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ce

ptirp()se of this book is to provide a unified, insightful, and modern
of linear optimization, that is, linear programming, network flow
and discrete linear optimization. We discuss both classical top­
as the state of the art. We give special attention to theory, but

applications and present case studies. Our main objective is to
reader become a sophisticated practitioner of (linear) optimiza­
researcher. More specifically, we wish to develop the ability to

fottIlllla1Ge fairly complex optimization problems, provide an appreciation
main classes of problems that are practically solvable, describe the

a,'vttilable soJ.utJlOn methods, and build an understanding of the qualitative
nr()hp.rtil~R of the solutions they provide.

general philosophy is that insight matters most. For the sub­
of this book, this necessarily requires a geometric view. On

hand, problems are solved by algorithms, and these can only
de~,crjlbed algebraically. Hence, our focus is on the beautiful interplay

tH~ljW(\en algebra and geometry. We build understanding using figures and
i!;e()ID<etric arguments, and then translate ideas into algebraic formulas and
(:l,lg~oritblm:s. Given enough time, we expect that the reader will develop the

to pass from one domain to the other without much effort.
Another of our objectives is to be comprehensive, but economical. We

have made an effort to cover and highlight all of the principal ideas in this
field. However, we have not tried to be encyclopedic, or to discuss every
possible detail relevant to a particular algorithm. Our premise is that once
mature understanding of the basic principles is in place, further details can
be acquired by the reader with little additional effort.

Our last objective is to bring the reader up to date with respect to the
state of the art. This is especially true in our treatment of interior point
methods, large scale optimization, and the presentation of case studies that
stretch the limits of currently available algorithms and computers.

The success of any optimization methodology hinges on its ability to
deal with large and important problems. In that sense, the last chapter,
on the art of linear optimization, is a critical part of this book. It will, we
hope, convince the reader that progress on challenging problems requires
both problem specific insight, as well as a deeper understanding of the
underlying theory.

xi



xii Preface

In any book dealing with linear programming, there are some impor­
tant choices to be made regarding the treatment of the simplex method.
Traditionally, the simplex method is developed in terms of the full simplex
tableau, which tends to become the central topic. We have found that the
full simplex tableau is a useful device for working out numerical examples.
But other than that, we have tried not to overemphasize its importance.

Let us also mention another departure from many other textbooks.
Introductory treatments often focus on standard form problems, which is
sufficient for the purposes of the simplex method. On the other hand, this
approach often leaves the reader wondering whether certain properties are
generally true, and can hinder the deeper understanding of the subject. We
depart from this tradition: we consider the general form of linear program­
ming problems and define key concepts (e.g., extreme points) within this
context. (Of course, when it comes to algorithms, we often have to special­
ize to the standard form.) In the same spirit, we separate the structural
understanding of linear programming from the particulars of the simplex
method. For example, we include a derivation of duality theory that does
not rely on the simplex method.

Finally, this book contains a treatment of several important topics
that are not commonly covered. These include a discussion of the col­
umn geometry and of the insights it provides into the efficiency of the
simplex method, the connection between duality and the pricing of finan­
cial assets, a unified view of delayed column generation and cutting plane
methods, stochastic programming and Benders decomposition, the auction
algorithm for the assignment problem, certain theoretical implications of
the ellipsoid algorithm, a thorough treatment of interior point methods,
and a whole chapter on the practice of linear optimization. There are
also several noteworthy topics that are covered in the exercises, such as
Leontief systems, strict complementarity, options pricing, von Neumann's
algorithm, submodular function minimization, and bounds for a number of
integer programming problems.

Here is a chapter by chapter description of the book.

Chapter 1: Introduces the linear programming problem, together with
a number of examples, and provides some background material on linear
algebra.

Chapter 2: Deals with the basic geometric properties of polyhedra, focus­
ing on the definition and the existence of extreme points, and emphasizing
the interplay betwen the geometric and the algebraic viewpoints.

Chapter 3: Contains more or less the classical material associated with the
simplex method, as well as a discussion of the column geometry. It starts
with a high-level and geometrically motivated derivation of the simplex
method. It then introduces the revised simplex method, and concludes
with the simplex tableau. The usual topics of Phase I and anticycling are



xiii

Cl:lar:>te:r 7: Provides a comprehensive review of the principal results and
m€:th()ds for the different variants of the network flow problem. It contains

from all major types of algorithms: primal descent (the
$ilIlplE~X method), dual ascent (the primal-dual method), and approximate

ascent (the auction algorithm). The focus is on the major algorithmic
rather than on the refinements that can lead to better complexity

(JllaI)tE~r 8: Includes a discussion of complexity, a development of the el­
method, and a proof of the polynomiality of linear programming. It

discusses the equivalence of separation and optimization, and provides
6.lG1mplE)S where the ellipsoid algorithm can be used to derive polYnomial
time results for problems involving an exponential number of cO).'1straints.

Chapter 9: Contains an overview of all major classes of interior point
methods, including affine scaling, potential reduction, and path following
(both primal and primal-dual) methods. It includes a discussion of the
underlying geometric ideas and computational issues, as well as convergence
proofs and complexity analysis.

Chapter 10: Introduces integer programming formulations of discrete
optimization problems. It provides a number of examples, as well as some
intuition as to what constitutes a "strong" formulation.

Chapter 11: Covers the major classes of integer programming algorithms,
including exact methods (branch and bound, cutting planes, dynamic pro­
gramming), approximation algorithms, and heuristic methods (local search
and simulated annealing). It also introduces a duality theory for integer
programming.

Chapter 12: Deals with the art in linear optimization, i.e., the process

4: It is a comprehensive treatment of linear programming du­
duality theorem is first obtained as a corollary of the simplex

m€:thlJd. A more abstract derivation is also provided, based on the separat­
hyperplane theorem, which is developed from first principles. It ends

a deeper look into the geometry of polyhedra.

Cll.aI)tE~r 5: Discusses sensitivity analysis, that is, the dependence of so­
and the optimal cost on the problem data, including parametric

prc)gl~arnlIling. It also develops a characterization of dual optimal solutions
sul)gradJlerrts of a suitably defined optimal cost function.

6: Presents the complementary ideas of delayed column gen­
HLPL~lU'll and cutting planes. These methods are first developed at a high

and are then made concrete by discussing the cutting stock prob­
Dantzig-Wolfe decomposition, stochastic programming, and Benders



xiv Preface

of modeling, exploiting problem structure, and fine tuning of optimization
algorithms. We discuss the relative performance of interior point meth­
ods and different variants of the simplex method, in a realistic large scale
setting. We also give some indication of the size of problems that can be
currently solved.

An important theme that runs through several chapters is the model­
ing, complexity, and algorithms for problems with an exponential number
constraints. We discuss modeling in Section 10.3, complexity in Section 8.5,
algorithmic approaches in Chapter 6 and 8.5, and we conclude with a case
study in Section 12.5.

There is a fair number of exercises that are given at the end of each
chapter. Most of them are intended to deepen the understanding of the
subject, or to explore extensions of the theory in the text, as opposed
to routine drills. However, several numerical exercises are also included.
Starred exercises are supposed to be fairly hard. A solutions manual for
qualified instructors can be obtained from the authors.

We have made a special effort to keep the text as modular as possible,
allowing the reader to omit certain topics without loss of continuity. For
example, much of the material in Chapters 5 and 6 is rarely used in the
rest of the book. Furthermore, in Chapter 7 (on network flow problems), a
reader who has gone through the problem formulation (Sections 7.1-7.2) can
immediately move to any later section in that chapter. Also, the interior
point algorithms of Chapter 9 are not used later, with the exception of
some of the applications in Chapter 12. Even within the core chapters
(Chapters 1-4), there are many sections that can be skipped during a first
reading. Some sections have been marked with a star indicating that they
contain somewhat more advanced material that is not usually covered in
an introductory course.

The book was developed while we took turns teaching a first-year
graduate course at M.LT., for students in engineering and operations re­
search. The only prerequisite is a working knowledge of linear algebra. In
fact, it is only a small subset of linear algebra that is needed (e.g., the
concepts of subspaces, linear independence, and the rank of a matrix).
However, these elementary tools are sometimes used in subtle ways, and
some mathematical maturity on the part of the reader can lead to a better
appreciation of the subject.

The book can be used to teach several different types of courses. The
first two suggestions below are one-semester variants that we have tried at
M.I.T., but there are also other meaningful alternatives, depending on the
students' background and the course's objectives.

(a) Cover most of Chapters 1-7, and if time permits, cover a small number
of topics from Chapters 9-12.

(b) An alternative could be the same as above, except that interior point
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alg;orithms (Chapter 9) are fully covered, replacing network flow prob­
(Chapter 7).

overview course can be constructed by concentrating on the
material in most of the chapters. The core of such a course
consist of Chapter 1, Sections 2.1-2.4, 3.1-3.5, 4.1-4.3, 5.1, 7.1-

9.1, 10.1, some of the easier material in Chapter 11, and an
@];>Jic;atjlon from Chapter 12.

the book is also suitable for a half-course on integer pro­
gntmmi:ng, based on parts of Chapters 1 and 8, as well as Chapters

is a truly large literature on linear optimization, and we make
att:errlpt to provide a comprehensive bibliography. To a great extent, the

that we cite are either original references of historical interest, or
texts where additional information can be found. For those topics,

that touch upon current research, we also provide pointers to
journal articles.

would like to express our thanks to a number of individuals. We
l',.L<'""'.LU.L to our colleagues Dimitri Bertsekas and Rob Freund, for many

cti$:CU:3Sic)lls on the subjects in this book, as well as for reading parts of
Several of our students, colleagues, and friends have con­

ttiibu1:ed by reading parts of the manuscript, providing critical comments,
working on the exercises: Jim Christodouleas, Thalia Chryssikou,

Frakt, David Gamarnik, Leon Hsu, Spyros Kontogiorgis, Peter Mar­
Mourtzinou, Yannis Paschalidis, Georgia Perakis, Lakis Poly­
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we are grateful to our families for their patience, love, and
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Dimitris Bertsimas
John N. Tsitsiklis
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2 Chap. 1 Introduction

In this chapter, we introduce linear programming, the problem of mini­
mizing a linear cost function subject to linear equality and inequality con­
straints. We consider a few equivalent forms and then present a number
of examples to illustrate the applicability of linear programming to a wide
variety of contexts. We also solve a few simple examples and obtain some
basic geometric intuition on the nature of the problem. The chapter ends
with a review of linear algebra and of the conventions used in describing
the computational requirements (operation count) of algorithms.

1.1 Variants linear programming

In this section, we pose the linear programming problem, discuss a few
special forms that it takes, and establish some standard notation that we
will be using. Rather than starting abstractly, we first state a concrete
example, which is meant to facilitate understanding of the formal definition
that will follow. The example we give is devoid of any interpretation. Later
on, in Section 1.2, we will have ample opportunity to develop examples that
arise in practical settings.

Example 1.1 The following is a linear programming problem:

minimize 2Xl X2 + 4X3

subject to Xl + X2 + X4 :::; 2
3X2 X3 5

X3 + X4 ~ 3
Xl :::: °X3 :::; 0.

Here Xl, X2, X3, and X4 are variables whose values are to be chosen to minimize
the linear cost function 2Xl - X2 + 4X3, subject to a set of linear equality and
inequality constraints. Some of these constraints, such as Xl ~ °and X3 :::; 0,
amount to simple restrictions on the sign of certain variables. The remaining
constraints are of the form a/x:::; b, a/x = b, or a/x:::: b, where a (al,a2,a3,a4)

is a given vector l
, x (Xl, X2, X3, X4) is the vector of decision variables, a/x is

their inner product 2:::::=1 aiXi, and b is a given scalar. For example, in the first
constraint, we have a = (1,1,0,1) and b = 2.

