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1. Introduction

This thesis focuses on decoding binary linear codes with optimization techniques. Among
all kinds of linear codes, low-density parity-check (LDPC) codes are considered capacity-
approaching codes and have been widely applied to communications. Algorithms based
on the message-passing (MP) concept, namely the belief propagation (BP) algorithms,
have been mostly used to decode LDPC codes. However, another approach grounded on
optimization methods has also shown competitive performance. Linear programming (LP)
decoding [FWKO05] that approximates maximum likelihood (ML) decoding was proposed.
The LP relaxation from LP decoding has been further studied in pursuit of reducing
complexity and improving performance. Inspired by LP decoding, other algorithms based
on convex optimization have also been suggested. To explore possibilities of decoding
with optimization methods, two algorithms are primarily introduced and implemented,
which employ well-established convex optimization methods, namely the interior point (IP)
method [Wad07, Wad08, Wad10] and the proximal gradient method [WT21, WT22].

The thesis starts with theoretical background including notations and important concepts.
LDPC codes as well as popular algorithms for decoding LDPC codes are briefly introduced.
In the third chapter, decoding algorithms with optimization techniques are elaborated. The
LP relaxation of ML decoding from LP decoding is presented in detail, for it represents the
fundamentals of transforming ML decoding to optimization problems. This LP relaxation
is furthermore used in many decoding algorithms using optimization techniques. Next,
a literature review regarding the topic of this thesis is given. At the end of chapter 3,
formulations and structure of IP decoding as well as proximal decoding are presented.
Chapter 4 consists of simulation results from the implementation of IP decoding and
proximal decoding. The influence of important parameters is investigated. Decoding
performance is analyzed and discussed in comparison with the results from previous
studies, which is followed by suggestions for improvement. Finally, a conclusion is given to
summarize the whole thesis.






2. Background

This chapter introduces the preliminaries of this thesis, including essential concepts, the
channel model, as well as the code class that is mainly involved. Last but not least, a
literature review of popular decoding algorithms is presented.

2.1. Key Concepts and Notations

The objective of this section is to review key concepts and notations used throughout
the thesis. This work focuses on channel decoding in digital signal transmission. To be
more specific, it deals with decoding methods which can produce a good approximation of
transmitted symbols and afterwards an estimation of transmitted codewords, regardless
of the noise from the channel. Therefore, referring to the general framework for digital
communications in [Moo20], the system model is simplified to an end-to-end transmission
model as shown in Figure 2.1.

Transmitted Channel Received
symbols + symbols -

L1...Ln Y1..-Yn

Transmitter Receiver

Corruption
niy...Nnyp

Figure 2.1: System Model

The following parts clarify preliminaries of this thesis in terms of code and modulation
scheme as well as channel model.

2.1.1. Binary Linear Block Codes

A binary linear (n, k) block code is defined over binary field Fy with code length n, code
dimension k and 2* codewords ¢ € F3. The code rate is R = k/n. Moreover, the code
is closed under linear operations, which means the linear combination of two codewords
is also a codeword [Mo0020]. In block coding, a block or frame of k information bits is
encoded by channel encoder into a codeword ¢ consisting of n bits, with n > k. The n — k
redundant bits are introduced for error detection and correction in the decoding process.



For linear codes, information for decoding is included in a binary (n — k) X n parity-check
matrix H. A valid codeword satisfies the condition H - ¢ = 0T. The set of all valid
codewords is denoted by C, where

C:{CGFQ\H-CTon}. (2.1)

The estimated codeword is denoted by €. The decoding performance will be measured by
bit error rate (BER) and frame error rate (FER), which are defined as:

FER = P (¢ #¢c), (2.2)

and
BER:P(éJ %Cj),j:1,2,...,n, (23)

respectively. In this thesis, they will be calculated in the following way:
o FER= number of wrongly decoded frames / total number of frames.

o BER= number of wrongly decoded bits / total number of bits.

2.1.2. BPSK

Before transmission, the codeword c € F5 is mapped to a vector of modulation symbols,
denoted by x € R™ The simulations in this work are based on binary phase-shift
keying (BPSK) modulation scheme. The mapping from bits to modulation symbols
is 0 — 1 and 1 — —1, therefore it holds,

x=1-2c e{1,-1}" (2.4)
Let X denote an assemble including all x that are subject to this linear mapping:
X ={1-2c|ceC}. (2.5)

To imply the relation between x and ¢, x (c) is also used throughout this thesis.

2.1.3. Channel model

Memoryless binary additive white Gaussian noise (AWGN) is used as channel model. Tt is
simple to implement in the first place. Secondly, as a classical channel model, it has been
applied in a few studies that are in consistency with this thesis. In these studies, simulation
results for AWGN channel were published for reference. Assuming that a matched filter
is applied to received signals, the communication channel model can be expressed with
vector x (c) and random process n [Bosl13]| as:

y =x(c)+n,y € R". (2.6)

In an AWGN channel, the noise is denoted by random variable n that is Gaussian
distributed with mean zero. The variance per noise sample is equal to o?. To summarize,

n; NN(O,O'2> ,
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where Ny denotes noise power spectral density [RU08, M0020]. Because for BPSK the
modulated signals are real, the noise energy for one dimension is % in normalized unit
bandwidth. Assumed that the average energy per transmitted symbol is Fs; and average

energy pro information bit is Ej, the relation between Eg and Ej is [RUO0S]:
kE, = nE, (2.8)
Therefore, the (bit) signal-to-noise ratio (SNR) with BPSK modulation is given as follows:

Ey _ Es
No %-202

(2.9)

With the convention of normalized unit symbol power Es = 1 [RU08], the variance of noise
can be described in dependence on SNR:

= (2.10)

Therefore, given a fixed code rate, the variance of noise o2 is determined by Ej/Ng. After
going through the channel, the received corrupted vector y is then detected. This thesis
concentrates on the last step of signal processing, i.e., the estimation of transmitted
codeword, namely ¢, before mapping n code bits back to k information bits.

2.1.4. MAP and ML Decoding

Given the transmitted vector x and received vector y under the premise of binary AWGN
channel with BPSK modulation, conditional density py|x (y[x) is the so-called likelihood
function [Moo20], which is used to make a decision in decoding problems. In reference
to [RU08, M0020], an estimated signal ® with minimum block error probability corresponds
to the code with a maximum a posteriori probability (APP), which is also named maximum
a posteriori (MAP) decoding rule. In summary, MAP decoding finds

fMAP — arg max P (xly). (2.11)
x€E

According to Bayes’ theorem, this rule is equal to [Mo020)]

RMAY = arg max py|x (y[x) P (x). (2.12)

Assumed that each modulated codeword x € X is transmitted with the same probability,

P (x) doesn’t depend on x. Thus, as shown in [RU08, Moo20]:
RMAP — arg max py|x (y]x) = &ML (2.13)

This decision rule can also be characterized by log-likelihood ratio (LLR). According
to [RUO8, Moo20], the LLR is defined as

Py|x (yjlz; = 1)

l Y =1In ’
(9) Py |x (yjlzj = —1)

i=1,2,..n. (2.14)



The LLR can be transformed to i—é’ and be treated as soft information whereas sign (I(y))
indicates the hard information in decoding [Mo0020]. Furthermore, to make hard decisions
(HD) is to exploit hard information as a means to yield bit values. To be more specific,
the decoder decides between 0 and 1 by comparing the value of received signals with a
threshold [VL98]. On the other hand, a decoder that makes soft decisions (SD) does not
rush to a binary decision but returns an erasure or possibility information [VLIS].

2.2. LDPC Codes

LDPC codes are widely applied in communication standards, for instance, in IEEE standard
802.11ax-2021 [IEE21] and DVB-S2 [WT09]. Due to their practical value, LDPC codes
have become a popular topic in research. IEEE Xplore [Xpl] shows over 10,000 searching
results with keyword of "Low density parity check" or "LDPC" ranging from 1962 till
today, including over 2,000 journals and over 7,000 conference papers. Among these
studies, there are over 7,000 results with an extra keyword "decoding". Moreover, under
the topic of this thesis, LDPC codes are mostly used for the demonstration of decoding
performance [FWKO05, Wad07, Wad10, WT21]. For a good comparison with references, this
thesis also takes LDPC codes as an example of linear block codes to conduct simulations.

LDPC codes are binary linear block code proposed by Gallager in 1962 [Gal62]. They are
specified by a sparse parity-check matrix H that is comprised of mostly 0’s and only a small
fixed number of 1’s. LDPC codes are proved to be the so-called capacity achieving codes that
closely approach the channel capacity [Mo020, Bos13, Joh06]. Spielman has pointed out
that with increasing code length towards infinite, LDPC codes could approach the Shannon
limit with linear decoding complexity [CF07, SS96, Spi96]. However, LDPC codes were
neglected for more than 30 years until David J.C. MacKay and Radford M. Neal rediscovered
Gallager’s work in 1996 [MN96]. At that time Turbo codes were not long ago officially
presented in 1993 [BGT93]. Both have shown near Shannon-limit performance [MN96,
BGT93, CFRUO1] and both play an important role in wireless communications. LDPC
codes outperform turbo codes in regard to error floor and performance with lower complexity
in the range of higher code rate [Mac99, HDAES12, TSR17].

Nowadays the codes invented by Gallager [Gal62] are referred as (w,wy)-regular LDPC
codes, because the number of 1’s in each row w, and that of each column w. of H matrix
are constant. Otherwise, they are called irregular LDPC codes. Irregular LDPC codes with
improved performance were introduced by Luby et al. in [LMS*97, LASMS98, LMSS98]
and later studied in [LMSS01, RSUO1]. Analogous to binary regular LDPC codes, non-
binary regular LDPC codes were afterwards invented [DM98], which showed promising
empirical performance for the Gaussian channel, but are computationally expensive to
decode [FU98]. This thesis focuses only on decoding binary LDPC codes, since the
algorithms for non-binary LDPC codes are often extended from or inspired by those for
binary LDPC codes. Without specific notation, LDPC codes in this work are meant to be
binary.

An LDPC code can be visually presented by a subclass of bipartite graphs, namely
the Tanner graph [Tan81]. It contains two connected node types that are in a one-to-one
correspondence with columns and rows of parity-check matrix H [Tan81, Wib96, KFLO01].
To be more specific, the vertices of one type are named variable nodes (VNs), which

10



VN1 VNy VN3 VNs VNs VNg VN7 VDNg

0 0 0 0 0 0\ CNy
g-| 0 o 0o 0 0 0 |CN
0 0 0 0 0 0 CN;
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Figure 2.2: An Example of Tanner Graph

correspond to columns of H. Each VN represents a bit or symbol of a codeword. The
vertices of another type named check nodes (CNs) match the rows of H, respectively.
In order to meet the condition H - ¢t = 0T, the sum of all bits connected to each CN
must be zero. Therefore, each CN characterizes a constraint function for parity check.
There are in total n VNs and n — k CNs. VNs and CNs are connected through edges,
which correspond to the position of 1’s in H. An example of regular H matrix together
with its corresponding Tanner graph is shown in Figure 2.2 for a better illustration. In
this demonstration, the number of 1’s in each row is 2, specifying the row weight (w;)
of H. Meanwhile, this number indicates the node degree d¢ of each CN. The relation
between column weight (w.) and VNs follows the same pattern. In a word, each VN has
degree dy = w., whereas each CN has degree do = w,. In this way, the Tanner graph
is able to provide information of the codes on behalf of H matrix at the level of graph
theory, which is beneficial to decoding. For example, the graphical representation of the
codes is crucial for message-passing algorithms, that are to be mentioned in the next section.

2.3. A Brief Introduction of Popular Decoding Algorithms

In the thesis [Gal62], Gallager also presciently put forward with a bit-flipping algorithm and
additionally an iterative MP algorithm with the use of APP, which is also called probabilistic
decoding, for decoding binary regular LDPC codes. This MP decoding algorithm is the
predecessor of iterative decoding [WLK95, HOP96] and a particular instance of later
introduced sum-product algorithm (SPA) [Tan81], also known as BP [Pea88, Wib96, MN96].
Similar ideas with the use of APP also appeared in Massey’s work in 1963 for APP decoding
and threshold decoding [Mas63].

