decoding and LP decoding using ADMM

In terms of time complexity, the two decoding algorithms are comparable. Each of
the operations required for proximal decoding can be performed in O (n) time for LDPC
codes (see section 3.2.4). The same is true for LP decoding using ADMM (see section
4.3.3). Additionally, both algorithms can be understood as message-passing algorithms,
LP decoding using ADMM as similarly to [Bar+13, Sec. III. D.] and [ZS13, Sec. II. B.],
and proximal decoding by starting with algorithm 3.1, substituting for the gradient of the
code-constraint polynomial and separating the s update into two parts. The algorithms in
their message-passing form are depicted in figure 5.2. M;_,; denotes a message transmitted
from CN j to VN i. This message passing structure means that both algorithms can be
implemented very efficiently, as the update steps can be performed in parallel for all CNs
and for all VNs, respectively.

In conclusion, the two algorithms have a very similar structure, where the parts of
the objective function relating to the likelihood and to the constraints are minimized in
an alternating fashion. With proximal decoding this minimization is performed for all
constraints at once in an approximative manner, while with LP decoding using ADMM
it is performed for each constraint individually and with exact results. In terms of time
complexity, both algorithms are linear with respect to n and are heavily parallelizable.

5.2 Comparison of Simulation Results

The decoding performance of the two algorithms is compared in figure 5.4 in form of the
FER. Shown as well is the performance of the improved proximal decoding algorithm pre-
sented in section 3.3. The FER resulting from decoding using BP and, wherever available,
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1 Initialize r, s,w,y 1 Initialize ¢, z,u, vy, p

2 while stopping critierion unfulfilled do 2 while stopping criterion unfulfilled do
3 for jin J do 3 for jin J do
4 pj HiENc(j) T 4 Zj Hde (T'Jé + uj)
5 Mj_m'(—p?—pj 5 Uj%uj—i-ij:—zj
6 Mj—>i<_ (Zj)i_(uj)i7 \V//LENC(j)
6 end for 7 end for
7 for iin Z do 8 foriinZ do
8 S; (—Hn (Si+’y(4 (822—1) S; 9 51 < d% (ZjENU(i) Mj;}i_ %)
4
+5; 2jeNa() Mj—n‘))
9 ri < Ti +w(si —yi)
10 end for 10 end for
11 end while 11 end while
12 return s 12 return ¢
(a) Proximal decoding (b) LP decoding using ADMM

Figure 5.2: Proximal decoding and LP decoding using ADMM as message passing algorithms

the FER of ML decoding, taken from [Hel-+23|, are plotted as a reference. The parameters
chosen for the proximal and improved proximal decoders are v = 0.05, w = 0.05, K = 200,
n = 1.5 and N = 12. The parameters chosen for LP decoding using ADMM are u = 5,
p=1 K =200, € = 1075 and egua) = 107°. For all codes considered within the scope
of this work, LP decoding using ADMM consistently outperforms both proximal decod-
ing and the improved version, reaching very similar performance to BP. The decoding
gain heavily depends on the code, evidently becoming greater for codes with larger n and
reaching values of up to 2dB.

These simulation results can be interpreted with regard to the theoretical structure of the
decoding methods, as analyzed in section 5.1. The worse performance of proximal decoding
is somewhat surprising, considering the global treatment of the constraints in contrast to
the local treatment in the case of LP decoding using ADMM. It may be explained, however,
in the context of the nature of the calculations performed in each case. With proximal
decoding, the calculations are approximate, leading to the constraints never being quite
satisfied. With LP decoding using ADMM, the constraints are fulfilled for each parity
check individually after each iteration of the decoding process. A further contributing
factor might be the structure of the optimization process, as the alternating minimization
with respect to the same variable leads to oscillatory behavior, as explained in section
3.2.3. It should be noted that while in this thesis proximal decoding was examined with
respect to its performance in AWGN channels, in [WT22] it is presented as a method
applicable to non-trivial channel models such as LDPC-coded massive MIMO channels,
perhaps broadening its usefulness beyond what is shown here.