We now generalize. In a general linear programming problem, we are
given a cost vector c = (Cl, ... , cn) and we seek to minimize a linear cost
function c/x = 2::::~=1 CiXi over all n-dimensional vectors x (Xl, ... , X n ),

1 As discussed further in Section 1.5, all vectors are assumed to be column vectors, and
are treated as such in matrix-vector products. Row vectors are indicated as transposes
of (column) vectors. However, whenever we refer to a vector x inside the text, we
use the more economical notation x = (Xl, ... ,Xn ), even though x is a column vector.
The reader who is unfamiliar with our notation may wish to consult Section 1.5 before
continuing.



minimize c'x

subject to a~x > bi , i E M I ,

a~x < bi , i E M 2 ,

a~x bi , i E M 3 ,
(1.1)

Xj > 0, j E N I ,

Xj < 0, j E N 2 .

3Variants of the linear programming problem

a set of linear equality and inequality constraints. In particular,
M 2 , M3 be some finite index sets, and suppose that for every i in

these sets, we are given an n-dimensional vector ai and a scalar
be used to form the ith constraint. Let also N I and N2 be
, ... ,n} that indicate which variables x j are constrained to be

:rXQlllll3gaLthre or nonpositive, respectively. We then consider the problem

va:nabll~s Xl, ... ,Xn are called decision variables, and a vector x sat­
all of the constraints is called a feasible solution or feasible vector.
of all feasible solutions is called the feasible set or feasible region.

in neither N I nor N 2 , there are no restrictions on the sign of Xj, in
case we say that Xj is a free or unrestricted variable. The function
called the objective function or cost function. A feasible solution x*

minimizes the objective function (that is, c'x* s:; c'x, for all feasible x)
called an optimal feasible solution or, simply, an optimal solution. The

of c'x* is then called the optimal cost. On the other hand, if for
real number K we can find a feasible solution x whose cost is less

K, we say that the optimal cost is -00 or that the cost is unbounded
(Sometimes, we will abuse terminology and say that the problem is

unbounded.) We finally note that there is no need to study maximization
problems separately, because maximizing c'x is equivalent to minimizing
the linear cost function -c'x.

An equality constraint a~x = bi is equivalent to the two constraints
a~x s:; bi and a~x 2: bi . In addition, any constraint of the form a~x s:; bi can
be rewritten as (-adx 2: -bi . Finally, constraints of the form Xj 2: 0 or
Xj s:; 0 are special cases of constraints of the form a~x 2: bi , where ai is a
unit vector and bi = O. We conclude that the feasible set in a general linear
programming problem can be expressed exclusively in terms of inequality
constraints of the form a~x 2: bi . Suppose that there is a total of m such
constraints, indexed by i 1, ... ,m, let b = (b l , ,bm ), and let A be the
m x n matrix whose rows are the row vectors a~, , a~, that is,

A= [= aj - J
a~

Then, the constraints a~x 2: bi , i 1, ... ,m, can be expressed compactly
in the form Ax 2: b, and the linear programming problem can be written
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as

and b (-2,5, -5, 3, 0, 0).

which is of the same form as the problem (1.2), with c (2, -1,4,0),

Standard form problems

(1.2)

(1.3)b
x > 0,

minimize c'x
subject to Ax

-1 -1 0 -1
0 3 -1 0

A= 0 -3 1 0
0 0 1 1
1 0 0 0
0 0 -1 0

minimize 2Xl X2 + 4X3

subject to -Xl X2 X4

3X2 X3

3X2 + X3

X3 + X4

minimize c'x
subject to Ax 2: b.

Inequalities such as Ax 2: b will always be interpreted componentwise; that
is, for every i, the ith component of the vector Ax, which is a~x, is greater
than or equal to the ith component bi of the vector b.

> -2
> 5
> -5
> 3
> 0
> 0,

Example 1.2 The linear programming problem in Example 1.1 can be rewrit­
ten as

n

LAixi b.
i=l

A linear programming problem of the form

is said to be in standard form. We provide an interpretation of problems in
standard form. Suppose that x has dimension n and let AI,"" An be the
columns of A. Then, the constraint Ax = b can be written in the form

Intuitively, there are n available resource vectors AI, ... , An, and a target
vector b. We wish to "synthesize" the target vector b by using a non­
negative amount Xi of each resource vector Ai, while minimizing the cost
I:~=l CiXi, where Ci is the unit cost of the ith resource. The following is a
more concrete example.



l{E~dllct;io:n to standard form

EJ]{!'i.ltllI)le 1.3 (The diet problem) Suppose that there are n different foods
m different nutrients, and that we are given the following table with the

hutri1;i0lJ.al content of a unit of each food:

5

food 1 ... food n

nutrient 1 au ... aln

nutrient m amI ., . a mn

Variants of the linear programming problem

earlier, any linear programming problem, including the standard
problem (1.3), is a special case of the general form (1.1). We now
that the converse is also true and that a general linear programming

pn)blem can be transformed into an equivalent problem in standard form.
when we say that the two problems are equivalent, we mean that given

a feasible solution to one problem, we can construct a feasible solution to
the other, with the same cost. In particular, the two problems have the
sa.me optimal cost and given an optimal solution to one problem, we can
construct an optimal solution to the other. The problem transformation
we have in mind involves two steps:

(a) Elimination of free variables: Given an unrestricted variable Xj in a
problem in general form, we replace it by xi - xj, where xi a.nd xj
are new variables on which we impose the sign constraints xi 2: 0

and xj 2: O. The underlying idea is that any real number can be
written as the difference of two nonnegative numbers.

(b) Elimination of inequality constraints: Given an inequality constraint
of the form

A be the m x n matrix with entries aij. Note that the jth column A j

this matrix represents the nutritional content of the jth food. Let b be a
with the requirements of an ideal diet or, equivalently, a specification of

nutritional contents of an "ideal food." We then interpret the standard form
pn)blem as the problem of mixing nonnegative quantities Xi of the available foods,

sylJ.tflesize the ideal food at minimal cost. In a variant of this problem, the
b specifies the minimal requirements of an adequate diet; in that case, the

COlJ.straiuts Ax = b are replaced by Ax 2: b, and the problem is not in standard

n

LaijXj :::: bi,

j=l
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we introduce a new variable Si and the standard form constraints
n

2:: aijXj + Si bi ,

j=l

Si > O.

Such a variable Si is called a slack variable. Similarly, an inequality
constraint r-;7=1 aijXj 2: bi can be put in standard form by intro-
ducing a surplus variable Si and the constraints r-;7=1 aijXj Si

bi , Si 2: O.

We conclude that a general problem can be brought into standard form
and, therefore, we only need to develop methods that are capable of solving
standard form problems.

J:!}:x:au:lpJle 1.4 The problem

minimize 2Xl + 4X2
subject to Xl + X2 2: 3

3Xl + 2X2 14
Xl ~ 0,

is equivalent to the standard form problem

minimize 2Xl + 4xt 4x2
subject to Xl + xt x2 - X3 3

3Xl + 2xt 2x2 14

Xl,Xt,x2,X3 ~ O.

For example, given the feasible solution (Xl, X2) = (6, -2) to the original prob­
lem, we obtain the feasible solution (Xl, xt, X2,X3) = (6,0,2, 1) to the standard
form problem, which has the same cost. Conversely, given the feasible solution
(Xl, xt, x2,X3) = (8,1,6,0) to the standard form problem, we obtain the feasible
solution (Xl, X2) (8, -5) to the original problem with the same cost.

In the sequel, we will often use the general form Ax 2: b to develop
the theory of linear programming. However, when it comes to algorithms,
and especially the simplex and interior point methods, we will be focusing
on the standard form Ax = b, x 2: 0, which is computationally more
convenient.

1.2 Examples of linear programming
problems

In this section, we discuss a number of examples of linear programming
problems. One of our purposes is to indicate the vast range of situations to
which linear programming can be applied. Another purpose is to develop
some familiarity with the art of constructing mathematical formulations of
loosely defined optimization problems.



Shipments of this new family of products started in the third quarter
ramped slowly during the fourth quarter. The following difficulties
anticipated for the next quarter:

7

CIXI + + CnXn

to ailXl + + ainXn < bi, i = 1, ... ,m,
Xj > 0, j = 1, ... ,n.

Examples of linear programming problems

System Price # disk drives # 256K boards

GP-1 $60,000 0.3 4

GP-2 $40,000 1.7 2

GP-3 $30,000 0 2

WS-1 $30,000 1.4 2

WS-2 $15,000 0 1

Table 1.1: Features of the five different DEC systems.

prc)duces n different goods using m different raw materials. Let bi ,

m, be the available amount of the ith raw material. The jth
1, ... ,n, requires aij units of the ith material and results in a
Cj per unit produced. The firm faces the problem of deciding
of each good to produce in order to maximize its total revenue.

this example, the choice ofthe decision variables is simple. Let x j,

n, be the amount of the jth good. Then, the problem facing the
formulated as follows:

the second quarter of 1988, DEC introduced a new family of (single
computer systems and workstations: GP-1, GP-2, and GP-3, which

0'011'01''''' purpose computer systems with different memory, disk storage,
expansion capabilities, as well as WS-1 and WS-2, which are work­

In Table 1.1, we list the models, the list prices, the average disk
per system, and the memory usage. For example, GP-1 uses four

me:m()ry boards, and 3 out of every 10 units are produced with a disk

~:r()d.1l1c1~lOn plla:nnin,g by a computer manufacturer

f)xl:tmple that we consider here is a problem that Digital Equipment
'potatlon (DEC) had faced in the fourth quarter of 1988. It illustrates

and uncertainties of real world applications, as well as
U,XOLU1.H'Oi,O of mathematical modeling for making important strategic
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(a) The in-house supplier of CPUs could provide at most 7,000 units, due
to debugging problems.

(b) The supply of disk drives was uncertain and was estimated by the
manufacturer to be in the range of 3,000 to 7,000 units.

(c) The supply of 256K memory boards was also limited in the range of
8,000 to 16,000 units.

On the demand side, the marketing department established that the
maximum demand for the first quarter of 1989 would be 1,800 for GP-1
systems, 300 for GP-3 systems, 3,800 systems for the whole GP family, and
3,200 systems for the WS family. Included in these projections were 500
orders for GP-2, 500 orders for WS-1, and 400 orders for WS-2 that had
already been received and had to be fulfilled in the next quarter.

In the previous quarters, in order to address the disk drive shortage,
DEC had produced GP-1, GP-3, and WS-2 with no disk drive (although
3 out of 10 customers for GP-1 systems wanted a disk drive), and GP-2,
WS-1 with one disk drive. We refer to this way of configuring the systems
as the constrained mode of production.

In addition, DEC could address the shortage of 256K memory boards
by using two alternative boards, instead of four 256K memory boards, in
the GP-1 system. DEC could provide 4,000 alternative boards for the next
quarter.

It was clear to the manufacturing staff that the problem had become
complex, as revenue, profitability, and customer satisfaction were at risk.
The following decisions needed to be made:

(a) The production plan for the first quarter of 1989.

(b) Concerning disk drive usage, should DEC continue to manufacture
products in the constrained mode, or should it plan to satisfy cus­
tomer preferences?

(c) Concerning memory boards, should DEC use alternative memory
boards for its GP-1 systems?

(d) A final decision that had to be made was related to tradeoffs be­
tween shortages of disk drives and of 256K memory boards. The
manufacturing staff would like to concentrate their efforts on either
decreasing the shortage of disks or decreasing the shortage of 256K
memory boards. Hence, they would like to know which alternative
would have a larger effect on revenue.