11



Tanner [Tan81] has developed SPA (or later called BP [Pea88]) and its approximation
min-sum algorithm (MSA) at the cost of performance degradation. They are recommended
as decoding algorithms for "codes on graphs" [Wib96, KFLO01, Big05] such as LDPC codes.
As mentioned above, they all trace back to the iterative MP algorithm introduced in
Gallager’s work [Gal62]. Richardson and Urbanke have very well explained in their book
about the relationship between these algorithms under different names [RU0S8]: "iterative
decoding is a generic term referring to decoding algorithms which proceed in iterations. A
subclass of iterative algorithms are message-passing algorithms. Message-passing algorithms
are iterative algorithms which obey the message-passing paradigm." In summary, one uses
MP algorithms to decode codes that can be defined on graphs and BP algorithms are a
significant representation of message-passing algorithms.

After reviewing the origin of BP algorithms, below is an introduction of how they work.
One iteration of a typical BP decoder, after initializing VN-to-CN message with the a
priori probability information of each VN, includes the following processes [DFB14]:

« Update CNs with VN-to-CN message. The message from VN; (j =1,2,...,n) to a
CN consists of reliability information of all the VNs that are connected to this CN
except for VN; itself.

e Update VNs with CN-to-VN message along with the initialized a posteriori informa-
tion. Analogously, the CN-to-VN message from CN; (j = 1,2,...,n) to a VN includes
reliability information of all CNs that are connected to this VN except for CNj itself.

e Get the posteriori information of each VN.

o Decide according to the sign of the posterior information a sequence % € {+1,—1}"
and map it to an estimated codeword & € {0,1}". Stop the loop if € is a valid codeword
or if the number of iterations has reached a pre-set maximum value. Otherwise, the
algorithm will go into the next iteration.

The performance of BP algorithms results from their association with MAP decoding
process. BP algorithms can optimally decode codes defined by cycle-free tanner graphs like
an MAP decoder. However, under the condition with cycles, BP algorithms are suboptimal
but still provide an excellent approximation of the MAP decoder [Wib96, RU08, DFB14].

Although standard BP algorithms have shown excellent decoding performance near
Shannon limit [RUO01], their computational complexity has made them less practical in
implementation [CF02a]. As stated in [RUO8], "the ML decision problem for the binary
symmetric channel (BSC) is NP-complete". Considering the unfeasible task of implementing
the ML decoder for actual applications, it is more pragmatic to develop algorithms which can
achieve a satisfying balance between complexity and performance. In addition, standard BP
algorithms also have disadvantages of numerical instability [DFB14] and being sensitive to
the quantization effect [PL00]. However, BP has inspired a great many studies in direction
of reducing computational complexity while more or less maintaining BP performance.
A common approximation technique of standard BP is to use logarithms of probabilities
or LLR rather than probabilities themselves [RVH95, PL00, HEADO1, CF02a, CDE*05].
It simplifies multiplications to additions and helps to solve the problem of numerical
instability. There are numerous BP or MSA based studies in decoding LDPC codes, as
in [FM97, FMI99, CRU01, CF02b, SLG04, ZZB05, JZZX06, PSET07, HHW10, ISFR11,
BSB14], to name a few.

12



Algorithms born from BP decoding have dominated the field of decoding for a while until
another new approach increasingly gained acknowledgment. Unlike MP algorithms that rely
mainly on iterative exchange of probability information between symbols, this approach is
to apply mathematical optimization theory to channel decoding. The concept is to exploit
distance and constrains defined in codes and to transform them into optimization problems.
For example, Feldman et al. [FWKO05] have made prominent contribution by proposing
LP decoding. They convert ML decoding into an LP problem, which can be solved by
various optimization techniques. Moreover, realizing the potential of this approach, more
studies have come into existence expanding the domain from linear to nonlinear and convex
problems. These options are competitive alternatives to BP and BP-based algorithms.
More will be elaborated in Chapter 3.

13






3. Decoding with Optimization Techniques

As mentioned before, there emerged a new method different from, however related
to, BP family, called LP decoding. It was established from an LP relaxation of the
optimization problem underlying the decoding process. An LP decoder is an approximate
ML decoder suggested by Feldman et al. [FKWO03, Fel03]. It is best known for arbitrary
binary linear code transmitted through discrete memoryless symmetric channel [FWKO05].
This novel idea in channel decoding has motivated decoding algorithms with various
optimization techniques. The advantage of this approach arises from the fact that the
framework of optimization theory provides a powerful analytical tool to help understand
and analyze the performance of finite-length codes [FWKO03]. This chapter elaborates
on the theoretical background of LP decoding which represents the principle of decoding
with optimization techniques. Algorithms used to solve this LP problem, known as LP
solvers [FWKO05, TNS08, BLDR13], along with decoding algorithms with nonlinear or
convex optimization methods are briefly reviewed. Furthermore, two algorithms based on
convex optimization methods are presented.

3.1. ML Decoding as Mathematical Optimization Problems

3.1.1. Linear Code Linear Program

The term LP decoding was proposed by Feldman et al. [FK02] in 2002 and analyzed
in [FKW02, EHO03, HE05] for turbo-like Repeat-Accumulate (RA) codes, shortly before
its application for LDPC codes in work [Fel03]. The generalization of LP for arbitrary
binary linear code defined as linear code linear program (LCLP) are then presented and
theoretically proved in [FWKO03, FKW03, FWKO05].

The LP decoder is connected with BP in some ways and empirically shows approaching-
BP performance [FWKO05]. Under the model of binary erasure channel (BEC), it was shown
in [FWKO05] that the pseudocodewords defined in LP decoding correspond to "stopping
sets" of BP decoders. Therefore, the LP decoder performs the same as a BP decoder on
the BEC [FWKO05]. LP pseudo-codewords are also associated with “graph covers" defined
by Koetter and Vontobel [KV03]. In addition, the LP decoder outperformed MSA for the
case of a LDPC code in [FWKO05] with ML certificate property. That means, once the LP
decoder yields a codeword, the codeword is the ML codeword.

Superior to the analysis for BP (and BP-based) algorithms, an inverse-exponential
word error rate (WER) for a constant-rate code has been derived in [FMS*07] under
LP decoding. The LP decoder can thus correct a constant fraction of errors [FMS*07].
Based on the theoretical background of LP, the analytic bounds of error probability
and error-correcting performance of LP decoding have been derived and analyzed as
in [HE05, KV06, FMST07, DDKWO08, ADS12]. Consequently, the performance of LP
decoding can be analytically proved to be close to BP algorithms.

All in all, the LP decoding has advantages over BP decoding in terms of finite-length
analysis and ML-guaranteed outputs because of its well-structured theoretical background
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based on mathematical optimization theory. Therefore, the LP decoding is regarded as an
alternative of BP algorithms. It can also be used in combination with BP as in [WJWO05].

3.1.2. LP Formulation of ML Decoding

The fundamental principle behind LP decoding lies in the LP relaxation [BBV04] to the
ML problem in decoding process. As mentioned in Section 2.1.4, an ML decoder finds:

MU = arg max Pyx (¥[%). (3.1)
XEX

Given the preliminaries of binary AWGN channel and BPSK modulation, it applies:
cel, Xe{-1,+41}" and yeR"™
Assuming that the input codewords have uniform prior, it holds:
= . 2
arg max py|x (y|x) = arg max pxyy (x[y) (3.2)

As defined in Eq. (2.14), the LLR vetor is I. The ML codeword corresponds to the solution
of the optimization problem [FWKO5]:
n
minimize Z lcj,
i=1 (3.3)
subject to c €C.

Furthermore, Feldman et al. reformulated this LP problem by extending the domain from
C to a convex polytope [FWKO05]. They brought in the concept of "codeword polytope",
which is defined by [FWKO05]:

poly(C) = {Z €cC: €c > 0, Zec = 1} . (3.4)

ceC ceC

The poly (C) is within the n-hyper-cube [0, 1]" and the vertices of poly (C) are exactly
codewords [FWKO05]. LP obtains its optimum at a vertex [Sch98], which means the solution
of this LP corresponds to a ML codeword. The points in poly(C) are defined in [FWKO05]
as f = (f1,..., fn), where f; = > cc €ccj. From the definition we can see that f; is no more
restricted to integers but a real number i.e., f; € [0,1]. This linear inequality constraint is
considered as the box constraint [BBV04] in convex optimization.

Now the ML decoding problem in Eq. (3.3) can be formulated in LP with broader
constraint [FWKO05]:

minimize Z Lif;,
i=1 (3.5)
subject to f € poly (C).

Since this LP, equivalent to ML problem, is NP hard [FWKO05], Feldman et al. applied
an LP relaxation [FWKO05] to the exact LP. Instead of observing global constraints, which
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is finite but exponential in the code length n [FWKO5], they exploited parity check at each
CN and defined a local code as "the set of binary vectors that have even weight on its
neighborhood variables" [FWKO5]. For the convenience of explanation, let Z = {1,...,n—k}
and J = {1,...,n} denote the rows and columns of parity-check matrix H, respectively. In
addition, a few sets are defined as:

A(i):={jlj € J, H;; =1}, CN index i € T,
E;={S C A(i) : |S| even}, (3.6)
B(j):={ili € T, H;; =1}, VN index j € J.

Since H- ¢ = 0" holds for codewords. We know that for i € Z, parity check at CN;
requires
> fi=o. (3.7)
JEA(D)
The local code at each CN can be constructed by setting f;iocar = 1 if j € S, fj10cat = 0 if
j € A(i)\S, and arbitrary otherwise [FWKO05]. These integer codewords are vertices of
the local polytope. Analogous to global polytope, the other points in local polytope are
the convex combination of local codewords. Because there are even number of elements in
S, it is obvious that every local codeword defined at a CN satisfies the global parity check
at this CN. The solution of global LP defined in poly (C) is thus the intersection of local
solutions defined in local polytopes [FWKO5].

E; = {(Dv {174} > {17 5} > {4a 5}}
0 1 1 0

CN; VINy) O 1 0 1

Figure 3.1: A Simplified Example at CN; with Degree 3

Simply for illustration, Fig. 3.1 shows a CN called C'N; of node degree 3. Its VN
neighbors are, for example, VN1, VN4 and V N5. There are only 4 combinations with even
weight, i.e., E; = {0,{1,4},{1,5},{4,5}}. Under each combination, the value of fi, f4
and f5 are formed correspondingly. For instance, when S = {1,4}, we can set f1 = fy =1
and f; = 0. The other bits except for fi, fs and f5 can be chosen arbitrarily. Explanation
in this example can be slightly different from [FWKO05]. For they have required the local
codewords to be scaled, and we only focus on the integer solutions for a more intuitive
illustration.

Through the relaxation, the number of constraints have been reduced from exponential
in code length to exponential in degree of each CN [FWKO05], denoted as d¢c. For the
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sake of eliminating redundant constraints due to the overlap of local codewords defined
at different CNs, authors of [FWKO05] have derived the following constraint based on the
parity polytope of Jeroslow [Jer75, YanS88].

This constraint requires that Vi € Z and Soqq C A (2) , with [Soaq| an odd number [FWKO05],

i+ Y - <IAG)]-1, (3.8)

J€Sodd JE(A()\Soad)

or equivalently [FWKO05],

Yo A=+ > Lzl (3.9)

JE€Soad JE(A(#)\Soaa)

It is simple to see that this constraint can also be expressed as in [TS06, TNS08]:

Yo fi— Y fi<|Sa -1 (3.10)

J€Sodd J€(A(#)\Soad)

(011) 9

(010) @B (110)

(001) /J (101)
(000) @ @ (100

Figure 3.2: The codeword polytope can be represented as convex hull inside the unit hyper-
cube [FWKO5].

The conception behind this constraint is to "forbid bad configuration" of f [FWKO05].
Eq. (3.9) is relatively easy to be understood with the aid of Fig. 3.2 [FWKO05]. The VN
combinations of a CN of degree 3 are represented as vertices of a unit cube. The forbidden
combinations with odd number of 1’s are marked black, whereas the valid ones are marked
red. Geometrically, this constraint indicates that solution that satisfies parity check lies in
the blue convex hull constructed by red valid vertices, whose [1 distance to the forbidden
configurations is at least 1 [FWKO5].