The timing requirements of the decoding algorithms are visualized in figure 5.3. The dat-
apoints have been generated by evaluating the metadata from FER and BER simulations
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and using the parameters mentioned earlier when discussing the decoding performance.
The codes considered are the same as in sections 3.2.4 and 4.3.3. While the ADMM imple-
mentation seems to be faster than the proximal decoding and improved proximal decoding
implementations, inferring some general behavior is difficult in this case. This is because
of the comparison of actual implementations, making the results dependent on factors
such as the grade of optimization of each of the implementations. Nevertheless, the run
time of both the proximal decoding and the LP decoding using ADMM implementations
is similar, and both are reasonably performant, owing to the parallelizable structure of the
algorithms.
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Figure 5.3: Comparison of the timing requirements of the different decoder implementations
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6 Conclusion and Outlook

In the context of this thesis, two decoding algorithms were considered: proximal decoding
and LP decoding using ADMM. The two algorithms were first analyzed individually, before
comparing them based on simulation results as well as on their theoretical structure.

For proximal decoding, the effect of each parameter on the behavior of the decoder was
examined, leading to an approach to optimally choose the value of each parameter. The
convergence properties of the algorithm were investigated in the context of the relatively
high decoding failure rate, to derive an approach to correct possibly wrong components of
the estimate. Based on this approach, an improvement of proximal decoding was suggested,
leading to a decoding gain of up to 1dB, depending on the code and the parameters
considered.

For LP decoding using ADMM, the circumstances brought about by the LP relaxation
were first explored. The decomposable nature arising from the relocation of the constraints
into the objective function itself was recognized as the major driver in enabling an efficient
implementation of the decoding algorithm. Based on simulation results, general guidelines
for choosing each parameter were derived. The decoding performance, in form of the FER,
of the algorithm was analyzed, observing that LP decoding using ADMM nearly reaches
that of BP, staying within approximately 0.5dB depending on the code in question.

Finally, strong parallels were discovered with regard to the theoretical structure of the
two algorithms, both in the constitution of their respective objective functions as well as in
the iterative approaches used to minimize them. One difference noted was the approximate
nature of the minimization in the case of proximal decoding, leading to the constraints never
being truly satisfied. In conjunction with the alternating minimization with respect to the
same variable, leading to oscillatory behavior, this was identified as a possible cause of its
comparatively worse decoding performance. Furthermore, both algorithms were expressed
as message passing algorithms, illustrating their similar computational performance.

While the modified proximal decoding algorithm presented in section 3.3 shows some
promising results, further investigation is required to determine how different choices of
parameters affect the decoding performance. Additionally, a more mathematically rigorous
foundation for determining the potentially wrong components of the estimate is desirable.
A different method to improve proximal decoding might be to use moment-based opti-
mization techniques such as Adam |KB14] to try to mitigate the effect of local minima
introduced in the objective function as well as the adversarial structure of the minimiza-
tion when employing proximal decoding.

Another area benefiting from future work is the expansion of the ADMM based LP de-
coder into a decoder approximating ML performance, using adaptive LP decoding. With
this method, the successive addition of redundant parity checks is used to mitigate the
decoder becoming stuck in erroneous solutions introduced due the relaxation of the con-
straints of the LP decoding problem [T'S06].
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List of Abbreviations

ADMM
AWGN
BER
BP
BPSK
CN
FER
LDPC
LLR
LP
MAP
MIMO
ML
PDF
PMF
SNR
VN

Alternating direction method of multipliers

Additive white Gaussian noise
Bit error rate

Belief propagation

Binary phase-shift keying
Check node

Frame error rate

Low-density parity-check
Log-likelihood ratio

Linear programming
Maximum a posteriori
Multiple-input multiple-output
Maximum likelihood
Probability density function
Probability mass function
Signal-to-noise ratio

Variable node
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