In order to model the problem that DEC faced, we introduce variables
Xl, X2, X3, X4, X5, that represent the number (in thousands) of GP-1, GP­
2, GP-3, WS-1, and WS-2 systems, respectively, to be produced in the
next quarter. Strictly speaking, since 1000Xi stands for number of units, it
must be an integer. This can be accomplished by truncating each Xi after
the third decimal point; given the size of the demand and the size of the



Furthermore, if we wish to use alternative memory boards in GP-1 systems,
we replace the constraint 4XI + 2X2 + 2X3 + 2X4 + X5 :::; 8 by the two

yar'iatlles Xi, this has a negligible effect and the integrality constraint on
can be ignored.

DEC had to make two distinct decisions: whether to use the con­
str'airled mode of production regarding disk drive usage, and whether to

alternative memory boards for the GP-I system. As a result, there are
differ,ent combinations of possible choices.
We first develop a model for the case where alternative memory

are not used and the constrained mode of production of disk drives
sel,ected. The problem can be formulated as follows:

9Examples of linear programming problems1.2

maximize 60XI + 40X2 + 30X3 + 30X4 + I5x5 (total revenue)

subject to the following constraints:

Xl + X2 + X3 + X4 + X5 < 7 (CPU availability)

4XI + 2X2 + 2X3 + 2X4 + X5 < 8 (256K availability)

X2 + X4 < 3 (disk drive availability)

Xl < 1.8 (max demand for GP-I)

X3 < 0.3 (max demand for GP-3)

Xl + X2 + X3 < 3.8 (max demand for GP)

X4 + X5 < 3.2 (max demand for WS)

X2 > 0.5 (min demand for GP-2)

X4 > 0.5 (min demand for WS-I)

X5 > 0.4 (min demand for WS-2)

XI,X2,X3,X4,X5;::: O.

Notice that the objective function is in millions of dollars. In some
respects, this is a pessimistic formulation, because the 256K memory and
disk drive availability were set to 8 and 3, respectively, which is the lowest
value in the range that was estimated. It is actually of interest to determine
the solution to this problem as the 256K memory availability ranges from
8 to 16, and the disk drive availability ranges from 3 to 7, because this
provides valuable information on the sensitivity of the optimal solution on
availability. In another respect, the formulation is optimistic because, for
example, it assumes that the revenue from GP-1 systems is 60XI for any
Xl :::; 1.8, even though a demand for 1,800 GP-1 systems is not guaranteed.

In order to accommodate the other three choices that DEC had, some
of the problem constraints have to be modified, as follows. If we use the
unconstrained mode of production for disk drives, the constraint X2 +X4 :::; 3
is replaced by
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constraints

2Xl < 4,

2X2 + 2X3 + 2X4 + Xs < 8.

Since coal-fired plants last for 20 years, we have

T

2::)Ct Xt + ntYt).
t=l

The four combinations of choices lead to four different linear programming
problems, each of which needs to be solved for a variety of parameter values
because, as discussed earlier, the right-hand side of some of the constraints
is only known to lie within a certain range. Methods for solving linear
programming problems, when certain parameters are allowed to vary, will
be studied in Chapter 5, where this case study is revisited.

t 1, ... ,T.

t = 1, ... ,T.

electric power capacity

t

Zt = 2: Ys,

s=max{1,t-14}

t

Wt = 2: x s ,

s=max{1,t-19}

Multiperiod planning

A state wants to plan its electricity capacity for the next T years. The
state has a forecast of dt megawatts, presumed accurate, of the demand
for electricity during year t = 1, ... , T. The existing capacity, which is in
oil-fired plants, that will not be retired and will be available during year
t, is et. There are two alternatives for expanding electric capacity: coal­
fired or nuclear power plants. There is a capital cost of Ct per megawatt
of coal-fired capacity that becomes operational at the beginning of year t.
The corresponding capital cost for nuclear power plants is nt. For various
political and safety reasons, it has been decided that no more than 20%
of the total capacity should ever be nuclear. Coal plants last for 20 years,
while nuclear plants last for 15 years. A least cost capacity expansion plan
is desired.

The first step in formulating this problem as a linear programming
problem is to define the decision variables. Let Xt and Yt be the amount
of coal (respectively, nuclear) capacity brought on line at the beginning
of year t. Let Wt and Zt be the total coal (respectively, nuclear) capacity
available in year t. The cost of a capacity expansion plan is therefore,

Similarly, for nuclear power plants,



can be written as
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t = 1, ... ,T,

t= 1, ... ,T,

t= 1, ... ,T,

t = 1, ... ,T.

t = 1, ... ,T,

t= 1, ... ,T.

Zt
-----<0.2,
Wt + Zt + et -

Examples of linear programming problems

T

minimize I::: (CtXt + ntyd

t=l

Wt + Zt ::: dt - et,

subject to Wt Xs = 0,
s=max{1,t-19}

t

Zt I::: Ys = 0,
s=max{1,t-14}

the available capacity must meet the forecasted demand, we require

note that this formulation is not entirely realistic, because it disregards
certain economies of scale that may favor larger plants. However, it can
provide a ballpark estimate of the true cost.

TX,_ ~ iii" since no more than 20% of the total capacity should ever be nuclear,

Su.mlna,riz:inig, the capacity expansion problem is as follows:

the previous examples, the choice of the decision variables was fairly
straightforward. We now discuss an example where this choice is less obvi­
ous.

A hospital wants to make a weekly night shift (12pm-8am) schedule
for its nurses. The demand for nurses for the night shift on day j is an
integer dj , j = 1, ... ,7. Every nurse works 5 days in a row on the night
shift. The problem is to find the minimal number of nurses the hospital
needs to hire.

One could try using a decision variable Yj equal to the number of
nurses that work on day j. With this definition, however, we would not be
able to capture the constraint that every nurse works 5 days in a row. For
this reason, we choose the decision variables differently, and define Xj as



12 Chap. 1 Introduction

the number of nurses starting their week on day j. (For example, a nurse
whose week starts on day 5 will work days 5,6,7,1,2.) We then have the
following problem formulation:

minimize Xl + X2 + X3 + X4 + Xs + X6 + X7

subject to Xl + X4 + Xs + X6 + X7 > dl

Xl + X2 + Xs + X6 + X7 > d2

Xl + X2 + X3 + X6 + X7 ~ d3

Xl + X2 + X3 + X4 + X7 ~ d4

Xl + X2 + X3 + X4 + Xs ~ ds

X2 + X3 + X4 + Xs + X6 ~ d6

X3 + X4 + Xs + X6 + X7 ~ d7

Xj ~ 0, Xj integer.

Consider a communication network consisting of n nodes. Nodes are con­
nected by communication links. A link allowing one-way transmission from
node i to node j is described by an ordered pair (i,j). Let A be the set
of all links. We assume that each link (i, j) E A can carry up to Uij bits
per second. There is a positive charge Cij per bit transmitted along that
link. Each node k generates data, at the rate of bkR bits per second, that
have to be transmitted to node e, either through a direct link (k, e) or by
tracing a sequence of links. The problem is to choose paths along which
all data reach their intended destinations, while minimizing the total cost.
We allow the data with the same origin and destination to be split and be
transmitted along different paths.

In order to formulate this problem as a linear programming problem,
we introduce variables x~f indicating the amount of data with origin k and

a communication networkChoosing paths

This would be a linear programming problem, except for the constraint that
each Xj must be an integer, and we actually have a linear integer program­
ming problem. One way of dealing with this issue is to ignore ("relax")
the integrality constraints and obtain the so-called linear programming re­
laxation of the original problem. Because the linear programming problem
has fewer constraints, and therefore more options, the optimal cost will be
less than or equal to the optimal cost of the original problem. If the optimal
solution to the linear programming relaxation happens to be integer, then
it is also an optimal solution to the original problem. If it is not integer, we
can round each Xj upwards, thus obtaining a feasible, but not necessarily
optimal, solution to the original problem. It turns out that for this partic­
ular problem, an optimal solution can be found without too much effort.
However, this is the exception rather than the rule: finding optimal solu­
tions to general integer programming problems is typically difficult; some
methods will be discussed in Chapter 11.
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i, k, e= 1, ... ,n,

(i,j) E A,

if i = k,
if i = e,
otherwise.

n n

'I>ijX~£
(i,j)EA k=l £=1

L x7f - L xJf = b7£,
{jl(i,j)EA} {jl(j,i)EA}

Examples of linear programming problems

n n

L Lx~f '5: Uij,
k=l £=1

x~f 2 0, (i,j) E A, k,e = 1, ... ,no

constraint is a flow conservation constraint at node i for data with
k and destination e. The expression

esti.nat;ion ethat traverse link (i, j). Let

{

bk£,
b7£ -bk£,

0,

is the net inflow at node i, from outside the network, of data with
and destination e. We then have the following formulation:

""' x
k

£L... ZJ

{jl(i,j)EA}

:rel)reseJ1ts the amount of data with origin and destination k and e, respec­
that leave node i along some link. The expression

""' x
k

£L... JZ

{jl(j,i)EA}

reT:>reSe][lts the amount of data with the same origin and destination that
node i through some link. Finally, b7£ is the net amount of such

that enter node i from outside the network. The second constraint
exprE)SS(~S the requirement that the total traffic through a link (i, j) cannot

the link's capacity.
This problem is known as the multicommodity flow problem, with the
corresponding to each origin-destination pair viewed as a different

A mathematically similar problem arises when we consider a
tn,m;pc)rt,Sttion company that wishes to transport several commodities from

origins to their destinations through a network. There is a version
problem, known as the minimum cost network flow problem, in

we do not distinguish between different commodities. Instead, we
given the amount bi of external supply or demand at each node i, and
objective is to transport material from the supply nodes to the demand

at minimum cost. The network flow problem, which is the subject
Chapter 7, contains as special cases some important problems such as

Rh"rf.PRf. path problem, the maximum flow problem, and the assignment
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Pattern classification

Chap. 1 Introduction

We are given m examples of objects and for each one, say the ith one, a
description of its features in terms of an n-dimensional vector ai' Objects
belong to one of two classes, and for each example we are told the class
that it belongs to.

More concretely, suppose that each object is an image of an apple
or an orange (these are our two classes). In this context, we can use a
three-dimensional feature vector ai to summarize the contents of the ith
image. The three components of ai (the features) could be the ellipticity
of the object, the length of its stem, and its color, as measured in some
scale. We are interested in designing a classifier which, given a new object
(other than the originally available examples), will figure out whether it is
an image of an apple or of an orange.

A linear classifier is defined in terms of an n-dimensional vector x
and a scalar Xn +l, and operates as follows. Given a new object with feature
vector a, the classifier declares it to be an object of the first class if

and of the second class if
a'x < X n +l'

In words, a linear classifier makes decisions on the basis of a linear combina­
tion of the different features. Our objective is to use the available examples
in order to design a "good" linear classifier.

There are many ways of approaching this problem, but a reasonable
starting point could be the requirement that the classifier must give the
correct answer for each one of the available examples. Let S be the set of
examples of the first class. We are then looking for some x and xn+l that
satisfy the constraints

We conclude that the search for a linear classifier consistent with all avail­
able examples is a problem of finding a feasible solution to a linear pro­
gramming problem.

Note that the second set of constraints involves a strict inequality and is
not quite of the form arising in linear programming. This issue can be
bypassed by observing that if some choice of x and X n +l satisfies all of
the above constraints, then there exists some other choice (obtained by
multiplying x and X n +l by a suitably large positive scalar) that satisfies

a~x 2 X n +l,

a~x < X n +1>

a~x 2 X n +l,

a~x :s; X n +l - 1,

i E S,

i rt s.

i E S,

i rt s.
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convex objective

Piecewise linear'convex objective functions

ex,am.pltJs in the preceding section involved a linear objective
HClWtWer, there is an important class of optimization problems

IlV.l111JlIc;C" objective function that can be cast as linear programming
are examined next.

some definitions:

that if x and y are vectors in 1Rn and if A ranges in [0, 1], then
the form AX + (1 - A)Y belong to the line segment joining x

definition of a convex function refers to the values of f, as
ar&;urnellt traces this segment. If f were linear, the inequality in part

definition would hold with equality. The inequality therefore
that when we restrict attention to such a segment, the graph of the

:t"1.1r1ction lies no higher than the graph of a corresponding linear function;
1.1(a).

is easily seen that a function f is convex if and only if the function
concave. Note that a function of the form f(x) ao + I::~=l aiXi,

ao, ... ,an are scalars, called an affine function, is both convex and
(It turns out that affine functions are the only functions that are

convex and concave.) Convex (as well as concave) functions play a
role in optimization.