This constraint is also referred to as parity constraint [Wad08, Wad10], parity-check
constraint [TS06] or parity inequality [TNSO8]. It is to be noted that the set S,qq here is
defined to have odd number of elements. Since elaboration hereafter is only about set S
with odd number of elements, we denote simply S for Syqq. Along with the box constraint
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for each CN, the relaxed LP problem becomes more explicit [FWKO5]:

n
minimize Z Lif;,

j=1
subject to  f; € [0,1], Vj € J, (3.11)

SA-f+ S fi=1,¥ieL, SCA®3),|S|odd.

jes JE(ANS)

3.1.3. Decoding with Optimization Problem Solvers

With the LP formulation introduced in Section 3.1.2, decoding algorithms can be developed
by implementing the corresponding LP solvers. The complexity of such an LP solver
depends on the amount of variables and linear constraints defined on the codeword
polytope [FWKO05]. The ellipsoid algorithm and the simplex algorithm were considered
in [FWKO5] as possible LP solvers for LDPC codes, since the complexity of the LP is linear
in block length. However, for arbitrary binary linear codes, the complexity of this LP
formulation in [FWKO05] grows exponentially with the maximum degree of each check node,
potentially polynomial in block length [Yan88, FWKO05, YWF08], which is unfavorable for
codes like high-density parity-check (HDPC) codes. Despite the convenience of analysis,
LP decoding has larger computational complexity while the error-correcting performance
is not improved when being compared to BP algorithms [YFWO06D].

Low-complexity LP-based Algorithms

Accordingly, intense studies have been done with focus on achieving higher efficiency
of above-mentioned LP problem. Vontobel and Koetter [VK06, VKO07] have derived an
approximation of dual LP, which can be solved with linear complexity in block length by
adopting coordinate-ascent or sub-gradient-based methods. This work has been further
studied in [Bur08, Bur09] and extended to non-binary fields in [GB10, GB13, PF10]. In an
independent work, Flanagan et al. [FSBGO09] have developed a non-binary LP formulation
that originates from LP decoding [FWKO05]. Apart from that, two new LP formulations
with reduced complexity have been proposed respectively in [CS07, YWFO08] by exploiting
the structure of graphic representation of the codes.

Improved LP-based Algorithms with Integer Optimization Methods

Another line of work targets a boost of performance with methods for integer programming,
possibly at cost of complexity. Before the LP decoding, it has been proved in [BBLK98] that
decoding linear block codes can be treated as an integer optimization problem and solved by
an Omura-type algorithm, which is a suboptimal modification of the conventional LP solver,
namely the simplex method [Sch98]. The success of LP decoding has encouraged further
discussions in applying integer programming techniques such as cutting plane methods
and branch-and-bound methods to the LP formulation from LP decoding [FWKO05] that
approximates ML decoding.
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Facet guessing algorithms that remove fractional pseudocodewords have been proposed
in [DGWO09]. Another algorithm called adaptive linear programming (ALP) based on
cutting plane method has been developed by Taghavi et al. [TS06, TNS08] involving an
adaptive addition of violated constraints (also called cuts) for the sake of reducing the
size of the LP problem to the extent of being independent of the node degree [TS06,
TNS08]. The error rate can be improved by generating cuts from redundant parity
checks (RPC) [TS06, TNSO08]. It has been adapted to an ML decoder in [DYWO07] by adding
integer constraints. The ALP decoding has been modified in [TSS08, TSS11] and further
improved in [ZS11, ZS12]. Other variations of ALP with effective cut-search algorithms,
which are applicable to HDPC codes, were presented in [TRHT08, TRHT09, TRH"10]
showing better FER than LLP and BP decoding for certain tested BCH and LDPC codes. An
application of modified ALP decoders to HDPC codes has been demonstrated in [YLB11].
Besides, multistage LP decoding based on branch-and-bound methods has been investigated
in [YEWO06a, ZM11] for better error-correcting performance.

Nonlinear and Convex Optimization Approaches

Yang et al. [YFWO06a] proposed a box-constrained quadratic programming decoder for
LDPC codes of short or medium size with less complexity than the BP decoder. A few
researches on IP methods have been conducted. Vontobel has in his work [Von08] discussed
about efficient implementations of IP algorithms for LP decoding. Wadayama [Wad07,
Wad08, Wad10] suggested the suboptimal IP decoding, in which the LP decoding was
relaxed to a convex optimization problem. Taghavi et al. [TSS11] implemented a class
of interior-point method with primal-dual path-following method to solve a sequence of
linear programs in LP decoding, whereas Wadayama [Wad09] realized an LP decoder
with primal path-following method. Recently, an algorithm called proximal decoding has
been presented by Wadayama et al. [WT21], using one of proximal gradient methods
to perform an approximate MAP decoding. Another method for convex optimization,
known as alternating direction method of multipliers (ADMM) [BPC'11], has also been
actively applied in various ADMM-based algorithms [BLDR13, ZS13, JWMC15, WJM15,
DGK*16, LD16, JMG16, WB21, JLMH21] to solve decoding problems.

3.1.4. Motivation

To get a better understanding of decoding with optimization techniques, this thesis will
elaborate on and implement the IP decoding [Wad07, Wad08, Wadl0] as well as the
proximal decoding [Wad(09]. There are many reasons that these two haven been chosen.
Firstly, with the intention to investigate more than one method on codes with moderate
length with limited time and resources, low complexity was prioritized when there must
be a trade-off between complexity and performance. IP decoding and proximal decoding
stand out for their simple formulation and feasible complexity. Both have linear complexity
in code length n in each iteration regarding LDPC codes [Wad10, WT21], which is more
practical compared to other available algorithms. Secondly, there are not as many studies
on decoding with convex or nonlinear optimization methods as those established on
LP. IP methods and the proximal gradient methods are well-known methods for convex
optimization [BBV04, PBT14], yet represent a relatively new perspective for decoding.
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Ultimately, in addition to clear formulations and simulation results for reference based on
AWGN channel, they provide detailed pseudocode and configurations, which are important
for comparing results.

Unfortunately, investigation on other methods was not possible due to limited time
for the bachelor thesis. For the reference of further studies on this topic, a few other
methods that have been demonstrated on binary LDPC codes are also quite attractive with
affordable complexity, especially the decomposition methods such as ADMM [BPC™11,
BLDR13, ZS13, JWMC15, WJM15, DGK*16, LD16, JMG16, WB21, JLMH21]. Besides,
other IP algorithms, for instance, with primal-dual path-following method [T'SS08, TSS11]
and the ALP [TS06, TNS08] decoding are also good options for investigation.

3.2. Interior Point Decoding

In [Wad07, Wad08, Wad10], Wadayama presented IP decoding for linear vector channels
applying a kind of IP methods, namely with the barrier method [BBV04]. This is an
approximate decoding algorithm with low complexity and suboptimal performance. It has
shown us the possibility of applying convex optimization methods to decoding problems.
The idea is to construct a convex "merit function" [Wad1l0] which is composed of the
objective function and the barrier function. The intention is to convert the LP problem
with inequality constraints derived in [FWKO05] into an unconstrained convex optimization
problem, specifically a convex minimization problem.

3.2.1. Formulation of Optimization Problem in IP Decoding

The objective function of a linear vector channel is defined in [Wad10] as the squared
Euclidean distance between the received and the transmitted vectors:

f(e) :=lly — (Ac+b)|]%, (3.12)

where A is an interference matrix and b is an offset vector of the channel, ¢ € C . Given
the premises of this thesis, the presented model is simplified to:

fle):=lly —=x(o)|*. (3.13)

As stated in [Moo20] the ML estimation over AWGN channel is the & with minimum
squared Euclidean distance. From this point of view, the objective function helps to
approach the ML word.

Additionally, the barrier function is designed to restrain the solutions inside poly(C).
All the points of the relaxed polytope meet the condition in Eq. (3.11). Therefore the
interior set [Wad10] satisfies the constraints without the equality sign. Points inside relaxed
poly(C), i.e., the interior points, denoted by €, satisfy box constraint [Wad10]

0<¢ <1, VjeJ (3.14)
as well as parity constraint [Wad10]
1+> (G-1)— Y &<0, VieI, 5CA(),|S odd,. (3.15)
jes JEAM@\S
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In contrast to E; in Eq. (3.6), the set including the subsets of odd size in A (i) is
defined [Wad10] as:

T, :={SC A(i):|S| odd}.

Through the characteristics of the logarithm function, the convex, differentiable barrier
function containing both constraints is established in [Wad10] as:

B@:=-Y_ Y I [— <1+Z(éj—1)— > @)]

i€Z SET; JES JEA@\S (3.16)
=Y In[—(=¢)] = > n[-(& - 1).
jeJ jeg

When any constraint in the barrier function is violated, the "barrier" would be an infinite
value. The merit function that combines the objective function and the barrier function is
given by [Wadl10]:

) (@) :=tf (&) +B@E)), (3.17)

where ¢ is a constant and ¢ > 1. Given the merit function, the LP problem in Eq. (3.11),
namely

n
minimize E Lifi,

j=1

subject to  f; € [0,1], Vj € J, (3.18)
A-f)+ > fi=LVieI SCA(),|S odd
jes FE(A(\S)

is transformed in [Wad10] to

minimize 1 (€). (3.19)

The feasible region of this problem is among interior points. In order to search within
this region, a feasibility check [Wad07, Wad08, Wad10] must be conducted along with the
update of candidate point. Feasibility check decides whether the updated word &+ is an
interior point by checking if the word meets the constrains in Eq. (3.15). Update step size
is initialized as sp. As demonstrated in Fig. 3.3 [Wad07], as long as the constraints are not
met, reduce the step size to its half. The process of searching for a proper step size along
the update direction is called line search [BBV04]. A line search for s has been implemented
to make sure that the updated search point is still an interior point while minimizing the
overall merit function ¢ (€). However, this process doesn’t evaluate objective function f (€).
Therefore, it can not be guaranteed that the objective function continuously decreases and
the searching direction may not converge towards the optimal solution [Wad10]. But the
computational complexity is hence reduced to a great extend [Wad10].
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Figure 3.3: A Demonstration of Feasibility Check [Wad07]

There are some approximations in this algorithm for the purpose of reducing complexity
from polynomial to linear [Wad10]. The feasibility check [Wad10] is one of them. The
parity constraint concerns all the possible combinations of S set. It requires

1+> (@ -1)— > &<0, VieI SCA(),|S] odd (3.20)
jes JjeA()\S

Therefore checking all the combinations calls for quite some computational effort. Instead,
the authors [Wad07, Wad08, Wad10] check only the maximum among all combinations
and make sure that

max 1+ (qg—1)— Y ¢l <0. (3.21)

SeT;
el leS IEA(i)\S

The same approximation technique has also been practiced in the minimization process of
merit function in the inner loop, which is an essential component of this algorithm and
will be discussed in detail next. The minimization problem of merit function v (€) in the
inner loop, can be solved by many methods, among which are the gradient descent and
Newton method. Because of the polynomial computational complexity in calculating exact
gradient and Newton step, the authors of [Wad07, Wad08, Wad10] have suggested the
so-called approximate gradient and approximate Hessian with greatly reduced complexity
from O(2“7n) to O(w,n) [Wad07, Wad08, Wad10].
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3.2.2. Minimization with Gradient Descent

The minimization of 1 (€) can be solved iteratively with classical normalized gradient
descent method [Wad07]:

¢ =arg min c),

=& - sKg,

where g is the exact gradient of the merit function v (€), s is the step size and K is a
normalization constant [Wad07], where

1
- (3.23)
max;ez 9|
For any j € J, the exact gradient of 9 (€) is given by [Wad07, Wad08, Wad10] :
0 0
=t f (& B (&
) w1 ) (3.24)
:4t(yj+20j—1)+z Z Tj’ (C)_T._ i1’
i€Z SeT; € €
where Ilj € AG@)\ S|~ I[j € 8]
(i,8) =y . L1J € A —fUE 3.25
Ies leA@\S
and [ is the indicator function.
The approximation is to allow [Wad07]
i,5) /= i,5M)
S @) & (@), (3.26)
SET;
where
(i) .— 1) — 5
S\ = argmax 1+> (@E-1) Z al . (3.27)
leS leA(B)\S

For S is the combination which maximizes the negative denominator and is therefore
more dominant among all the combinations.