We say that a vector x is a local minimum of f if f(x) ~ f(y) for all y
vicinity of x. We also say that x is a global minimum if f(x) ~ f(y)

all y. A convex function cannot have local minima that fail to be global
:t1lJl1imla (see Figure 1.1), and this property is of great help in designing
l'J:!"ti·ciellt optimization algorithms.

Let Cl, ... ,Cm be vectors in 1Rn , let d1 , ... ,dm be scalars, and consider
function f : 1Rn

1---7 1R defined by

f(x) = . max (c~x + di )
2=1, ... ,m
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Figure 1.1: (a) Illustration of the definition of a convex function.
(b) A concave function. (c) A function that is neither convex nor
concave; note that A is a local, but not global, minimum.

[see Figure 1.2(a)]. Such a function is convex, as a consequence of the
following result.

Proof. Let x, Y E iRn and let .\ E [0,1]. We have

A function of the form maxi=l, ... ,m(C~X+di) is called a piecewise linear
convex function. A simple example is the absolute value function defined by
f(x) = Ixl max{x, -x}. As illustrated in Figure 1.2(b), a piecewise linear
convex function can be used to approximate a general convex function.

We now consider a generalization of linear programming, where the
objective function is piecewise linear and convex rather than linear:

minimize . max (c~x + di )
'L=l, ... ,m

subject to Ax 2: b.

f(.\x + (1 - .\)y) . max fi(.\X + (1 - .\)y)
'L=l, ... ,m

< . max (.\fi(X) + (1- .\)fi(Y))
2=1, ... ,m

< . max .\fi(X) + . max (1 - .\)fi(Y)
1,=l, ... ,m l,=l, ... ,m

.\f(x) + (1 .\)f(y). o



and linear programming is again applicable.

t"rOlJlelllS involving absolute values

Consider a problem of the form

17

1, ... ,m,

1, ... ,m,

z
z :2: c~x + di ,

Ax :2: b,

minimize
subject to

Piecewise linear convex objective functions

Figure 1.2: (a) A piecewise linear convex function of a single
variable. (b) An approximation of a convex function by a piecewise
linear convex function.

n

minimize L cilxil
i=l

subject to Ax?: b,

that maxi=l, ... ,m (c~x + di ) is equal to the smallest number z that
sa,1GisJies z :2: c~x + di for all i. For this reason, the optimization problem

consideration is equivalent to the linear programming problem

where the decision variables are z and x.
To summarize, linear programming can be used to solve problems with

piecewise linear convex cost functions, and the latter class of functions can
be used as an approximation of more general convex cost functions. On
the other hand, such a piecewise linear approximation is not always a good
idea because it can turn a smooth function into a nonsmooth one (piecewise
linear functions have discontinuous derivatives).

We finally note that if we are given a constraint ofthe form f(x) :s; h,
where f is the piecewise linear convex function f(x) = maxi=l, ... ,m(flx+gi),
such a constraint can be rewritten as
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EJCaltll!)!e 1.5 Consider the problem

minimize 21xli + X2

subject to Xl + X2 :2: 4.

An alternative method for dealing with absolute values is to introduce
new variables xt, xi, constrained to be nonnegative, and let Xi = xt xi·
(Our intention is to have Xi = xt or Xi , depending on whether Xi is
positive or negative.) We then replace every occurrence of IXi Iwith xt
and obtain the alternative formulation

i = 1, ,n,
i = 1, ,no

n

minimize L CiZi

i=l

subject to Ax > b
Xi < Zi,

-Xi < Zi,

n

minimize L Ci(Xt + xi)
i=l

subject to Ax+ Ax- 2': b

x+, x- 2': 0,

where x (Xl, ... , xn ), and where the cost coefficients ci are assumed
to be nonnegative. The cost criterion, being the sum of the piecewise
linear convex functions Ci IXi I is easily shown to be piecewise linear and
convex (Exercise 1.2). However, expressing this cost criterion in the form
maxj(cjx + dj ) is a bit involved, and a more direct route is preferable.
We observe that IXil is the smallest number Zi that satisfies Xi s:; Zi and
-Xi s:; Zi, and we obtain the linear programming formulation

h + - ( + +) d - (- -)were x - Xl"'" X n an x Xl , ... ,Xn .

The relations Xi = xt xi, xt 2': 0, 2': 0, are not enough to
guarantee that IXi I xt + xi, and the validity of this reformulation may
not be entirely obvious. Let us assume for simplicity that Ci > °for all
i. At an optimal solution to the reformulated problem, and for each i, we
must have either xt = °or xi = 0, because otherwise we could reduce both
xt and xi by the same amount and preserve feasibility, while reducing the
cost, in contradiction of optimality. Having guaranteed that either xt = °
or xi = 0, the desired relation IXil xt + xi now follows.

The formal correctness of the two reformulations that have been pre­
sented here, and in a somewhat more general setting, is the subject of
Exercise 1.5. We also note that the nonnegativity assumption on the cost
coefficients Ci is crucial because, otherwise, the cost criterion is nonconvex.
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fitting

max Ibi - a~xl,
t
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i = 1, ,m,
i = 1, ,m,

bi a~x:S z,

bi + a~x :S z,

minimize 2z1 + X2
subject to Xl + X2 ?: 4

Xl :::: Zl
-Xl :::: Zl,

minimize z

subject to

Piecewise linear convex objective functions

the second yields

minimize 2xt + 2xl + X2

subject to x+ xl + X2 ?: 41

x+ > 01

Xl ?: o.

1.3

first reformulation yields

2:: Ibi - a~xl·
i=l

We now continue with some applications involving piecewise linear
objective functions.

are given m data points ofthe form (ai, bi), i = 1, ... , m, where ai E 3tn

bi E 3t, and wish to build a model that predicts the value of the variable
knowledge of the vector a. In such a situation, one often uses a linear

rhodel of the form b a'x, where x is a parameter vector to be determined.
Given a particular parameter vector x, the residual, or prediction error, at
the ith data point is defined as Ibi -a~xl. Given a choice between alternative
models, one should choose a model that "explains" the available data as
best as possible, i.e., a model that results in small residuals.

One possibility is to minimize the largest residual. This is the problem
of minimizing

with respect to x, subject to no constraints. Note that we are dealing here
with a piecewise linear convex cost criterion. The following is an equivalent
linear programming formulation:

the decision variables being z and x.
In an alternative formulation, we could adopt the cost criterion



We then obtain the following linear programming problem:

Consider a dynamical system that evolves according to a model of the form

max ly(t)l.
t=l, ... ,T-l

IntroductionChap. 1

t = 1, ,T -1,

t 0, ,T 1,

t 1, , T 1,

t = 0, ,T -1,

1, ,m,
i = 1, ,m.

Ax(t) + Bu(t),
c/x(t).

Zl + ... +zm

bi a~x:S:; Zi,

bi + a~x :s:; Zi,

linear systems

x(t + 1)
y(t)

minimize

subject to

minimize Z

subject to -z:S:; y(t) :s:; z,

x(t + 1) = Ax(t) + Bu(t),

y(t) = c/x(t),

Du(t) :s:; d,

x(T) = 0,

x(O) = given.

20

Ul)tim~ll control

In practice, one may wish to use the quadratic cost criterion :Z=:l (bi ­

a~x)2, in order to obtain a "least squares fit." This is a problem which is
easier than linear programming; it can be solved using calculus methods,
but its discussion is outside the scope of this book.

Since Ibi - a~xl is the smallest number Zi that satisfies bi - a~x :s:; Zi and
-bi + a~x :s:; Zi, we obtain the formulation

Here x(t) is the state of the system at time t, y(t) is the system output,
assumed scalar, and u(t) is a control vector that we are free to choose
subject to linear constraints of the form Du(t) :s:; d [these might include
saturation constraints, i.e., hard bounds on the magnitude of each com­
ponent of u(t)]. To mention some possible applications, this could be a
model of an airplane, an engine, an electrical circuit, a mechanical system,
a manufacturing system, or even a model of economic growth. We are also
given the initial state x(O). In one possible problem, we are to choose the
values of the control variables u(O), ... ,u(T - 1) to drive the state x(T) to
a target state, assumed for simplicity to be zero. In addition to zeroing the
state, it is often desirable to keep the magnitude of the output small at all
intermediate times, and we may wish to minimize
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Xt+l Xt + Vt,

Vt+l Vt + at·

representation

minimize -Xl X2

subject to Xl + 2X2 :::; 3
2XI + X2 < 3

Xl, X2 :::0: O.

Graphical representation and solution

c;ClhsidElr a rocket that travels along a straight path. Let Xt, Vt, and at be
pO'SltlOll, velocity, and acceleration, respectively, of the rocket at time

discretizing time and by taking the time increment to be unity, we
an approximate discrete-time model of the form

assume that the acceleration at is under our control, as it is determined
rocket thrust. In a rough model, the magnitude latl of the accelera­

can be assumed to be proportional to the rate of fuel consumption at
t.
Suppose that the rocketjs initially at rest at the origin, that is, Xo = 0

= O. We wish the rocket to take off and "land softly" at unit dis-
from the origin after T time units, that is, XT = 1 and VT O.

Ftlrtfler,mC)re, we wish to accomplish this in an economical fashion. One
possibility is to minimize the total fuel "L-;:;/ latl spent subject to the pre­

constraints. Alternatively, we may wish to minimize the maximum
required, which is maXt latl. Under either alternative, the problem

be formulated as a linear programming problem (Exercise 1.6).

.ddiiti,on:al linear constraints on the state vectors x(t), or a more general
iecew"lse linear convex cost function of the state and the control, can also

this section, we consider a few simple examples that provide useful geo­
insights into the nature of linear programming problems. Our first

eXflmple involves the graphical solution of a linear programming problem
two variables.

.I:'.;}calTII)!e 1.6 Consider the problem

The feasible set is the shaded region in Figure 1.3. In order to find an optimal
solution, we proceed as follows. For any given scalar z, we consider the set of

points whose cost c'x is equal to Z; this is the line described by the equation
- X2 Z . Note that this line is perpendicular to the vector c = (-1, -1).

Different values of z lead to different lines, all of them parallel to each other. In



Example 1.7 Suppose that the feasible set is the unit cube, described by the
constraints 0 :s: Xi :s: 1, i = 1,2,3, and that c = (-1, -1, -1). Then, the vector
x = (1,1,1) is an optimal solution. Once more, the optimal solution happens to
be a corner of the feasible set (Figure 1.4).

For a problem in three dimensions, the same approach can be used
except that the set of points with the same value of e'x is a plane, instead of
a line. This plane is again perpendicular to the vector c, and the objective
is to slide this plane as much as possible in the direction of -e, as long as
we do not leave the feasible set.

IntroductionChap. 1

Figure 1.3: Graphical solution of the problem in Example 1.6.

22

particular, increasing z corresponds to moving the line z = -Xl - X2 along the
direction of the vector c. Since we are interested in minimizing z, we would like
to move the line as much as possible in the direction of -c, as long as we do not
leave the feasible region. The best we can do is z -2 (see Figure 1.3), and the
vector x (1,1) is an optimal solution. Note that this is a corner of the feasible
set. (The concept of a "corner" will be defined formally in Chapter 2.)



Example 1.8 Consider the feasible set in R2 defined by the constraints

-Xl + X2 < 1
Xl > 0
X2 > 0,

23Graphical representation and solution

Figure 1.4: The three-dimensional linear programming problem
in Example 1.7.