The approximate gradient g?pprox, Vj € J is thus defined in [Wad07, Wad08, Wad10]
by:

X - .5y _ 1 1
g?ppro — At (y; + 25— 1) + ZTJ(LS )(c) it (3.28)
i€T J j
The normalization constant K is changed to [Wad07]:
1
KApProX — . 3.29
mastycg 477 (3:29)
Moreover, the update rule becomes [Wad07]:

ék—l—l _ ék _ SKapproxgapprox. (330)
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3.2.3. Minimization with Newton Method

Since gradient descent method converges not as fast as Newton method, the algorithm is
improved in the articles [Wad08, Wad10] by applying Newton method with approximated
Hessian matrix. The minimization of ¢ (€) can also be solved as follows [Wad10]:

C =arg min
& &epoly(C) 1/} ( ) (3‘31)
eht =&k 4 sd,
where d is the Newton step and s is the step size. With Newton equation [Wad10], we have
Gd = —g, (3.32)

where G is the exact Hessian matrix and g is the exact gradient. The gradient g can
be obtained as discussed in the last part. To acquire d, we need the Hessian matrix.
Analogous to approximate gradient, the exact G of merit function [Wad10], namely

0° : 1 1
5e o @+ 5 @) 74" (@) + Tlp =] ( + ) (3:33)
e 3G
is simplified to G*PP™* [Wad10], namely
0? (,.5®) (i,50) 1 1
= f 6 + I T E (6) +1 [p = Q] <~ ~> y (334)
"o5,0%, EG; 8 " G (E-1)

which only includes the diagonal elements where p = ¢ for p € J and ¢ € J.
Applied to AWGN channel, it exists:

ame — st 1= 3 i @n 5 @ + 1l =g (i ¥ 12> - (335)
icT % (-1

With the approximation, there are only diagonal elements left. According to [Wad10], the
approximated Newton step d®PP'* can be obtained by solving

dapprox _ (GappI‘OX)—l (_gappI‘OX) ) (336)
Therefore, the update rule becomes [Wad10]:

ghtl = gk _ g (Gapprox)~1 gapprox, (3.37)

3.2.4. IP Decoding Algorithm

The idea of IP decoding is to start with an interior point and to move iteratively towards
vertices through minimizing the convex function ¢ (€) while staying inside poly(C). Addi-
tionally with the aid of an internal decoder, for example SPA or MSA, the IP decoder can
converge to valid codewords.

This algorithm is composed of an outer loop and an inner loop. The loop outside, with
maximum Oy iterations, renews 1 (€) by increasing the weight of f (€), namely parameter
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t. In this way, the searching direction is adjusted iteratively towards an estimation of
transmitted word that is closest to the received word. To be more specific, increasing factor
t by multiplying initial ¢ with «, where o > 1, the weight of the objective function f(z)
grows. As t — oo, the solution converges to the optimum which minimizes f(z) [Wad10].
On the other hand, the inner loop, with maximum I,,,x iterations, minimizes the overall
merit function which includes the box constraint and the parity constraint. In total, there
are maximum Oy - Imax iterations. An illustration of iterations can be found in Fig. 3.4.

Valid Codeword

Inner Loorf

Starting Point

Figure 3.4: A 2D Illustration of Iterations

The barrier method finds a good solution, however, requires suitable starting point [BBV04].
The authors of [Wad07, Wad10] chose & := (%, %, ey %) of length n as the starting point. It
has been proved to be an interior point in [Wad07, Wad10]. The framework of IP decoding
is summarized in Algorithm 1. Details of the implementation are explained in [Wad10].
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Algorithm 1 IP Decoding [Wad10)]
Input: received word y € R"
Output: estimated codeword ¢ € F}
Step 1: Let starting point & := (%, %, - %) and t := .
Step 2: Repeat the outer loop for Opax times.
Step 2.1: Repeat the inner loop for I.x times, with k£ as an iteration counter.
Step 2.1.1: Set s := sq.
Step 2.1.2: Minimize v (€) via gradient descent or Newton method:
chtl =&k + A
Step 2.1.3: Check feasibility of 1. If €+ is not an interior point,
reduce step size as s := 1s and update &*t1.
Step 2.2: Run internal decoder for L.« iterations and let it output €.
Step 2.3: Exit if H-&T = 07,
Step 2.4: Set t = at , a > 1.

3.2.5. Internal Decoder

An internal LDPC decoder is placed between inner loop and outer loop which helps to
reduce number of iterations and to output codewords [Wad07, Wad10]. The internal
decoder makes use of outputs from inner loop to speed up decoding process. This decoder
contributes to the delivery of binary outputs without losing too much information as in
HD. When the internal decoder converges to a valid codeword, it will break the loops. To
be noticed, this decoder gives no outputs back to the loops. BP decoders such as SPA and
scaled MSA have been placed inside IP decoder in [Wad07, Wad10]. As briefly introduced
in Section 2.3, both SPA and MSA follow the basic message-passing routines between VNs
and CNs with slight difference.

1. Initialization [Wad10]:

For all the (7, j) pair, where H; ; =1: &, =0, nj_; = Aj.
2. CN update with message from VN [Wad10]:

SPA: &, = 2 tanh ™ { H tanh77j/2_>i} .
JEA@\J

MSA: & = Fi( 11 Sign(nj’—m')) - omin - |n ),

JEA JEAOY

where k is a damping factor.

3. VN update with message from CN [Wad10]:
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Nj—si = Aj + Z §ir—sj-
i eB()\i

4. Get the posterior information [Wad10]:

=N+ D &ing

i€B(j)

5. Make a decision with sign of 7; [Wad10]:

G — 07 Ui > 07
/ 1, n; < 0.

It is to be noted that the LLR here is not defined conventionally as In %. Since
¢; € (0,1) , ¢; is approximately seen as p[y;|¢; = 1] [Wad07]. Accordingly, p[y;|¢; = 0]
would be 1 — ¢;. Besides, scaling parameter x is named damping factor [Wad10], set
between 0.7 and 0.9 to improve performance of MSA. Other than that, the adopted SPA

and MSA are just in standard form.

3.3. Proximal Decoding

Proximal decoding was proposed recently in [WT21] for multiple-input multiple-output
(MIMO) Channels detection by applying proximal gradient method [PB*14]. This innova-
tive decoding algorithm achieves the same time complexity as BP decoders for LDPC codes,
namely O (n) [WT21]. Meanwhile, it showed better performance than the combination
of minimum mean square error (MMSE) detector and BP decoder in numerical experi-
ments [WT21]. The framework of proximal decoding is very similar to IP decoding. They
both firstly establish a cost function that contains box constraint and parity constraint,
which will be minimized with various optimization methods iteratively. Different from
IP decoding, a proximal decoder employs a much simpler implementation without extra
internal decoder. In this section, an optimization problem based on approximate MAP
decoding is formulated. Next, proximal gradient method that was used to solve this problem
is reviewed. Last but not least, the algorithm suggested in proximal decoding [WT21] is
presented.

3.3.1. Optimization Problem
Polynomial Penalty Function

[WT21] introduced a polynomial penalty function in sum-of-squares (SOS) form

h(x) ;:Z(x§—1)2+2(( II a;j> —1) , x € R". (3.38)

jeT €L JEA(R)
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Similar to the barrier function defined in IP decoding [Wad10] and formulated in Eq. (3.16),
penalty function h (x) also contains a term for box constraint [WT21]

%:7 (23 - )2 (3.39)

and a term for parity constraint [WT21]

> (( 11 mj) — 1) : (3.40)
i€Z \ \jEA()

This function transfers the constraints into a minimization problem. For x € X', both terms
are equal to zero. Therefore, penalty function h (x) is equal to zero for valid codewords
and a non-negative value otherwise [WT21].

Approximate MAP Decoding

As discussed in Section 2.1.4 MAP decoding is formulated as:

RMAY = arg max py|x (v[x) P (x). (3.41)

Assuming that all codewords have equal probability, P (x) is defined in [WT21] as:

Px) == 3 6(x—a), (3.42)
X

acC

where § refers to Dirac delta function. We know that

Vx € X, h(x)=0
otherwise, h(x) > 0.

P (x) can thus be approximated as [WT21]:

P(x) = 5 exp(~7h (x)), (3.43)

where Z is normalizing constant and v > 0. When v — oo, there exists [WT21]:

1

—exp (—yh (x)) — L Z d(x—a). (3.44)
Z |X|

Besides, py|x (y[x) for AWGN channel with BPSK modulation is given by:

pyix (/%) = brexp (<be|ly = xII%) (3.45)
where by and by are positive constants. Provided that

P (x) o exp (—vh (x)), (3.46)
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along with
pyix (y[%) < exp (= ly = x|*) . (3.47)
the approximate MAP decoding can be formulated as [WT21]:

SMAP _ v — x| =
bl = argmax exp( ly —x[|” —~h (x)) . (3.48)

To maximize probability is equivalent to minimizing its negative log-likelihood. Therefore,
the approximate MAP rule from [WT21] for AWGN channel becomes:

~MAP _ . L2
e = arg Imin (Hy x||” +~h (x)) . (3.49)

Since f (x) was already used to denote the squared Euclidean distance between the received
and the transmitted vectors in IP decoding, this rule can be expressed as:

MAP — arg ;Iél}vl (f (x) +~h(x)). (3.50)

3.3.2. Proximal Gradient Method

Proximal gradient method assesses the proximal operator of a function [PB*14]. The
proximal operator of a scaled arbitrary function g is defined by [PB*14]:

1
prox,(v) := arg )EIGIIiRI}L (g (x) + (26) [|x — VH;) , veR" (3.51)

where # > 0. As the definition shows, the proximal operator of fg is a point with minimum
g (x) while approaching vector v. The parameter 6 regulates the weight of g (x). This
form reminds us of the concept of the barrier method used in IP decoding but with a
fixed weight instead, which is related to 6. Given a small § and a differentiable g (x), the
proximal operator can be regarded as a gradient step [PBT14]:

proxy,(v) = v—0Vg(v), (3.52)

where 6 can be interpreted as step size.

Proximal decoding applies this method to minimize h (x). Specifically,

prox.,(x) ~x —yVh(x). (3.53)

The minimization of f (x) 4+ vh (x) is divided into two steps [WT21]:
il =gk — WV f (sk) ,

gh+l :=prox., (rk"'l) =kt _4vh (rkH) .

(3.54)

The first step is a standard gradient descent with step-size parameter w. The second step
is the proximal operator of function vh. h (x) is minimized while s**! maintains close to
the updated r**+! from the first step. Additionally, for V f (x) it holds [WT21]:

Vi) x(x—y). (3.55)
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Vh (x) is given by [WT21]:

Vh (x) = (E;;h (%), 8inh(x)>T,

aijh (X) =4 (.sz — 1) Tj+ 3 Z (Q (Z)2 -Q (Z)) , (3.56)

Y7 ieB ()

JEA()

The update rule of proximal gradient method is simple and straightforward. It is rec-
ommended for large scale, non-smooth minimization problems [PBT14]. Besides, the
performance of proximal decoding depends greatly on the choice of w and v [WT21]. Due
to the characteristic of function h, there are non-codeword stationary points [WT21], which
means the solution may not converge to the optimum. However, it is still a promising
algorithm for its high throughput and low complexity [WT21].

3.3.3. Proximal Decoding Algorithm

At last, the algorithm is implemented as shown in Algorithm 2. Since [|[Vh (x)]||, can cause
divergence if x; is far from -1 or 1 [WT21]. Thus, box projection [WT21] was applied after
the second step of minimization:

sh+l .= I1, (skH) , (3.57)

where [], refers to projection onto n-dimensional hypercube B, := [—n,n]" with n slightly
bigger than 1 [WT21]. To be noted, s’ := 0 was employed. But zero-forcing estimation
could also be adopted [WT21].

Algorithm 2 Proximal Decoding [WT21]
Input: received word y € R"
Output: estimated codeword ¢ € Fy
Step 1: Set sV := 0.
Step 2: Repeat the following steps for Onax times, with k as an iteration counter.
Step 2.1: rFtl =gk — LV f (sk)
Step 2.2: sFTl = rk+l _ 4 Vh (rk+1).

Step 2.3: sFtl .= I1, (sk“).

0, ifs; >0,
Step 2.4: ¢; = l %

1, lij < 0.
Step 2.5: Exit if H-&T =07,
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4. Simulation Results

Simulations are done with all-zero assumption [FWKO05]. It is assumed that the codeword
sent contains only zeros. Maximum number of frame errors is 100 within 10® frames in
total.

4.1. Interior Point Decoding Simulation Results and Analysis

This part implements and validates the IP decoding [Wad07, Wad10]. The simulation
results will be compared with the results from the previous studies. The influence of
significant variables is examined by conducting experiments with controlled variables.
Finally, ideas for performance improvement will be put forward and discussed.

4.1.1. Validation and Analysis

Arrangement of the simulation is identical to [Wad07]:
o Code: LDPC code 96.3.963 (n = 96, k = 48) by MacKay [Mac].
e Parameters: tg = 10, a = 2, s¢ = %, Lnax = 30, Omax = 5, xg = <%, %, - %) .
e Minimization method in the inner loop: approximate gradient descent.

e Internal decoder: SPA, Lyax = 50.

The simulation result is as shown in Fig. 4.1, which approaches the result from [Wad07].

10° 5
1071 3
Eﬂj ]
= 1072 5
~ ]
et ]
m B
. 1073 4
1074 3

- T T T T T T T T

1 1.5 2 2.5 3 3.5 4 4.5
Eb/NO (dB)
-e-FER: IP + SPA - BER: IP + SPA

-4 FER: IP + SPA (Wadayama) -2~ BER: IP + SPA (Wadayama)

Figure 4.1: Comparison of Our Results with the Results from [Wad07] for Code 96.3.963 (n =
96, k = 48) with Inax = 30, Omax = 5, Linax = 50
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Besides, the author has also made a comparison between IP + SPA with the previous
arrangement and SPA alone with 100 iterations [Wad07]. The comparison of results can
be seen in Fig. 4.2. Our result is also similar to the result from [Wad07]: the gap between
curves of FER is slightly bigger than between curves of BER. The difference by 10~* bit
error rate is roughly 0.1 dB.
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Figure 4.2: Comparison between IP Decoder with Internal SPA (Ijax = 30, Omax = 5, Limax = 50)
and SPA (Lyax = 100) for Code 96.3.963 (n = 96, k = 48)
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5, Limax = 50) and SPA (Lyax = 100) for Code 96.3.963 (n = 96, k = 48)
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As discussed in [Wad07, Wad10], the performance of above mentioned IP + SPA is still
inferior to that of SPA only but within a small distance. Fig. 4.3 shows a comparison of de-
coding speed, where both simulations are done on an Laptop with processor Intel® Core™
i7-8550U CPU @ 1.80GHz x 8 with OS Ubuntu 22.04.1 LTS. The measurement for speed
is frame-time ratio or the so-called throughput [Wad07] in frames/second. The author
hasn’t published speed comparison for code 96.3.963. As we can see from Fig. 4.3, SPA is
faster than IP + SPA for short code with n = 96.

4.1.2. Influence of Scaling Factor ¢

The scaling factor ¢ plays an important role in the barrier method applied in IP decoding.
To observe the influence of ¢, we firstly put the internal decoder aside for it breaks the loops.
Simulations of this part employ LDPC code 96.3.963 (n = 96, k = 48) by MacKay [Mac]
and apply approximate gradient descent for the minimization of merit function in the inner
loop.

Parameter ¢ is the weight of the objective function f (€) in the overall merit function
¥ (€). It is initialized with ¢y and its multiple a controls the speed at which ¢t grows. Firstly,
« is fixed to 2 as suggested in original implementation, in order to observe the influence of
to. Intuitively, when tq is very big, the objective function has a relative large proportion in
the overall merit function, which may weaken the role of barrier function from the very
beginning. This results in more iterations in the inner loop [BBV04]. On the other hand,
if to is too small, it takes in general more iterations in the outer loop [BBV04] to increase
the weight of the objective function to a certain level. Table 4.1 shows the comparison of
the same scaling schedules as in [Wad07] under the condition SNR = 4 dB:

Setting  Imnax Omax  to «
A 30 5 10 2
B 150 1 10 2
C 150 1 100 2

Table 4.1: Values of 3 Settings

All three settings have 150 iterations in total. Setting A and B have the same ty whereas
A has more iterations in outer loop, which increases t to a larger value than that of setting
B. Setting C has a much bigger ¢y while ¢ is not further increased, since there is only one
iteration in the outer loop. The ultimate goal is to locate a codeword that is the closest to
the received vector. Therefore, the objective function can be used to measure the quality
of different scaling schedules. Besides, LDPC code 96.3.963 by MacKay [Mac] is applied
for the simulation.

The experiment is set at 4 dB. We get similar results to those in [Wad07] with average
value from 1000 trials. As we can see from Fig. 4.4, setting A (blue line) and B (organge
line) converge faster than setting C (green line), which shows that a smaller ¢y contributes
to faster convergence. Meanwhile, A outperforms B for it reduces the objective function to
a lower value as the number of iterations increases, which is due to a larger end value of ¢.
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Figure 4.4: The Average Value of the Objective Function from 1000 trials with Different Schedules
(with Approximate Gradient Descent, o = 2) for Code 96.3.963 (n = 96, k = 48) at 4

dB
Cost - Iteration Curves
90 1 — t0=2
—— t 0=5
< 80 — t.0=10
B — t 0=20
g 70 -
L
2 60
©
Q
& 501
‘s
E 40
g
30
20 -
0 20 40 60 80 100 120 140

Number of Iterations

Figure 4.5: The Average Value of the Objective Function from 1000 trials with Very Small ¢o (
with Approximate Gradient Descent, Iinax = 30, Omax = 5, @ = 2) for Code 96.3.963
(n =96, k=48) at 4 dB

However, given Inax = 30, Omax = Sand a = 2, if g is too small, as shown in Fig. 4.5, it
is expected to see obvious oscillation in the inner loop and steps between the inner loop
and the outer loop. Because of the small ¢, during updates in the inner loop, there isn’t
effective reduction of the value of the objective function. These gaps disappear when %, is
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larger than 10. Therefore, we come to the conclusion that gradually increasing ¢ to a large
value while starting with a relatively small tg is most beneficial to the overall performance,
which agrees with the conclusion made in [Wad07]. Generally speaking, initializing ¢ with
to = 10 is a good choice for it reduces the value of objective function to a flat area faster
than the case by tg = 20 with a value smaller than the value with ¢y = 5.

Cost - Iteration Curves

(o)}
o
1

w
o
1

Value of Objective Function

0 20 40 60 80 100 120 140
Number of Iterations

Figure 4.6: The Average Value of the Objective Function from 1000 trials with Various a (with
Approximate Gradient Descent, Iyax = 30, Omax = 5, to = 10) for Code 96.3.963
(n =296, k =48) at 4 dB

As for the parameter «, as stated in [BBV04], with Newton method, the choice of «
seems not critical as long as it is bigger than 1 and « near 1 would cost a few more
Newton steps. In practice, in the case of gradient descent, as shown in Fig. 4.6, with
Inax = 30, Omax = Handty = 10, there seems indeed not to be significant difference
between various « over 2 in terms of the converging speed and the value of the objective
function. The curve with o = 1.1 glides very slowly down. For a below 1, the weight of
the objective function is rather reduced instead of being increased. This results in a more
dominant barrier function and thus turns the searching direction away from received signal
y, which leads to a bigger value of the objective function as shown in Fig. 4.6.

4.1.3. Iterations Required to Converge to Valid Codewords

When we put back the internal decoder, in our case an SPA or MSA decoder, it helps
to cut redundant iterations [Wad07]. The internal decoder takes outputs from the inner
loop to decode and breaks both the inner loop and the outer loop when a valid codeword
is decoded. However, it interferes neither with the update of the merit function in the
outer loop nor the minimization iterations in the inner loop. As soon as the objective
function is reduced to "the flat part of the cost curve", the internal SPA can successfully
deliver a valid codeword and call a halt to the IP algorithm [Wad07]. To investigate the
effectiveness of the internal decoder concerning the reduction of overall iterations, we now
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take an example of internal SPA and put it right after Step 2.1.3 in Algorithm 1. The SPA
iterates thus inside the inner loop. Simulations of this part employ LDPC code 96.3.963
(n =96, k = 48) by MacKay [Mac], applying approximate gradient descent in the inner
loop with the setting tg = 10, a = 2, Imax = 30, Omax = 5, Lmax = 50. 100 realizations
were observed respectively from SNR = 1dB to SNR = 4dB.
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Figure 4.7: Number of Iterations Required to Output A Codeword (with Approximate Gradient
Descent, to = 10, & = 2, Inax = 30, Omax = 5, Limax = 50) for Code 96.3.963
(n =96, k = 48)

As shown in Fig. 4.7, with the increase of SNR, there are fewer iterations needed to
yield a codeword. Above 3 dB, most of the instances can be successfully decoded within 30
iterations. In other words, if we put SPA back to Step 2.2 in Algorithm 1 as supposed in
IP decoding, above 3 dB there is principally only one iteration in the outer loop needed.
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4.1.4. IP + SPA Vs. IP + MSA

In work [Wad10], a scaled MSA was adopted as internal decoder with damping factor x
between 0.7 and 0.9. A scaled MSA, or known as normalized MSA has better performance
than standard MSA [YHB04, CDET05, MPK*17]. However, the author of [Wad10] didn’t
publish performance of IP + MSA for AWGN channel. A comparison among SPA, MSA
and scaled MSA (k = 0.8) for short code 96.3.963 is shown below in Fig. 4.8. All three are
initialized with LLR = 2.
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Figure 4.8: Comparison of MSA and SPA (L. = 100) for Code 96.3.963 (n = 96, k = 48)

As mentioned in Section 2.3, MSA is an approximation of SPA with reduced computa-
tional complexity. As Fig. 4.8 shows, the difference between standard MSA and SPA is
very small for short code, and the gap almost disappears with damping factor. Without
specific notice, the MSA hereafter refers to normalized MSA, and the factor « is fixed to
0.8. Now we compare the performance of IP + MSA and IP + SPA. Approximate gradient
descent is used for the minimization of merit function in the inner loop.
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Gradient Descent for Code 96.3.963 (n = 96, k = 48)
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Surprisingly, as shown in Fig. 4.9, starting from 3 dB, the IP + MSA (k = 0.8)
outperforms the IP + SPA. As expected, algorithm IP + MSA is a little faster than IP +
SPA as shown in Fig. 4.10. With the intention to identify the possible reason, the LLR
Aj=In (1;&]» ) defined in [Wad07] was firstly investigated. We put the SPA or MSA again
right after the update of gradient descent, in order to collect every output from the inner
loop. The prior LLR \j, which is the initialization of BP decoder as well as the posterior
information 7; are explored. 7; includes the prior A\; and information through message
exchange between VNs and CNs:

=N+ Y, i (4.1)
i€B(j)

Since IP + MSA starts to overtake IP + SPA at 3 dB, the development of LLR and 7,
of one word are plotted in Fig. 4.11 and Fig. 4.12 at 3 dB for IP + SPA and IP + MSA.
Both come from the same instance. It helps us to see what happened to LLR and 7n; during
iterations. Each curve stands for a symbol. Therefore, there are 96 curves in total. Since
we assume that an all-zero codeword has been transmitted, there are n curves standing for
n samples for the same bit. The curves are supposed to go towards the same direction and
stop when internal decoders have successfully decoded a valid codeword. Given that 0 is
the threshold for decision at the end of each iteration in BP decoders. So it is expected to
see that as soon as n; for all j € J is equal to or above 0, the algorithm is terminated by
the internal decoder.

Development of LLR - IP + SPA

Value of LLR

Value of Soft Output

Number of Iterations

Figure 4.11: The Development of LLR and Soft Output 7; in IP + SPA Using Approximate
Gradient Descent for Code 96.3.963 (n = 96, k = 48)
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Figure 4.12: The Development of LLR and Soft Output 7; in IP + MSA Using Approximate
Gradient Descent for Code 96.3.963 (n = 96, k = 48)

As we can see in Fig. 4.11 and Fig. 4.12, TP 4+ MSA deviates rapidly after the first
iteration from zero towards positive values and converges much faster to a valid codeword

than the IP + SPA.
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Figure 4.13: 10 Curves of the Objective Function from IP 4+ SPA Using Approximate Gradient
Descent for Code 96.3.963 (n = 96, k = 48)

As illustrated in Fig. 4.4 before, the value of the objective function drops quickly to a
lower value and then goes slowly down or maintains more of less stable at this level. SPA
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can yield a codeword as soon as the value of the objective function reaches a flat part of
the curve [Wad07]. We confirm this conclusion by plotting 10 instances at 3 dB as shown
in Fig. 4.13. The curves stop mostly before 20 iterations at a value between 30 to 40.
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Figure 4.14: Comparison of the Average End Value of the Objective Function and the Average
Number of Iterations from 100 trials between IP + SPA and IP + MSA Using
Approximate Gradient Descent for Code 96.3.963 (n = 96, k = 48)

Fig. 4.14 shows the average result of 100 trials. According to the statistics in Fig. 4.14,
the internal SPA decodes successfully when the value of the objective function is reduced
to between 30 to 40. On the contrary, the internal MSA can deliver a codeword when the
value of the objective function is still as high as over 80 and thus requires less iterations.