1.4

which is shown in Figure 1.5.

(a) For the cost vector c = (1,1), it is clear that x = (0,0) is the unique
optimal solution.

(b) For the cost vector c = (1,0), there are multiple optimal solutions, namely,
every vector x of the form x = (0, X2), with 0 ~ X2 ~ 1, is optimal. Note
that the set of optimal solutions is bounded.

(c) For the cost vector c = (0,1), there are multiple optimal solutions, namely,
every vector x of the form x (x 1 , 0), with Xl::::: 0, is optimal. In this case,
the set of optimal solutions is unbounded (contains vectors of arbitrarily
large magnitude).

(d) Consider the cost vector c = (-1, -1). For any feasible solution (Xl, X2), we
can always produce another feasible solution with less cost, by increasing
the value of Xl. Therefore, no feasible solution is optimaL Furthermore,
by considering vectors (Xl, X2) with ever increasing values of Xl and X2, we
can obtain a sequence of feasible solutions whose cost converges to -00.

We therefore say that the optimal cost is -00.

(e) If we impose an additional constraint of the form Xl +X2 ~ -2, it is evident
that no feasible solution exists.

In both of the preceding examples, the feasible set is bounded (does
not extend to infinity), and the problem has a unique optimal solution.
This is not always the case and we have some additional possibilities that
are illustrated by the example that follows.
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Figure 1.5: The feasible set in Example 1.8. For each choice of
C, an optimal solution is obtained by moving as much as possible
in the direction of -c.

To summarize the insights obtained from Example 1.8, we have the
following possibilities:

(a) There exists a unique optimal solution.

(b) There exist multiple optimal solutions; in this case, the set of optimal
solutions can be either bounded or unbounded.

(c) The optimal cost is -00, and no feasible solution is optimal.

(d) The feasible set is empty.

In principle, there is an additional possibility: an optimal solution
does not exist even though the problem is feasible and the optimal cost is
not -00; this is the case, for example, in the problem of minimizing l/x
subject to x > a (for every feasible solution, there exists another with less
cost, but the optimal cost is not -00). We will see later in this book that
this possibility never arises in linear programming.

In the examples that we have considered, if the problem has at least
one optimal solution, then an optimal solution can be found among the
corners of the feasible set. In Chapter 2, we will show that this is a general
feature of linear programming problems, as long as the feasible set has at
least one corner.



Figure 1.6: (a) An n-dimensional view of the feasible set. (b)
An (n m)-.dimensional view of the same set.
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problems

Graphical representation and solution1.4

Tisll1aJlizing standard

now discuss a method that allows us to visualize standard form problems
if the dimension n of the vector x is greater than three. The reason

wishing to do so is that when n :::; 3, the feasible set of a standard
problem does not have much variety and does not provide enough

into the general case. (In contrast, if the feasible set is described by
cOllstraints of the form Ax 2: b, enough variety is obtained even if x has
dirrlem;ion three.)

Suppose that we have a standard form problem, and that the matrix
dimensions m x n. In particular, the decision vector x is of dimension
we have m equality constraints. We assume that m :::; n and that

constraints Ax b force x to lie on an (n m)-dimensional set.
(Intuitively, each constraint removes one of the "degrees of freedom" of x.)
If we "stand" on that (n m)-dimensional set and ignore the m dimensions
ort;hogo'rral to it, the feasible set is only constrained by the linear inequality
constraints Xi 2: 0, i = 1, ... ,n. In particular, if n - m = 2, the feasible
set can be drawn as a two-dimensional set defined by n linear inequality
constraints.

To illustrate this approach, consider the feasible set in ~3 defined by
the constraints Xl +X2 +X3 1 and Xl, X2, X3 2: 0 [Figure 1.6(a)], and note
that n = 3 and m 1. If we stand on the plane defined by the constraint
Xl + X2 + X3 1, then the feasible set has the appearance of a triangle in
two-dimensional space. Furthermore, each edge of the triangle corresponds
to one of the constraints XI,X2,x3 2: 0; see Figure 1.6(b).
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1.5

[a,b] = {x E ~ I a:S; x:S; b},

A

If 8 is a set and x is an element of 8, we write x E 8. A set can be
specified in the form 8 = {x I x satisfies P}, as the set of all elements
having property P. The cardinality of a finite set 8 is denoted by 181. The
union of two sets 8 and T is denoted by 8 U T, and their intersection by
8nT. We use 8\T to denote the set of all elements of 8 that do not belong
to T. The notation 8 c T means that 8 is a subset of T, i.e., every element
of 8 is also an element of T; in particular, 8 could be equal to T. If in
addition 8 =I- T, we say that 8 is a proper subset of T. We use 0 to denote
the empty set. The symbols :3 and V have the meanings "there exists" and
"for all," respectively.

We use ~ to denote the set of real numbers. For any real numbers a
and b, we define the closed and open intervals [a, b] and (a, b), respectively,
by

Set theoretic notation

This section provides a summary of the main notational conventions that
we will be employing. It also contains a brief review of those results from
linear algebra that are used in the sequel.

(a, b) = {x E ~ I a < x < b}.

Vectors and matrices

A matrix of dimensions m x n is an array of real numbers aij:

Matrices will be always denoted by upper case boldface characters. If A
is a matrix, we use the notation aij or [A]ij to refer to its (i, j)th entry.
A row vector is a matrix with m 1 and a column vector is a matrix
with n = 1. The word vector will always mean column vector unless the
contrary is explicitly stated. Vectors will be usually denoted by lower case
boldface characters. We use the notation ~n to indicate the set of all
n-dimensional vectors. For any vector x E ~n, we use Xl, X2, ... ,Xn to
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inclicl'tte its components. Thus,

that is, [A/]ij = [A]ji' Similarly, if x is a vector in 1Rn , its transpose Xl is
row vector with the same entries.

If x and yare two vectors in 1Rn , then

The transpose AI of an m x n matrix A is the n x m matrix

n

I I "'"""xy=yx= LXiYi.
i=l

Ix/yl ::: Ilxll ·IIYII,

more economical notation x (Xl, X2, ... , x n ) will also be used even
are referring to column vectors. We use 0 to denote the vector with

components equal to zero. The ith unit vector ei is the vector with all
COJtnplonents equal to zero except for the ith component which is equal to

quantity is called the inner product of x and y. Two vectors are called
orthogonal if their inner product is zero. Note that XIX;::: 0 for every vector
:X, with equality holding if and only if x = O. The expression vx/x is the
Euclidean norm ofx and is denoted by IIxli. The Schwarz inequality asserts
that for any two vectors of the same dimension, we have

with equality holding if and only if one of the two vectors is a scalar multiple
of the other.

If A is an m x n matrix, we use A j to denote its jth column, that is,
= (alj, a2j, ... , amj)' (This is our only exception to the rule of using

lower case characters to represent vectors.) We also use ai to denote the
vector formed by the entries of the ith row, that is, ai = (ail, ai2,"" ain).
Thus,
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r
a~Xla~x

Ax= . ,

a;"x

where a~, ... ,a;" are the rows of A.
A matrix is called square if the number m of its rows is equal to the

number n of its columns. We use I to denote the identity matrix, which is
a square matrix whose diagonal entries are equal to one and its off-diagonal
entries are equal to zero. The identity matrix satisfies IA = A and BI B
for any matrices B of dimensions compatible with those of I.

If x is a vector, the notation x ::::: 0 and x > 0 means that every
component of x is nonnegative (respectively, positive). If A is a matrix,
the inequalities A ::::: 0 and A > 0 have a similar meaning.

A different representation of the matrix-vector product Ax is provided by
the formula

where a~ is the ith row of A, and B j is the jth column of B. Matrix
multiplication is associative, Le., (AB)C = A(BC), but, in general, it is
not commutative, that is, the equality AB = BA is not always true. We
also have (ABY = B'A'.

Let A be an m x n matrix with columns Ai' We then have Aei = Ai'
Any vector x E ~n can be written in the form x = 2:::7=1 Xiei, which leads
to

[AB]ij I)A]iR[BJey = a~Bj,
£=1

Given two matrices B of dimensions m x nand n x k, respectively,
their product AB is a matrix of dimensions m x k whose entries are given
by

n n

Ax = A eiXi = L Aeixi
i=l i=l

Let A be a square matrix. If there exists a square matrix B of the same
dimensions satisfying AB = BA = I, we say that A is invertible or non­
singular. Such a matrix called the inverse of A, is unique and is de­
noted by A-I. We note that (A')-1 (A- 1y. Also, if A and Bare
invertible matrices of the same dimensions, then AB is also invertible and
(AB)-l B-1A-I.

Given a finite collection of vectors xl, ... ,xK E ~n, we say that they
are linearly dependent if there exist real numbers a1,"" aK, not all of
them zero, such that 2:::{;=1 akxk 0; otherwise, they are called linearly
independent. An equivalent definition of linear independence requires that



of the vectors Xl, ... , x K is a linear combination of the remaining
"c>{,tnlr<: (Exercise 1.18). We have the following result.

det(Ai)
xi = det(A) ,
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bases
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Subspaces

where Ai is the same matrix as A, except that its jth column is replaced
by b. Here, as well as later, the notation det(A) is used to denote the
determinant of a square matrix A.

Assuming that A is an invertible square matrix, an explicit formula
for the solution x A -lb of the system Ax = b, is given by Cramer's
rule. Specifically, the jth component of x is given by

A nonempty subset S of lRn is called a subspace of lRn if ax + by E S for
every x, yES and every a, b E lR. If, in addition, S =I lRn

, we say that S is
a proper subspace. Note that every subspace must contain the zero vector.

The span of a finite number of vectors xl, ... ,xK in lRn is the subspace
of lRn defined as the set of all vectors y of the form y = :E{;=l akxk, where
each ak is a real number. Any such vector y is called a linear combination
of Xl, ... ,xK

Given a subspace S of lRn
, with S =I {O}, a basis of S is a collection of

vectors that are linearly independent and whose span is equal to S. Every
basis of a given subspace has the same number of vectors and this number
is called the dimension of the subspace. In particular, the dimension of
lRn is equal to n and every proper subspace of lRn has dimension smaller
than n. Note that one-dimensional subspaces are lines through the origin;
two-dimensional subspaces are planes through the origin. Finally, the set
{O} is a subspace and its dimension is defined to be zero.



S So + x O
= {x + x O Ix E So}.

In general, S is not a subspace, because it does not necessarily contain
the zero vector, and it is called an affine subspace. The dimension of S is
defined to be equal to the dimension of the underlying subspace So.
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Proof. We only prove part (b), because (a) is the special case of part
(b) with k = O. If every vector x k+l , ... ,xK can be expressed as a linear
combination of Xl, ... ,xk , then every vector in the span of xl, ... ,xK is
also a linear combination of xl, ... , x k , and the latter vectors form a basis.
(In particular, m = k.) Otherwise, at least one of the vectors X k +l , ... , x K

is linearly independent from xl, ,xk . By picking one such vector, we
now have k + 1 of the vectors Xl, ,xK that are linearly independent. By
repeating this process m - k times, we end up with the desired basis of S.

D

If S is a proper subspace of ~n, then there exists a nonzero vector a
which is orthogonal to S, that is, a/x = 0 for every xES. More generally,
if S has dimension m < n, there exist n m linearly independent vectors
that are orthogonal to S.

The result that follows provides some important facts regarding bases
and linear independence.

Let A be a matrix of dimensions m x n. The column space of A
is the subspace of ~m spanned by the columns of A. The row space of
A is the subspace of ~n spanned by the rows of A. The dimension of
the column space is always equal to the dimension of the row space, and
this number is called the rank of A. Clearly, rank(A) .:; min{m, n}. The
matrix A is said to have full rank if rank(A) min{m, n}. Finally, the set
{x E ~n IAx = o} is called the nullspace of Ai it is a subspace of ~n and
its dimension is equal to n - rank(A).

subspaces

Let So be a subspace of ~n and let x O be some vector. If we add x O to
every element of So, this amounts to translating So by x O. The resulting
set S can be defined formally by



8 = {x E Wn IAx b},

As an example, let XO, Xl, ... , x k be some vectors in Wn , and consider
set 8 of all vectors of the form
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AI, ... ,Ak are arbitrary scalars. For this case, 80 can be identified
the span of the vectors xl, ... , x k , and 8 is an affine subspace. If

vectors xl, ... ,xk are linearly independent, their span has dimension
the affine subspace 8 also has dimension k.

For a second example, we are given an m x n matrix A and a vector
Wm , and we consider the set

Figure 1.7: Consider a set S in 3(3 defined by a single equality
constraint a/x = b. Let XO be an element of S. The vector a is
perpendicular to S. If xl and x

2 are linearly independent vectors
that are orthogonal to a, then every XES is of the form x =
XO + AIX

I + A2X2. In particular, S is a two-dimensional affine
subspace.

we assume to be nonempty. Let us fix some xO such that Axo = b.
arbitrary vector x belongs to 8 if and only if Ax b = Axo, or

xO) = O. Hence, x E 8 if and only if x - xO belongs to the subspace
= {y I Ay O}. We conclude that 8 = {y + xO lyE 8o}, and

is an affine subspace of Wn . If A has m linearly independent rows, its
nullsjJa(;e 80 has dimension n - m. Hence, the affine subspace 8 also has
dilne:llsion n m. Intuitively, if a~ are the rows of A, each one of the
COllstraints a~x bi removes one degree of freedom from x, thus reducing

dimension from n to n - m; see Figure 1.7 for an illustration.
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1.6 Algorithms and operation counts

Optimization problems such as linear programming and, more generally,
all computational problems are solved by algorithms. Loosely speaking, an
algorithm is a finite set of instructions of the type used in common pro­
gramming languages (arithmetic operations, conditional statements, read
and write statements, etc.). Although the running time of an algorithm
may depend substantially on clever programming or on the computer hard­
ware available, we are interested in comparing algorithms without having
to examine the details of a particular implementation. As a first approx­
imation, this can be accomplished by counting the number of arithmetic
operations (additions, multiplications, divisions, comparisons) required by
an algorithm. This approach is often adequate even though it ignores the
fact that adding or multiplying large integers or high-precision floating
point numbers is more demanding than adding or multiplying single-digit
integers. A more refined approach will be discussed briefly in Chapter 8.

Example 1.9

(a) Let a and b be vectors in Rn
. The natural algorithm for computing alb

requires n multiplications and n-l additions, for a total of 2n-l arithmetic
operations.

(b) Let A and B be matrices of dimensions n x n. The traditional way of
computing AB forms the inner product of a row of A and a column of B
to obtain an entry of AB. Since there are n 2 entries to be evaluated, a
total of (2n - 1)n2 arithmetic operations are involved.

In Example 1.9, an exact operation count was possible. However,
for more complicated problems and algorithms, an exact count is usually
very difficult. For this reason, we will settle for an estimate of the rate of
growth of the number of arithmetic operations, as a function of the problem
parameters. Thus, in Example 1.9, we might be content to say that the
number of operations in the computation of an inner product increases
linearly with n, and the number of operations in matrix multiplication
increases cubically with n. This leads us to the order of magnitude notation
that we define next.



Example 1.10 (Operation count of linear system solvers and matrix
inversion) Consider the problem of solving a system of n linear equations in n
unknowns. The classical method that eliminates one variable at a time (Gaussian
elimination) is known to require O(n3

) arithmetic operations in order to either
compute a solution or to decide that no solution exists. Practical methods for
matrix inversion also require O(n3

) arithmetic operations. These facts will be of
use later on.

~)(alnI}le 1.11 Suppose that we have a choice of two algorithms. The running
time of the first is lOn /100 (exponential) and the running time of the second
is IOn3 (polynomial). For very small n, e.g., for n 3, the exponential time
algorithm is preferable. To gain some perspective as to what happens for larger
n, suppose that we have access to a workstation that can execute 107 arithmetic
operations per second and that we are willing to let it run for 1000 seconds.
Let us figure out what size problems can each algorithm handle within this time
frame. The equation lOn /100 107 x 1000 yields n = 12, whereas the equation

Is the O(n3 ) running time of Gaussian elimination good or bad? Some
perspective into this question is provided by the following observation: each
time that technological advances lead to computer hardware that is faster
by a factor of 8 (presumably every few years), we can solve problems of twice
the size than earlier possible. A similar argument applies to algorithms
whose running time is O(nk ) for some positive integer k. Such algorithms
are said to run in polynomial time.

Algorithms also exist whose running time is D(2cn ), where n is a
parameter representing problem size and c is a constant; these are said to
take at least exponential time. For such algorithms and if c = 1, each time
that computer hardware becomes faster by a factor of 2, we can increase
the value of n that we can handle only by 1. It is then reasonable to expect
that no matter how much technology improves, problems with truly large
values of n will always be difficult to handle.
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For example, we have 3n3 + n 2 + 10 8(n3 ), nlogn O(n2 ), and
nlogn = D(n).

While the running time of the algorithms considered in Example 1.9 is
predictable, the running time of more complicated algorithms often depends
on the numerical values of the input data. In such cases, instead of trying
to estimate the running time for each possible choice of the input, it is
customary to estimate the running time for the worst possible input data of a
given "size." For example, if we have an algorithm for linear programming,
we might be interested in estimating its worst-case running time over all
problems with a given number of variables and constraints. This emphasis
on the worst case is somewhat conservative and, in practice, the "average"
running time of an algorithm might be more relevant. However, the average
running time is much more difficult to estimate, or even to define, and for
this reason, the worst-case approach is widely used.
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lOn3 = 107
X 1000 yields n 1000, indicating that the polynomial time algorithm

allows us to solve much larger problems.

The point of view emerging from the above discussion is that, as a first
cut, it is useful to juxtapose polynomial and exponential time algorithms,
the former being viewed as relatively fast and efficient, and the latter as
relatively slow. This point of view is justified in many but not all ­
contexts and we will be returning to it later in this book.

1.7 Exercises

Exercise 1.1 * Suppose that a function f : Rn
f-+ R is both concave and convex.

Prove that f is an affine function.

Exercise 1.2 Suppose that It, ... , fm are convex functions from Rn into Rand
let f(x) I::':l fi(X).

(a) Show that if each fi is convex, so is f.

(b) Show that if each fi is piecewise linear and convex, so is f.

Exercise 1.3 Consider the problem of minimizing a cost function of the form
c'x + f(d'x), subject to the linear constraints Ax 2:: b. Here, d is a given
vector and the function f : R f-+ R is as specified in Figure 1.8. Provide a linear
programming formulation of this problem.

Figure 1.8: The function f of Exercise 1.3.

Exercise 1.4 Consider the problem

minimize 2Xl + 31x2 - 101

subject to IXl + 21 + IX21 ::::: 5,

and reformulate it as a linear programming problem.



Exercise 1.6 Provide linear programming formulations of the two variants of
the rocket control problem discussed at the end of Section 1.3.

Exercise 1.5 Consider a linear optimization problem, with absolute values, of
the following form:

Exercise 1.10 (Production and inventory planning) A company must de­
liver di units of its product at the end of the ith month. Material produced during
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Exercise 1.7 (The moment problem) Suppose that Z is a random variable
taking values in the set 0,1, ... , K, with probabilities PO,pl, ... ,PK, respectively.
We are given the values of the first two moments E[Z] = I:::=o kPk and E[Z2J =
I:::=o k2

pk of Z, and we would like to obtain upper and lower.bounds on the value

of the fourth moment E[Z4J I:::=o k4
pk of Z. Show how linear programming

can be used to approach this problem.

Assume that all entries of Band d are nonnegative.

(a) Provide two different linear programming formulations, along the lines dis­
cussed in Section 1.3.

(b) Show that the original problem and the two reformulations are equivalent
in the sense that either all three are infeasible, or all three have the same
optimal cost.

(c) Provide an example to show that if B has negative entries, the problem
may have a local minimum that is not a global minimum. (It will be seen
in Chapter 2 that this is never the case in linear programming problems.
Hence, in the presence of such negative entries, a linear programming re­
formulation is implausible.)

minimize c'x+d'y

subject to Ax + By :s; b

Yi = lXii, Vi.

Exercise 1.8 (Road lighting) Consider a road divided into n segments that is
illuminated by m lamps. Let Pj be the power of the jth lamp. The illumination Ii
of the ith segment is assumed to be I::7=1 aijpj, where aij are known coefficients.
Let 1; be the desired illumination of road i.

We are interested in choosing the lamp powers Pj so that the illuminations
Ii are close to the desired illuminations It. Provide a reasonable linear program­
ming formulation of this problem. Note that the wording of the problem is loose
and there is more than one possible formulation.

Exercise 1.9 Consider a school district with I neighborhoods, J schools, and
G grades at each school. Each school j has a capacity of Gjg for grade g. In each
neighborhood i, the student population of grade g is Big. Finally, the distance
of school j from neighborhood i is dij . Formulate a linear programming problem
whose objective is to assign all students to schools, while minimizing the total
distance traveled by all students. (You may ignore the fact that numbers of
students must be integer.)



IntroductionChap. 1

minimize
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Exercise 1.13 (Linear fractional programming) Consider the problem

c'x+d

subject to

Exercise 1.12 (Chebychev center) Consider a set P described by linear
inequality constraints, that is, P = {x E 3{n I a;x ::; bi' i = 1, ... ,m}. A ball
with center y and radius r is defined as the set of all points within (Euclidean)
distance r from y. We are interested in finding a ball with the largest possible
radius, which is entirely contained within the set P. (The center of such a ball is
called the Chebychev center of P.) Provide a linear programming formulation of
this problem.

Exercise 1.11 (Optimal currency conversion) Suppose that there are N
available currencies, and assume that one unit of currency i can be exchanged for
Tij units of currency j. (Naturally, we assume that rij > 0.) There also certain
regulations that impose a limit Ui on the total amount of currency i that can be
exchanged on any given day. Suppose that we start with B units of currency 1 and
that we would like to maximize the number of units of currency N that we end up
with at the end of the day, through a sequence of currency transactions. Provide
a linear programming formulation of this problem. Assume that for any sequence
il, ... ,ik of currencies, we have ril i2 ri2i3 ... rik_l ik rikil ::; 1, which means that
wealth cannot be multiplied by going through a cycle of currencies.

a month can be delivered either at the end of the same month or can be stored
as inventory and delivered at the end of a subsequent month; however, there is
a storage cost of Cl dollars per month for each unit of product held in inventory.
The year begins with zero inventory. If the company produces Xi units in month
i and Xi+l units in month i + 1, it incurs a cost of C2lxi+l - Xi I dollars, reflecting
the cost of switching to a new production level. Formulate a linear programming
problem whose objective is to minimize the total cost of the production and in­
ventory schedule over a period of twelve months. Assume that inventory left at
the end of the year has no value and does not incur any storage costs.

Suppose that we have some prior knowledge that the optimal cost belongs to an
interval [K, L]. Provide a procedure that uses linear programming as a subroutine
and allows us to compute the optimal cost within any desired accuracy. Hint:
Consider the problem of deciding whether the optimal cost is less than or equal
to a certain number.

Exercise 1.14 A company produces and sells two different products. The de­
mand for each product is unlimited, but the company is constrained by cash
availability and machine capacity.