To perceive influencing factors on the performance of internal decoders, a HD, SPA,
MSA or ML decoder is placed outside the outer loop. Now they won’t interrupt the loops
and decode only when all loops inside and outside are finished. The notation from [Wad10]
is followed: for example, gradient (30,5) denotes IP method applying approximate gradient
descent, with Iyax = 30, Omax = 5. Code CCSDS [HSG119] (n = 32, k = 16) is adopted.
First of all, our ML decoder was validated with the results from [HSGT19] for code CCSDS
(n = 32, k = 16). As seen in Fig. 4.15, the curves overlap mostly with some minor
deviations.
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Figure 4.15: Validation of ML Decoder for Code CCSDS [HSG'19] (n = 32, k = 16)

The results are shown in the following figures. Unfortunately, the result with SPA has
suffered severe performance degradation when I, = 5, as shown in Fig. 4.16.
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Figure 4.16: Comparison of Performance of Various Decoders outside The Outer Loop for Code
CCSDS (n =32, k =16, Iyax = 5, Omax = 5)
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Figure 4.17: Comparison of Performance of Various Decoders outside The Outer Loop for Code

CCSDS (n =32, k = 16, Inax = 30, Omax = 5)

Because the curves for HD and ML don’t show much change, Fig. 4.18 focuses only on

results for SPA and MSA outside the outer loop.
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Figure 4.18: Comparison of Performance of Various Decoders outside The Outer Loop for Code

CCSDS (n =32, k = 16, Iax = 50, Omax = 5)
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As shown in Fig. 4.17, with I, = 30, the curve of BER for SPA is close to that for
MSA but there is still an obvious gap between the curves of FER for both decoders. As
Inmax is increased to 50, as shown in Fig. 4.18, the gap is further narrowed. It is obvious
that the performance of BP decoders are influenced by the process of interior point method
since they take outputs from interior point decoder. At cost of more iterations, SPA
has been improved whereas there is little positive effect on MSA. At some points, more
iterations even drag MSA’s FER performance down, for example at 2.5 dB and 3.5 dB
with Inax = 30 and in the curve from 2.5 to 4 dB with I, = 50.

Even though SPA outperforms MSA in AWGN channel as shown in Fig. 4.8, the outputs
from interior point decoder, namely the interior points, are no longer Gaussian distributed.
They are concentrated in the zone between 0 and 1, or -1 and 1 in terms of received signals
from AWGN channel with BPSK, which may hold back the performance of BP decoders.
Under this precondition, an internal MSA decoder may perform better than an internal
SPA decoder. Based on the experiments done, MSA can yield a better performance than
MSA with configurations as low as Ijnax = 5, Omax = 5. To be noticed, in these experiments
the BP decoders are placed outside interior point decoder. There are 25 iterations in total.
Meanwhile, combined with Fig. 4.14 and Fig. 4.16 to Fig. 4.18, it has also indirectly shown
that the choice of internal decoders has impact on decoding speed. From this point of
view, MSA is more suitable because it has less computational complexity than SPA due
to simplified CN updates [CDET05, MPK*17] while assisting IP method better with less
iterations.
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Figure 4.19: Components of Frame Errors between IP + SPA and IP + MSA Using Approximate
Gradient Descent for Code CCSDS (n = 32, k = 16, Inax = 30, Omax = 5)

At last, a statistic was done concerning the components of frame errors. Frame errors
from decoding successes are the frame errors among converged valid codewords that
delivered by the internal decoder. As we see in Fig. 4.19, the decoding accuracy of internal
MSA is not as good as internal SPA. Even though internal MSA performs better and
faster combined with IP decoder, there is still room for improvement.
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4.1.5. Approximate Gradient Descent Vs. Newton Method with Approximate
Hessian

Furthermore, an improved IP decoder with the approximated Newton method instead
of the approximate gradient descent is investigated. Newton method is commonly used
for minimization problem. The Newton step is the steepest descent direction and thus
a good option for updating search direction [BBV04]. IP decoding with Newton method
applying the approximated Hessian matrix in the inner loop was proposed in [Wad10] as
a better solution than with the approximate gradient descent for linear vector channels.
MSA was applied as the internal decoder [Wad10]. According to [Wad10], Newton method
is supposed to reduce the number of iterations. As shown in [Wad10], IP decoding with
the approximate Newton method, where Inax = 5, Omax = 5, outperforms IP decoder with
approximate gradient descent, where I,,x = 20, Opax = 5. However with the approximate
Newton method, Iax = 20, Opmax = 5 brings only insignificant improvement compared
t0 Imax = B, Omax = 5 [Wad10]. Comparisons for the AWGN channel between these two
minimization methods haven’t been published by the authors from [Wad10]. Thus, this
section intends to fill the gap. The simulations are conducted with the same setting and
code as before. The notation from [Wad10] is followed: for example, Newton (30, 5) denotes
IP method applying the approximated Newton method, with Iax = 30, Omax = 5. The
settings for comparisons are as follows.

Gradient Descent Vs. Newton Method with Internal SPA

Code: LDPC code 96.3.963 (n = 96, k = 48) by MacKay [Mac].

e Parameters: tg = 10, a = 2, s = %, Tnax = 30, Omax = 5.

e Starting point: xg = (%,%,,%)

Internal decoder: SPA, Ly.x = 50.

Gradient Descent Vs. Newton Method with Internal MSA

e Code: LDPC code 96.3.963 (n = 96, k = 48) by MacKay [Mac]|.

» Parameters: fp =10, & = 2, 50 = 3, Imax = 30, Omax = 5.
o Starting point: zg = (%, %’ - %)
e Internal decoder: MSA, Lyax = 50.

As shown in Fig. 4.20 and Fig. 4.21, IP decoding with the approximated Newton method
proposed by [Wad10] can indeed cut down the number of iterations. Due to limited samples,
the results may have minor errors from their actual values. Generally speaking, Newton
(5,5) performs better than gradient (30, 5) with higher speed due to less iterations. However,
Compared to Newwton (5, 5), Newton (20, 5) and Newton (30, 5) show little improvement
while processing less frames per second.
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Figure 4.20: Approximate Gradient Descent Vs. Approximate Newton Method with Internal SPA
for Code 96.3.963 (n = 96, k = 48)
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Figure 4.21: Approximate Gradient Descent Vs. Approximate Newton Method with Internal
MSA for Code 96.3.963 (n = 96, k = 48)
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Figure 4.22: A Test of Approximate Newton Method with Internal MSA at Higher SNR for Code
CCSDS (n =32, k= 16)

Out of the question that whether there would be significant improvement at higher SNR,
a test with shorter code CCSDS [HSG119] (n = 32, k = 16) was conducted with internal
MSA as shown in Fig. 4.22. IP decoder applying the approximated Newton method with
more iterations still don’t show advantage against the configurations with less iterations.

4.1.6. Experimental Study on the Performance Improvement

Finally, improvement ideas will be proposed. The code used in simulations is short code
CCSDS [HSGT19] (n = 32, k = 16). In pursuit of performance improvement, a few
experiments have been done regarding both time complexity and error rate. For instance,
an extra line search and interpolation between iterations were implemented with the
attempt to accelerate the algorithm. However, they didn’t make much difference in terms
of error rate while taking longer than the original algorithm. A possible reason for that
is because the step size is restrained by the condition of being interior points. Changing
starting point that is nearer to the received symbols, in order to reduce iterations, also
didn’t make progress. Besides, the author has adopted in [Wad07, Wad10] prior LLR as:

Aj=In a-g), (4.2)

Cj

The conventional LLR for AWGN chanel is 2y;/o? in relevance to both received words
and the channel according to [M0020, Ana01, JZXZ07, ZJJ11]. One experiment is to map
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outputs from the inner loop from (0, 1) to (1,—1) as g; and to initialize the internal MSA
with 3; = 2g; /o?. The experiment showed slightly worse performance for most of the
points than the original one as seen in Fig. 4.23. Next, an experiment with compensated
approximate gradient will be introduced.
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- e Newton (5, 5) + MSA initialized with v; —e— Newton (5, 5) + MSA initialized with 3;

Figure 4.23: A Test of IP Decoder with Internal MSA Initialized with Different LLR for Code
CCSDS (n = 32, k = 16)

Approximate Gradient with Compensation

A possible idea is to improve the approximate gradient. As the author also mentioned
in [Wad10], the new search candidate calculated with approximate gradient "may not
converge to the optimal point". The approximation was on term

> (),

SEeT;

which is a component of the exact gradient as shown in Eq. (3.24). It is reduced to

sy gy i€ 4@\ SO] —1[j e O]

J T CE Y

1es@ 1€ A(i)\S®

(4.3)
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where

S@ .= argmax |1 + Z (¢ —1)— Z ¢ (4.4)
SeT; les leA(\S

For the convenience of explanation, we define

D=1+ @G-1)- > &, (4.5)

les IEA(I)\S

.S ()
for it is the denominator. In [Wad07, Wad10)] T}z’s )(é) is found in the following steps:

1. Separate VNs into 2 groups to maximize D :

outside S, if¢g —1< 4,
inside S®), if& — 1> .

2. If the number of VNs inside S is an even number, find a VN with the least cost to
switch side between inside S@ and outside S, namely

él,min = arglglqig) ‘25[ - 1| . (4.6)

3. Correct D with difference caused by swapping the VN as

Dpax = D — min |2¢; — 1| (4.7)

As required in Eq. (3.15), D is a negative value for all interior points. With the maximum
negative denominator, the combination S(® occupies a large proportion in ¥ SeT; T](Z’S) (c)

;.5 (@)
if the numerator isn’t zero. As a result, choosing T](Z’S )(é) to represent the sum of all

combinations may cause a bias over positive or negative side. Therefore, an idea for
improvement is to add a correction factor to compensate the approximate gradient in order
to offset the possible bias.

Regarding low complexity two simple compensation strategies were considered:

o Compensate with a combination whose 7(59) (c) has the opposite sign of TJQ’S )(c).

j
;.S ()
Disadvantage is if the value is small in comparison to T](Z’S )(c), the effect of

compensation would be minor.

o Compensate with a combination whose T;i’s)(c) also has a relative big share in

; ;5@
> oser, le’s)(c). Disadvantage is that if the sign is the same as T;Z’S )(c), the bias
would be enhanced instead of being weakened.

. . (2>
1. Compensate with a combination whose T;Z’S)(c) has the opposite sign of T;Z’S )(c).

0 )
As we analyze TJ(I’S )(6), we see that the numerator is 1 for VNs outside S, -1 for

VNs inside S and 0 for other indices except for A (7). The denominator is Dyax under
this combination, which is the maximum negative value among all combinations. We know
that for any combination the denominator is always negative and the numerator can be
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positive or negative as the combination changes. Thus, the sign of numerator dominates
the sign. Since S has odd number of elements, for a CN with even CN degree, the possible
combinations are symmetric. For instance, for a CN with do = 6, the number of elements
inside S can only be 1, 3 or 5. The number of elements outside .S would be 5, 3 or 1,
respectively. The implementation of compensation with the opposite sign is very simple.
By exploiting the symmetric characteristic, we swap the VNs inside S0 with the VNs
outside, which is also a valid combination in 7; with the opposite sign in numerator.

Let’s name the numerator of 7'(1 st )( ) as NS5 and the denominator as DS, In

addition, we name the compensatlon combination S', numerator and denominator of its
(i,5")
!

J (€) as N and D! respectively. Then we know the relation between N S and N1 i

N = NS, (4.8)

Concerning D', the VNs inside S are outside S and vice versa. Therefore, it holds

D'=1+> @-1)—- > &

les? IEA(i)\S!
=14+ Z (¢ —1) Z ¢
leA(i)\S® lest
=1+ Y El—‘A(z’)\S’)—ZEl
leA(i)\S® 1es®
=1+ > a-]Am\s?| = 3 a+|s?] - [sO
leA(i)\S® 1es® (4.9)
:1—]A(¢)\S(i) LD 51—‘5@ - Y &
les® leA®E)\S®
=1—[A()] Yo@-n- > @
1es@ leA(i)\S®
=1-143) - (D% =1)

Thus, the compensation term can simply be calculated from D® “ and cost only one more
computation. Sadly, the compensation wasn’t as efficient as expected. Fig. 4.24 shows
the average result from 8 realizations, there is consistent but negligible improvement by
compensating with a term of the opposite sign.