Each unit of the first and second product requires 3 and 4 machine hours,
respectively. There are 20,000 machine hours available in the current production
period. The production costs are $3 and $2 per unit of the first and second
product, respectively. The selling prices of the first and second product are $6
and $5.40 per unit, respectively. The available cash is $4,000; furthermore, 45%



All quantities are in barrels. For example, with the first process, 3 barrels of
crude A and 5 barrels of crude B are used to produce 4 barrels of gasoline and

Exercise 1.16 A manager of an oil refinery has 8 million barrels of crude oil A
and 5 million barrels of crude oil B allocated for production during the coming
month. These resources can be used to make either gasoline, which sells for $38
per barrel, or home heating oil, which sells for $33 per barrel. There are three
production processes with the following characteristics:

sales revenues from the first product and 30% of the sales revenues from the
second product will be made available to finance operations during the current
period.

(a) Formulate a linear programming problem that aims at maximizing net in­
come subject to the cash availability and machine capacity limitations.

Solve the problem graphically to obtain an optimal solution.

Suppose that the company could increase its available machine hours by
2,000, after spending $400 for certain repairs. Should the investment be
made?
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Process 1 Process 2 Process 3

Input crude A 3 1 5

Input crude B 5 1 3

Output gasoline 4 1 3

Output heating oil 3 1 4

Cost $51 $11 $40

1.7

1.15 A company produces two kinds of products. A product of the
type requires 1/4 hours of assembly labor, 1/8 hours of testing, and $1.2

worth of raw materials. A product of the second type requires 1/3 hours of
assembly, 1/3 hours of testing, and $0.9 worth of raw materials. Given the current
personnel of the company, there can be at most 90 hours of assembly labor and
80 hours of testing, each day. Products of the first and second type have a market
value of $9 and $8, respectively.

(a) Formulate a linear programming problem that can be used to maximize the
daily profit of the company.

(b) Consider the following two modifications to the original problem:

(i) Suppose that up to 50 hours of overtime assembly labor can be sched­
uled, at a cost of $7 per hour.

(ii) Suppose that the raw material supplier provides a 10% discount if
the daily bill is above $300.

Which of the above two elements can be easily incorporated into the lin­
ear programming formulation and how? If one or both are not easy to
incorporate, indicate how you might nevertheless solve the problem.



1.8 History, notes, and sources

Exercise 1.18 Show that the vectors in a given finite collection are linearly
independent if and only if none of the vectors can be expressed as a linear com­
bination of the others.
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Exercise 1.20

(a) Let S {Ax I x ERn}, where A is a given m x n matrix. Show that Sis
a subspace of Rm

.

(b) Assume that S is a proper subspace of Rn
. Show that there exists a matrix

B such that S = {y E Rn I By = O}. Hint: Use vectors that are orthogonal
to S to form the matrix B.

(c) Suppose that V is an m-dimensional affine subspace of Rn , with m <
n. Show that there exist linearly independent vectors al, ... , an - m , and
scalars h, ... ,bn - m , such that

Exercise 1.17 (Investment under taxation) An investor has a portfolio of
n different stocks. He has bought Si shares of stock i at price pi, i 1, ... ,n.
The current price of one share of stock i is qi. The investor expects that the price
of one share of stock i in one year will be rio If he sells shares, the investor pays
transaction costs at the rate of 1% of the amount transacted. In addition, the
investor pays taxes at the rate of 30% on capital gains. For example, suppose that
the investor sells 1,000 shares of a stock at $50 per share. He has bought these
shares at $30 per share. He receives $50,000. However, he owes 0.30x(50,000­
30,000) $6,000 on capital gain taxes and 0.01 x (50,000) = $500 on transaction
costs. So, by selling 1,000 shares of this stock he nets 50,000 - 6,000 - 500 =
$43,500. Formulate the problem of selecting how many shares the investor needs
to sell in order to raise an amount of money K, net of capital gains and transaction
costs, while maximizing the expected value of his portfolio next year.

3 barrels of heating oil. The costs in this table refer to variable and allocated
overhead costs, and there are no separate cost items for the cost of the crudes.
Formulate a linear programming problem that would help the manager maximize
net revenue over the next month.

Exercise 1.19 Suppose that we are given a set of vectors in Rn that form a
basis, and let y be an arbitrary vector in Rn

. We wish to express y as a linear
combination of the basis vectors. How can this be accomplished?

The word "programming" has been used traditionally by planners to de­
scribe the process of operations planning and resource allocation. In the
1940s, it was realized that this process could often be aided by solving op­
timization problems involving linear constraints and linear objectives. The
term "linear programming" then emerged. The initial impetus came in the
aftermath of World War II, within the context of military planning prob­
lems. In 1947, Dantzig proposed an algorithm, the simplex method, which



made the solution of linear programming problems practical. There fol­
lowed a period of intense activity during which many important problems in
transportation, economics, military operations, scheduling, etc., were cast
in this framework. Since then, computer technology has advanced rapidly,
the range of applications has expanded, new powerful methods have been
discovered, and the underlying mathematical understanding has become
deeper and more comprehensive. Today, linear programming is a routinely
used tool that can be found in some spreadsheet software packages.

Dantzig's development of the simplex method has been a defining
moment in the history of the field, because it came at a time of grow­
ing practical needs and of advances in computing technology. But, as is
the case with most "scientific revolutions," the history of the field is much
richer. Early work goes back to Fourier, who in 1824 developed an algo­
rithm for solving systems of linear inequalities. Fourier's method is far less
efficient than the simplex method, but this issue was not relevant at the
time. In 1910, de la Vallee Poussin developed a method, similar to the sim­
plex method, for minimizing maXi fbi a~xl, a problem that we discussed
in Section 1.3.

In the late 1930s, the Soviet mathematician Kantorovich became in­
terested in problems of optimal resource allocation in a centrally planned
economy, for which he gave linear programming formulations. He also pro­
vided a solution method, but his work did not become widely known at the
time. Around the same time, several models arising in classical, Walrasian,
economics were studied and refined, and led to formulations closely related
to linear programming. Koopmans, an economist, played an important role
and eventually (in 1975) shared the Nobel Prize in economic science with
Kantorovich.

On the theoretical front, the mathematical structures that under­
lie linear programming were independently studied, in the period 1870­
1930, by many prominent mathematicians, such as Farkas, Minkowski,
Caratheodory, and others. Also, in 1928, von Neumann developed an im­
portant result in game theory that would later prove to have strong con­
nections with the deeper structure of linear programming.

Subsequent to Dantzig's work, there has been much and important
research in areas such as large scale optimization, network optimization,
interior point methods, integer programming, and complexity theory. We
defer the discussion of this research to the notes and sources sections of later
chapters. For a more detailed account of the history of linear programming,
the reader is referred to Schrijver (1986), Orden (1993), and the volume
edited by Lenstra, Rinnooy Kan, and Schrijver (1991) (see especially the
article by Dantzig in that volume).

There are several texts that cover the general subject of linear pro­
gramming, starting with a comprehensive one by Dantzig (1963). Some
more recent texts are Papadimitriou and Steiglitz (1982), Chvatal (1983),
Murty (1983), Luenberger (1984), Bazaraa, Jarvis, and Sherali (1990). Fi-
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nally, Schrijver (1986) is a comprehensive, but more advanced reference on
the subject.

1.1. The formulation of the diet problem is due to Stigler (1945).

1.2. The case study on DEC's production planning was developed by Fre­
und and Shannahan (1992). Methods for dealing with the nurse
scheduling and other cyclic problems are studied by Bartholdi, Orlin,
and Ratliff (1980). More information on pattern classification can be
found in Duda and Hart (1973), or Haykin (1994).

1.3. A deep and comprehensive treatment of convex functions and their
properties is provided by Rockafellar (1970). Linear programming
arises in control problems, in ways that are more sophisticated than
what is described here; see, e.g., Dahleh and Diaz-Bobillo (1995).

1.5. For an introduction to linear algebra, see Strang (1988).

1.6. For a more detailed treatment of algorithms and their computational
requirements, see Lewis and Papadimitriou (1981), Papadimitriou
and Steiglitz (1982), or Cormen, Leiserson, and Rivest (1990).

1.1. Exercise 1.8 is adapted from Boyd and Vandenberghe (1995). Ex­
ercises 1.9 and 1.14 are adapted from Bradley, Hax, and Magnanti
(1977). Exercise 1.11 is adapted from Ahuja, Magnanti, and Orlin
(1993).
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We start with the formal definition of a polyhedron.

Hyperplanes, halfspaces, and polyhedra

The geometry of linear programmingChap. 242

In this chapter, we define a polyhedron as a set described by a finite number
of linear equality and inequality constraints. In particular, the feasible set
in a linear programming problem is a polyhedron. We study the basic
geometric properties of polyhedra in some detail, with emphasis on their
"corner points" (vertices). As it turns out, common geometric intuition
derived from the familiar three-dimensional polyhedra is essentially correct
when applied to higher-dimensional polyhedra. Another interesting aspect
of the development in this chapter is that certain concepts (e.g., the concept
of a vertex) can be defined either geometrically or algebraically. While the
geometric view may be more natural, the algebraic approach is essential for
carrying out computations. Much of the richness of the subject lies in the
interplay between the geometric and the algebraic points of view.

Our development starts with a characterization of the corner points
offeasible sets in the general form {x I Ax 2: b}. Later on, we focus on the
case where the feasible set is in the standard form {x I Ax b, x 2: O},
and we derive a simple algebraic characterization of the corner points. The
latter characterization will play a central role in the development of the
simplex method in Chapter 3.

The main results of this chapter state that a nonempty polyhedron has
at least one corner point if and only if it does not contain a line, and if this
is the case, the search for optimal solutions to linear programming problems
can be restricted to corner points. These results are proved for the most
general case of linear programming problems using geometric arguments.
The same results will also be proved in the next chapter, for the case of
standard form problems, as a corollary of our development of the simplex
method. Thus, the reader who wishes to focus on standard form problems
may skip the proofs in Sections 2.5 and 2.6. Finally, Sections 2.7 and 2.8 can
also be skipped during a first reading; any results in these sections that are
needed later on will be rederived in Chapter 4, using different techniques.

2.1 Polyhedra and convex sets

In this section, we introduce some important concepts that will be used
to study the geometry of linear programming, including a discussion of
convexity.
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The next definition deals with polyhedra determined by a single linear
constraint.

As discussed in Section 1.1, the feasible set of any linear programming
problem can be described by inequality constraints of the form Ax ~ b,
and is therefore a polyhedron. In particular, a set of the form {x E ~n I
Ax b, x ~ O} is also a polyhedron, in a standard form representation.

A polyhedron can either "extend to infinity," or can be confined in a
finite region. The definition that follows refers to this distinction.

Note that a hyperplane is the boundary of a corresponding halfspace.
In addition, the vector a in the definition of the hyperplane is perpendicular
to the hyperplane itself. [To see this, note that if x and y belong to the
same hyperplane, then a'x = a'y. Hence, a'(x - y) = 0 and therefore a
is orthogonal to any direction vector confined to the hyperplane.] Finally,
note that a polyhedron is equal to the intersection of a finite number of
halfspaces; see Figure 2.1.

Convex Sets

We now define the important notion of a convex set.

Note that if A E [0,1]' then AX + (1 A)Y is a weighted average of
the vectors x, y, and therefore belongs to the line segment joining x and
y. Thus, a set is convex if the segment joining any two of its elements is
contained in the set; see Figure 2.2.

Our next definition refers to weighted averages of a finite number of
vectors; see Figure 2.3.



The result that follows establishes some important facts related to
convexity.

The geometry of linear programmingChap. 2

Figure 2.1: (a) A hyperplane and two halfspaces. (b) The poly­
hedron {x I a;x ::::: bi , il, ... , 5} is the intersection of five halfs­
paces. Note that each vector ai is perpendicular to the hyperplane

{x I a;x bi}'
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Proof.

(a) Let Si, i E I, be convex sets where I is some index set, and suppose
that x and y belong to the intersection niEISi' Let A E [0,1]. Since
each Si is convex and contains x, y, we have AX+ (1- A)Y E Si, which
proves that AX + (1 - A)Y also belongs to the intersection of the sets
Si. Therefore, niEISi is convex.