2. Compensate with a combination whose T;Z’S)(c) also has a relative big share. Because
maximum and minimum are the most easiest terms to find. Another valid combination is
introduced by D? = Dy — max |2¢ — 1|. D? is not as big as D* @ but is still relatively
big compared to D from other combinations. Moreover, N2 can be found easily analogous
to NS¢ , the only difference is to find ¢ max instead of ¢ ymin. The average result from 7
reahzatlons, as shown in Fig. 4.25, hardly shows any improvement in comparison to the
curve without compensation.
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Figure 4.24: Result with Compensation 1 for Code CCSDS (n = 32, k = 16)
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Figure 4.25: Result with Compensation 2 for Code CCSDS (n = 32, k = 16)

o4



Out of curiosity, if both compensation combinations are added, we see the average result
from 8 trials in Fig. 4.26. It is difficult to see but it is slightly worse than applying each
compensation alone from 5 dB on.
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Figure 4.26: Result with Compensation 142 for Code CCSDS (n = 32, k = 16)

It should be noted that the accuracy of data shown in figures is unfortunately not
guaranteed, since the results came from the average of only a few trials. The statement
made based on the limited samples might be wrong. Besides, in order to create the
same operating environment as much as possible, the simulations were completed in
software Spyder (Python 3.9) on an Laptop with processor Intel® Core™ i7-8550U CPU
@ 1.80GHz x 8 with OS Ubuntu 22.04.1 LTS. However, there may still be bias or errors in
the experiment. More samples are needed to obtain more accurate data.

Future Work

Due to the time limit, more exploration couldn’t be realized. But some ideas might be worth
trying for the future work. For example, the soft information from internal BP decoders 7;
contains LLR and information from the message exchange between VNs and CNs. Maybe
we can somehow make use of it and feed it back to the inner loop. Other than the barrier
method, there are possibilities to reform the merit function proposed in IP decoding into
its dual problem and to solve with other methods. Since there are in total 3 components
inside the overall merit function, namely the objective function, a logarithmic function for
parity constraint and a logarithmic function for box constraint. The overall merit function
could be divided differently and solved by applying, for example, decomposition methods
with Lagrange multipliers or ADMM [BPC*11]. What’s more, if a more accurate method
is applied with less approximation, there might be no need for an internal decoder. For
instance, an exact primal-dual IP method was suggested in [Wad09] and a low-complexity
IP method in combination with ALP decoding was presented in [TSS11]. [Von08| has also
mentioned a few IP algorithms for solving LP decoding problems.
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4.2. Proximal Decoding Simulation Results and Analysis

This part realizes and validates the proximal decoding [WT21, WT22]. The simulation
results will be compared with the previous studies. The influence of significant variables
will be looked into by conducting experiments with controlled variables. Finally, ideas for
performance improvement will be put forward and discussed.

4.2.1. Comparison of Results

The parameters for simulation are as follows:
o Code: (3,6)-regular LDPC code named MacKay 204.33.484 (n = 204, k = 102) [Mac].
o Parameters: w = 0.05 (not given in [WT21, WT22)).
« Starting point: s = 0.
 Box projection: B, := [—1.5,1.5]".
o Maximum number of iterations Opmax = 200 (not given in [WT21, WT22]).

Some parameters are not given in the the previous studies. These were determined through
experiments, which will be discussed in depth afterwards. The comparison of results
is shown in Fig. 4.27. Additionally, the BP decoder in Fig. 4.27 is compared with my
implementation of SPA in Fig. 4.28, which is used to compare decoding throughput with
proximal decoder in Fig. 4.29.
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Figure 4.27: Comparison of BER Results for MacKay 204.33.484 (n = 204, k = 102)
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Figure 4.28: Performance Comparison of BP and Proximal Decoder for MacKay 204.33.484
(n =204, k = 102)
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4.2.2. Influence of w and ~

Firstly, let’s review the minimizing processes

rftl =gk wVf sk) il
k+1 k41 (4.10)
S —vVh (r )

where

f(x) =y = x|,

o-pr(n)-)

jeg ieT \ \yeA(

(4.11)

Parameter w and ~y are crucial for the proximal decoder, for they control the convergence
behavior. By analyzing update steps, we see that w regulates the step size towards a
candidate closer to received signal y whereas v controls the step size towards a point
with lower parity-check cost, namely lower h(x). However, there seems not to be an
analytical method to determine the best values of w and . [WT22] has found out through
experiments that v = 0.05 showed the best BER performance for AWGN channel with
(3,6)-regular LDPC code (n = 204, k = 102).
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Figure 4.30: BER Results from [WT22] for (3,6)-Regular LDPC Code with n = 204, k = 102

As seen in Fig. 4.30, when + is larger than 0.1, BER doesn’t improve at all as SNR
increases. Nevertheless, below 0.1, the curve with v = 0.05 performs better than the
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curve with v = 0.01. Information about w for AWGN channel was not given in[WT22].
A comparison with identical parameters is not possible. Therefore, in this subsection,
we will explore the influence of w and v comprehensively. Short code CCSDS [HSG119)
(n =32, k = 16) is used for simulations.

First of all, we fix v at 0.05 to investigate the influence of w. The setting is listed as
follows:

.« s=0.
o v =0.05.
e SNR =4 dB.

e Box projection: By, := [—1.5,1.5]".
o Code: LDPC code named CCSDS [HSGT19] (n = 32, k = 16).
e Maximum number of iterations Op.x = 100 without exit option.

In order to see a development from the starting point, the value of iteration 0 in all the
following plots is set to S, i.e., 0. Fig. 4.31 shows the behavior of very small w. All curves
go towards 1 but oscillate around 1 between 0.5 and 1.1. Curves with bigger w reach 1
faster.
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Figure 4.31: w below 0.01, v = 0.05, Opax = 100 at 4 dB for Code CCSDS (n = 32, k = 16)
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In Fig. 4.32, the development of curves with w between 0.01 and 0.1 is similar to the
situation where w is below 0.01. The curves also oscillate around 1 between 0.5 and 1.1.
Besides, the curves reach 1 for the first time even sooner. Curves with w below 0.05 have
relative lower frequency of oscillation and stay more together to each other than curves
with w above 0.05.
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Figure 4.32: w between 0.01 and 0.1, v = 0.05, Opax = 100 at 4 dB for Code CCSDS (n =
32, k =16)
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Interesting phenomenon happened when w is increased to be between 0.1 and 1, as shown
in Fig. 4.33. The curves don’t incline to be near 1 anymore and show instability. They
either oscillate intensively over a large range or converge extremely fast after only a few
iterations to a random value.
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Figure 4.33: w between 0.1 and 1, v = 0.05, Opyax = 100 at 4 dB for Code CCSDS (n = 32, k = 16)

As we see from figures above with v = 0.05, even though they all oscillate, w between
0.005 and 0.03 show better performance compared to other configurations. They converge
fast within 20-30 iterations while having less frequent oscillation. Furthermore, curves with
lower w in the range between 0.005 and 0.03 converge slower but oscillate less frequently
with more focus near 1. Now we concentrate on w between 0.005 and 0.03 while changing
~ a little bit to decide which combination performs better.
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We observe from Fig. 4.34 that increasing v from 0.05 to 0.07 is not a good idea. The
curves oscillate extremely and cross the threshold of HD, i.e., 0. Therefore, we change ~

back to be smaller than 0.05.

1.0 A
0.5
x 0.0
—0.51
~1.0
6 2I0 4I0 6IO 8I0 160
Number of Iterations
(a) w = 0.005
1.0
0.5 1
x 0.0
-0.5
-1.0
0 20 40 6IO 80 100
Number of Iterations
(¢) w=0.01

Figure 4.34: w between 0.005 and 0.03, v = 0.07, Opax

(n =32, k= 16)
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All the configurations in Fig. 4.35 show quite good performance regardless of an oscillation
within [0.9, 1.1], which is a smaller range than [0.5, 1.1] by v = 0.05. However, with v = 0.03
the curves with w between 0.05 and 0.03 need 30-50 to converge instead of 20-30 by v = 0.05.
This comparison shows a trade-off between converging speed and accuracy (if required). In
general, w = 0.03 behaves better, for the curves converge within 30 iterations while not
having much more noise compared to the other 3 settings.
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Figure 4.35: w between 0.005 and 0.03, v = 0.03, Opax = 100 at 4 dB for Code CCSDS

(n =32, k = 16)
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Fig. 4.36 shows no more oscillation. However, the converging speed of all 4 configurations
is greatly reduced. The number of iterations required for convergence is more or less
doubled.
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Figure 4.36: w between 0.005 and 0.03, v = 0.01, Opax = 100 at 4 dB for Code CCSDS
(n =32, k = 16)

After comparing combinations of various w and <, some conclusions can be drawn
concerning their influence to decoding performance for code CCSDS [HSGT19] (n =
32, k = 16) . For w above 0.1 and « above 0.05 the oscillation threatens decoding accuracy
since the range of oscillation is near or beyond zero, which is the threshold for HD. Small
range of oscillation close to 1 and -1 doesn’t have impact on decoding accuracy but might
be a potential cause of instability. Under 0.05, a smaller « can oppress oscillations better
than a bigger one. To avoid any oscillation, v must be small, for example, below 0.03.
However, a smaller 7 requires a lot more iterations. A bigger v below or equal to 0.05 is
more beneficial since the converging speed is more crucial to decoding, provided that the
small range of oscillation is acceptable for making HD.

In addition, w controls how scattered the curves are around 1 and -1, namely the accuracy
of converged end value. With a bigger w (below 0.1), the lines look more scattered, especially
with a smaller v, as seen in the comparison of Fig. 4.36 and Fig. 4.35. Parameter w is also
related to the speed of convergence to some extent, but not as significantly as v is. For
instance, as shown in Fig. 4.35, with v = 0.03, to set w = 0.03, three times as large as
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0.01, the curves converge only a few iterations faster than those with w = 0.01. As long
as the lines are not too close to 0, namely with a value below 0.1, the accuracy of HD
after convergence should not be affected. Nevertheless, if a smaller w doesn’t slow down
convergence too much, it is safer to choose a relatively small w, such as below 0.05.

In summary, v dominates the speed of convergence. For a trade-off between speed and
oscillation that doesn’t affect HD, 0.03 and 0.05 both show advantages. Regarding w,
values between 0.01 and 0.05 are stable with reasonable number of iterations. The smaller
w is, the more focused the curves are around 1 and -1, at cost of a few more iterations to
converge. Under this range, to balance speed and accuracy, a bigger v with a relatively
small w would be better, for example v = 0.05, w = 0.03. See Fig. 4.37 and Fig. 4.38 for
the convergence behavior under configuration w = 0.03, v = 0.05 for different codes.
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Figure 4.37: w = 0.03, v = 0.05, Opax = 100 at 4 dB for Code CCSDS (n = 32, k = 16)
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Figure 4.38: w = 0.03, v = 0.05, Opax = 100 at 4 dB for MacKay 204.33.484 (n = 204, k = 102)
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For the sake of speed and less iterations, convergence behavior under configuration
w = 0.05, v = 0.05 is shown in Fig. 4.39 and Fig. 4.40.
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Figure 4.39: w = 0.05, v = 0.05, Ommax = 100 at 4 dB for Code CCSDS (n = 32, k = 16)
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Figure 4.40: w = 0.05, v = 0.05, Opax = 100 at 4 dB for MacKay 204.33.484 (n = 204, k = 102)
It is noticed that the behavior of the same configuration for different codes can also be
different. Both arrangements work better with code MacKay 204.33.484 [Mac, HSG119).

It is interesting to observe that the behavior of 204.33.484 (n = 204, k = 102) with v = 0.05
looks similar to the behavior of CCSDS [HSG119] (n = 32, k = 16) with v = 0.03.
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Out of curiosity, one more group of experiment was done with w between 0.01 and 0.1
under v = 0.03 for MacKay 204.33.484, as shown in Fig. 4.41. With v = 0.03, MacKay
204.33.484 doesn’t show any oscillation, just like CCSDS with v = 0.01. As far as observed,
it seems that to achieve the same behavior of convergence, bigger w and = can be chosen
for longer code. However, to make a firm statement, more investigations are required.
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Figure 4.41: w between 0.01 and 0.1, v = 0.03, Opax = 100 at 4 dB for MacKay 204.33.484
(n =204, k =102)

4.2.3. Iterations Required to Converge to Valid Codewords

The proximal decoding for AWGN channel was conducted on a (3,6)-regular Mackay LDPC
code with n = 204, k = 102 in [WT22]. For a comparison, a (3,6)-regular LDPC code called
MacKay 204.33.484 [Mac, HSG'19] is employed in this thesis. No specification was given
in [WT22] regarding the number of iterations. Therefore, the number of iterations required
to converge to codewords is investigated in this part. After exploring the convergence
behavior under various w and <y, we see that the convergence behavior can be slightly
different for short code CCSDS and MacKay 204.33.484. Therefore, the investigation was
done on code MacKay 204.33.484 for a more precise results comparison with [WT22].

Firstly, 3 settings with v = 0.05 are explored:
e A:w=0.01,7=0.05.
e B:w=0.03,v=0.05
e C:w=0.05v=0.05.

67



Number of Iterations
Number of Iterations

01 - - - - T 01 - - - - T
1 20 40 60 80 100 1 20 40 60 80 100
Instances Instances

—8— Number of Iterations at 1 dB —== Average Number of Iterations —8— Number of Iterations at 2 dB —== Average Number of Iterations

(a) SNR = 1dB (b) SNR = 2dB

300 HI F Iﬂ 1 300 4 b
250 250 4
@ «
c c
8 8
® 200 ‘® 200
2 2
- P
S1s0{ L LLU S 150
] @
e E
3 100 § 100
L - P _H o .
- | + LRt hA
JN ~ 4 uh w
01, v y v v T 01, v y v v i
1 20 40 60 80 100 1 20 40 60 80 100
Instances Instances
—8— Number of Iterations at 3 dB === Average Number of Iterations —8— Number of Iterations at 4 dB —==- Average Number of Iterations

(c) SNR = 3dB (d) SNR = 4dB

Figure 4.42: Required Number of Tterations with Setting A for MacKay 204.33.484 (n = 204,
k =102)
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Figure 4.43: Required Number of Tterations with Setting B for MacKay 204.33.484 (n = 204,
k =102)
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Figure 4.44: Required Number of Iterations with Setting C for MacKay 204.33.484 (n = 204,
k =102)

Fig. 4.42 to Fig. 4.44 show the average number of iterations needed for setting A to C
to converge to valid codewords based on 100 samples. Within 3 dB, no consistent and
apparent advantage can be seen for any setting. At 4 dB, both A and B require more
than 50 iterations to converge while setting C requires less than 50, specifically, about 20
iterations less than A and B.

Secondly, 2 settings with v = 0.01 are explored:
e D:w=20.03,y=0.01.
e E: w=20.05v=0.01.

Fig. 4.45 and Fig. 4.46 show the average number of iterations required for setting D and
E to converge based on 100 samples. Setting D with w = 0.03,v = 0.01 requires generally
less iterations than setting E with w = 0.05,y = 0.01. The advantage of setting D over E
is more obvious as SNR increases.

In general, both D and E require a lot more iterations than all settings with v = 0.05.
For instance, E requires almost twice as many iterations as by C at 3 dB and almost five
times as many at 4 dB. This observation of 100 samples confirms the conclusion made in
the last part, namely v dominates converging speed. Meanwhile, we observe that with a
as small as 0.01, setting with a smaller w converges faster to codewords, maybe because a
smaller w can reduce the spread of distribution and help the decoder to make decisions
faster. Nevertheless, configurations with v = 0.01 are far from being optimal.
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Figure 4.45: Required Number of Iterations with Setting D for MacKay 204.33.484 (n = 204,
k=102)
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Figure 4.46: Required Number of Tterations with Setting E for MacKay 204.33.484 (n = 204,
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4.2.4. Experimental Study on the Performance Improvement

A few experiments were conducted with the intention to improve the performance of
the proposed proximal decoding in [WT22|. For instance, an extrapolation between the
updates of s and r as suggested in accelerated proximal gradient method [PB*14] was once
implemented:

shtl .= gk 4 gk (sk - sk_1> , (4.12)
, where % is the extrapolation parameter:
k
k
= —. 4.13
p k+3 ( )

However, the implementation didn’t reduce execution time or improve the performance.
Implementations with varying v and/or w through line search were also not successful.
Besides, if the starting point s° is changed from 0 to y, we get worse performance as shown
in Fig. 4.47.

10°
101 E
1072 4
e ]
m |
M ]
1077 5 .
] X
10_4 é .\
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k I I I I I I
1 2 3 4 5 6

Eb/NO (dB)

-e w=0.05, v = 0.05, s = 0 (100 iterations) =—w = 0.05, v = 0.05, s =y (100 iterations)

Figure 4.47: Setting y as the starting point performs worse than 0 for code MacKay 204.33.484
(n =204, k = 102).

Next, an improvement attempt with ADMM will be presented in detail.

Implementation with ADMM

ADMM can be regarded as a special instance of proximal algorithms [PB*14, BPC*11].
Since proximal gradient was used in proximal decoding, this part explores the possibility
of applying ADMM to the derived cost function in [WT21, WT22].
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The goal of the proximal decoding is to find
X = argmin (f (x) +vh (x)). (4.14)
XEX
The function to minimize can be perfectly divided into two parts, namely

f(x) =y —x|?, (4.15)
and
2
2
h) =3 (a2 -1+ > | [ I] =) -1] - (4.16)
JjET i€l JEA(D)
In the proximal decoding [WT21, WT22|, these two parts are also minimized separately in
two steps:

rftl.=g¥ —wVf sk)

ght+l . — Vh (rk+1) (4.17)

This structure suits perfectly the formulation of standard ADMM [PB*14, BPC*11],
namely

minimize f(w)+ h(z),

) (4.18)
subjectto Aw + Bz = e,
with w € R, z € R™, A € RP° B € RP™ and e € RP. The iterations include:

2
whtl .= arg min <f (w) + (g) HAW + Bz —e+ ukH2> , (4.19)

2
2= arg min (h (z) + (g) HAW’~C+1 +Bz—e+ ukHQ) , (4.20)
uf = uf + AwFTL 4 BZF — ¢, (4.21)

where p is the penalty parameter with p > 0 and u is the scaled dual variable [BPC*11].

We replace the w with r, the z with s and introduce a new variable called u to adjust
the old iteration steps to the ADMM formulation. The new problem is thus defined as:

minimize f(r)+h(s),

, (4.22)
subjectto r —s =0,
and the iterations are accordingly
k1 . 4 k k||

r7 = argmin { f (r) + B) Hr —s"4+u H2 , (4.23)

k+1 : P || k+1 k|2
s'7 i= argmin h(s)+ B Hr —s+u H2 , (4.24)
uf = uf e gL (4.25)
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Furthermore, in the minimization steps, v = 0.05, w = 0.05 are employed as step size.
Even though ADMM is very similar to the original proximal gradient method, the intention
of trying this method is to introduce new parameters, which might regulate better and thus
achieve better performance or speed. The iteration steps are derived simply by transforming
the cost function from [WT21, WT22] to ADMM formulation in [PB*14, BPC*11]. The
effectiveness is yet to be investigated. The first and biggest problem was to determine the
parameters. Due to the the non-convexity of the function i in [WT22], the effectiveness of
ADMM is highly dependent on the initialization of p and u [BPC*11].

Different values ranging from 0.001 to 20 with step of 5 were tried. Firstly, u = 0 was
fixed, various p were applied. When a candidate of p appeared, p was then fixed while
various u were employed. However, this process was not efficient or successful. Inconsistent
changes as one parameter was increased or decreased happened. Thus, it was difficult to
decide whether a bigger or smaller parameter would perform better. It was observed that
with u bigger or smaller than 1, the algorithm was unstable and sometimes didn’t converge.
It could be related to the non-convexity of the cost function, or there might be mistakes in
the implementation. No firm conclusions can be made so far.

Additionally, the initial value of r and s are also factors that might affect the result in
the implementation. Without knowing where to start, the starting point of the proximal
decoding was considered. A "warm start" was employed [BPC*11] by initializing r and s
with one gradient step ahead from the starting point of the proximal decoding, namely O.
To be more specific,

r’ =0 - wVf(0)

00— F(0) (4.26)

with

f () = lly = x| (4.27)

Moreover, it has been observed that it worked better if r and s were initialized differently.
Therefore, after the initialization shown in Eq. (4.26), s and u were firstly updated, in order
to take one more step ahead of r. Specifically, the r update in Eq. (4.23) was put from the
first order to the last. Simulation results for code CCSDS [HSG'19] (n = 32, k = 16) are
shown in Fig. 4.48. With u = 1, the curve with p above 10, i.e., 20, and the curve with p
smaller than 10, i.e., 7, behave almost the same showing slightly better performance than
the curve with p = 10 except for at 6 dB. At the point when BER is equal to 10~2, ADMM
outperforms the proximal gradient method by about 0.25 dB. In general, the algorithm
with ADMM is about 0.1-0.2 dB better than proximal decoder. It is possible that with
better configuration, the algorithm with ADMM can yield even better results. However,
more investigations must be done to confirm this statement.
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Figure 4.48: Comparison of ADMM and Proximal Gradient Method for Code CCSDS [HSG™19]
(n =32, k = 16)

Future Work

Choices of parameter v and w are crucial to the performance of the proximal decoding.
Through experiments we have only found a good enough combination of 7 and w, because
each digital level was only divided into four grades. For example between 0.01 and 0.1,
only 0.01, 0.03, 0.05, 0.07 were examined. Moreover, to fully understand the behavior
under each value, more samples and data are required. As also suggested in [WT21], deep
learning techniques can be applied to optimize the choices of v and w.

Due to limited time, more variations of ADMM could not be explored with the cost
function established in the proximal decoding [WT22], for example with different update
orders or adding more updates in one iteration as introduced in [BPC*11]. Another
interesting implementation of ADMM which is independent of the choice of p and u was
introduced in [ZS13]. It involves Euclidean projection onto convex domain, namely the
Poly (C). Within convex domain, the problem of initializing p and u doesn’t exist any
more.
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5. Conclusion

In the present thesis, fundamentals of decoding with optimization techniques are reviewed.
Two algorithms are primarily introduced and implemented for LDPC codes and the
AWGN channel, which are the IP decoding [Wad07, Wad08, Wad10] and the proximal
decoding [WT21, WT22]. Both algorithms can be realized with low complexity, which is
achieved by practicing approximations. The specialty of these two algorithms lies in their
application of convex optimization methods. Simulation results have shown almost the same
performance and have verified the conclusions in previous works. Ideas for improvement
have been proposed, more investigations and correction are nevertheless required. To
implement more exact convex optimization methods with less approximations or to employ
simplification, is a trade-off between complexity and error-correcting performance. After
exploring low-complexity algorithms, methods with better performance can be the direction
of future work.

Concerning the application of optimization methods, LP decoding [FWKO05] as well as
LP-based algorithms are mostly studied. However, there are fewer algorithms proposed
with focus on nonlinear domain. This thesis contributes to the validation and verification
of previous studies in the field of channel decoding with convex optimization techniques.
This allows us to confirm the possibility of applying methods besides LP solvers for binary
linear block codes. Besides the methods covered in this thesis, there are many more convex
optimization techniques to be explored.
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A. Abbreviations

ADMM alternating direction method of multipliers

ALP
APP
AWGN
BEC
BER
BP
BPSK
BSC
CN
FER
HDPC
HD

IP
LCLP
LDPC
LLR
LP
MAP
MIMO
ML
MMSE
MP
MSA
RPC
SD
SNR
SOS
SPA
VN
WER

adaptive linear programming
a posteriori probability
additive white Gaussian noise
binary erasure channel

bit error rate

belief propagation

binary phase-shift keying
binary symmetric channel
check node

frame error rate

high-density parity-check
hard decisions

interior point

linear code linear program
low-density parity-check
log-likelihood ratio

linear programming
maximum a posteriori
multiple-input multiple-output
maximum likelihood
minimum mean square error
message-passing

min-sum algorithm
redundant parity checks

soft decisions

signal-to-noise ratio
sum-of-squares

sum-product algorithm
variable node

word error rate
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