(b) Let a be a vector and let b a scalar. Suppose that X and y satisfy
a/x ~ band a/y ~ b, respectively, and therefore belong to the same
halfspace. Let A E [0,1]. Then, a/(Ax+(l-A)Y) ~ Ab+(l-A)b = b,
which proves that AX + (1 - A)Y also belongs to the same halfspace.
Therefore a halfspace is convex. Since a polyhedron is the intersection
of a finite number of halfspaces, the result follows from part (a).

(c) A convex combination of two elements of a convex set lies in that

45Polyhedra and convex sets

Figure 2.3: The convex hull of seven points in R2
.

Figure 2.2: The set S is convex, but the set Q is not, because
the segment joining x and y is not contained in Q.

Sec. 2.1



2.2 Extreme points, vertices, and basic
feasible solutions

(2.1)

The geometry of linear programmingChap. 2

set, by the definition of convexity. Let us assume, as an induction
hypothesis, that a convex combination of k elements of a convex set
belongs to that set. Consider k + 1 elements Xl, ... ,xk+1 of a convex
set S and let A1, ... ,Ak+1 be nonnegative scalars that sum to 1. We
assume, without loss of generality, that Ak+l =I 1. We then have
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We note that the coefficients A(i + (1 A)Bi , i = 1, ... ,k, are non­
negative and sum to unity. This shows that Ay + (1 A)Z is a convex
combination of xl, ... ,xk and, therefore, belongs to S. This estab­
lishes the convexity of S. 0

The coefficients Ai/(l- Ak+l), i = 1, ... , k, are nonnegative and sum
to unity; using the induction hypothesis, 2:::7=lAiXi/(1- Ak+l) E S.
Then, the fact that S is convex and Eq. (2.1) imply that 2:::7~; AiXi E
S, and the induction step is complete.

(d) Let S be the convex hull of the vectors xl, ... , x k and let y
",k . ",k .
L..-i=l (iX " Z = L..-i=l Bix" be two elements of S, where (i 2: 0, Bi 2: 0,

and 2:::7=1 (i = 2:::7=1 Bi 1. Let A E [0,1]. Then,

k k k
Ay + (1- A)Z = AL (ixi + (1- A) L Bixi = L (A(i + (1 A)Bi)Xi .

i=l i=l i=l

We observed in Section 1.4 that an optimal solution to a linear programming
problem tends to occur at a "corner" of the polyhedron over which we are
optimizing. In this section, we suggest three different ways of defining the
concept of a "corner" and then show that all three definitions are equivalent.

Our first definition defines an extreme point of a polyhedron as a point
that cannot be expressed as a convex combination of two other elements of
the polyhedron, and is illustrated in Figure 2.4. Notice that this definition
is entirely geometric and does not refer to a specific representation of a
polyhedron in terms of linear constraints.



where M 1 , M 2 , and M 3 are finite index sets, each ai is a vector in atn , and
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a~x > bi , i E Ml,

a~x < bi , i E M2 ,

a~x bi , i E M3 ,

Extreme points, vertices, and basic feasible solutions

Figure 2.4: The vector w is not an extreme point because it is a
convex combination of v and u. The vector x is an extreme point:
if x AY + (1- A)Z and A E [0,1], then either y tic P, or Z tic P, or
x = y, or x z.

Sec. 2.2

An alternative geometric definition defines a vertex of a polyhedron
P as the unique optimal solution to some linear programming problem with
feasible set P.

In other words, x is a vertex of P if and only if P is on one side of
a hyperplane (the hyperplane {y I c'y e'x}) which meets P only at the
point x; see Figure 2.5.

The two geometric definitions that we have given so far are not easy
to work with from an algorithmic point of view. We would like to have a
definition that relies on a representation of a polyhedron in terms of linear
constraints and which reduces to an algebraic test. In order to provide such
a definition, we need some more terminology.

Consider a polyhedron P c atn defined in terms of the linear equality
and inequality constraints



each bi is a scalar. The definition that follows is illustrated in Figure 2.6.
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Figure 2.5: The line at the bottom touches P at a single point
and x is a vertex. On the other hand, w is not a vertex because
there is no hyperplane that meets P only at w.
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If there are n constraints that are active at a vector x*, then x* satis­
fies a certain system of n linear equations in n unknowns. This system has a
unique solution if and only if these n equations are "linearly independent."
The result that follows gives a precise meaning to this statement, together
with a slight generalization.

Proof. Suppose that the vectors ai, i E I, span ~n. Then, the span
of these vectors has dimension n. By Theorem 1.3(a) in Section 1.5, n of



With a slight abuse of language, we will often say that certain con­
straints are linearly independent, meaning that the corresponding vectors
ai are linearly independent. With this terminology, statement (a) in The­
orem 2.2 requires that there exist n linearly independent constraints that
are active at x*.

We are now ready to provide an algebraic definition of a corner point,
as a feasible solution at which there are n linearly independent active con­
straints. Note that since we are interested in a feasible ~olution, all equality

these vectors form a basis of ~n, and are therefore linearly independent.
Conversely, suppose that n of the vectors ai, i E I, are linearly independent.
Then, the subspace spanned by these n vectors is n-dimensional and must
be equal to ~n. Hence, every element of ~n is a li~lear combination of the
vectors ai, i E I. This establishes the equivalence of (a) and (b).

If the system of equations a~x bi, i E I, has multiple solutions, say
xl and x 2 , then the nonzero vector d Xl x 2 satisfies a~d = 0 for all
i E I. Since d is orthogonal to every vector ai, i E I, d is not a linear
combination of these vectors and it follows that the vectors ai, i E I, do
not span ~n. Conversely, if the vectors ai, i E I, do not span ~n, choose
a nonzero vector d which is orthogonal to the subspace spanned by these
vectors. If x satisfies a~x = bi for all i E I, we also have aHx + d) = bi for
all i E I, thus obtaining multiple solutions. We have therefore established
that (b) and (c) are equivalent. D
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Figure 2.6: Let P {(XI,X2,X3) IXI+X2+X3 = 1, Xl,X2,X3 2':
O}. There are three constraints that are active at each one of the
points A, B, C and D. There are only two constraints that are
active at point E, namely Xl + X2 + X3 = 1 and X2 O.

Sec. 2.2



constraints must be active. This suggests the following way of looking for
corner points: first impose the equality constraints and then require that
enough additional constraints be active, so that we get a total of n linearly
independent active constraints. Once we have n linearly independent active
constraints, a unique vector x* is determined (Theorem 2.2). However, this
procedure has no guarantee of leading to a feasible vector x*, because some
of the inactive constraints could be violated; in the latter case we say that
we have a basic (but not basic feasible) solution.

In reference to Figure 2.6, we note that points A, B, and Care
basic feasible solutions. Point D is not a basic solution because it fails to
satisfy the equality constraint. Point E is feasible, but not basic. If the
equality constraint Xl + X2 + X3 1 were to be replaced by the constraints
Xl + X2 + X3 ::; 1 and Xl + X2 + X3 2: 1, then D would be a basic solution,
according to our definition. This shows that whether a point is a basic
solution or not may depend on the way that a polyhedron is represented.
Definition 2.9 is also illustrated in Figure 2.7.

Note that if the number m of constraints used to define a polyhedron
p C ~n is less than n, the number of active constraints at any given point
must also be less than n, and there are no basic or basic feasible solutions.

We have given so far three different definitions that are meant to cap­
ture the same concept; two of them are geometric (extreme point, vertex)
and the third is algebraic (basic feasible solution). Fortunately, all three
definitions are equivalent as we prove next and, for this reason, the three
terms can be used interchangeably.
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Proof. For the purposes of this proof and without loss of generality, we
assume that P is represented in terms of constraints of the form a~x ;::: bi

and a~x = bi .

Vertex =} Extreme point

Suppose that x* E P is a vertex. Then, by Definition 2.7, there exists
some e E 3?n such that e'x* < e'y for every y satisfying yEP and
y i= x*. If YEP, Z E P, y i= x*, z i= x*, and 0 :::; A :::; 1, then
e'x* < e'y and e'x* < e'z, which implies that e'x* < e'(AY + (1 A)Z)
and, therefore, x* i= Ay+(l-A)z. Thus, x* cannot be expressed as a convex
combination of two other elements of P and is, therefore, an extreme point
(d. Definition 2.6).

Extreme point =} Basic feasible solution

Suppose that x* E P is not a basic feasible solution. We will show that x*
is not an extreme point of P. Let I = {i I a~x* = bd. Since x* is not a
basic feasible solution, there do not exist n linearly independent vectors in
the family ai, i E I. Thus, the vectors ai, i E I, lie in a proper subspace
of 3?n, and there exists some nonzero vector d E 3?n such that a~d = 0,
for all i E I. Let E be a small positive number and consider the vectors
y x* + Ed and Z x* Ed. Notice that a~y = a~x* = bi , for i E I.
Furthermore, for i rf- I, we have a~x* > bi and, provided that E is small, we
will also have a~y > bi . (It suffices to choose Eso that Ela~dl < a~x* - bi for
all i rf- I.) Thus, when Eis small enough, yEP and, by a similar argument,
Z E P. We finally notice that x* (y + z)j2, which implies that x* is not
an extreme point.

Figure 2.7: The points A, B, 0, D, E, F are all basic solutions
because at each one of them, there are two linearly independent
constraints that are active. Points 0, D, E, F are basic feasible
solutions.
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Although the number of basic and, therefore, basic feasible solutions
is guaranteed to be finite, it can be very large. For example, the unit cube
{x E iRn I 0 :::; Xi :::; 1, i 1, ... ,n} is defined in terms of 2n constraints,
but has 2n basic feasible solutions.

This shows that x* is an optimal solution to the problem of minimizing c'x
over the set P. FUrthermore, equality holds in (2.2) if and only if a~x = bi

for all i E I. Since x* is a basic feasible solution, there are n linearly
independent constraints that are active at x*, and x* is the unique solution
to the system of equations a~x = bi, i E I (Theorem 2.2). It follows that x*
is the unique minimizer of c'x over the set P and, therefore, x* is a vertex
ofP. 0

(2.2)

{i I a~x*

The geometry of linear programming

a~x*

iEI

Chap. 2

c'x La~x ~ Lbi .

iEI iEI

c'x*
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Basic feasible solution =? Vertex

Let x* be a basic feasible solution and let I
c = I:iEI ai. We then have

FUrthermore, for any x E P and any i, we have a~x ~ bi, and

Since a vector is a basic feasible solution if and only if it is an extreme
point, and since the definition of an extreme point does not refer to any
particular representation of a polyhedron, we conclude that the property
of being a basic feasible solution is also independent of the representation
used. (This is in contrast to the definition of a basic solution, which is
representation dependent, as pointed out in the discussion that followed
Definition 2.9.)

We finally note the following important fact.

Proof. Consider a system of m linear inequality constraints imposed on
a vector x E iRn . At any basic solution, there are n linearly independent
active constraints. Since any n linearly independent active constraints de­
fine a unique point, it follows that different basic solutions correspond to
different sets of n linearly independent active constraints. Therefore, the
number of basic solutions is bounded above by the number of ways that we
can choose n constraints out of a total of m, which is finite. 0



Proof. Consider some x E 2Rn and suppose that there are indices B(1), ... ,

Two distinct basic solutions to a set of linear constraints in 2Rn are said to
be adjacent if we can find n 1 linearly independent constraints that are
active at both of them. In reference to Figure 2.7, D and E are adjacent
to B; also, A and C are adjacent to D. If two adjacent basic solutions are
also feasible, then the line segment that joins them is called an edge of the
feasible set (see also Exercise 2.15).

53

standard form

Polyhedra in standard form

Polyhedra

Sec. 2.3

Adjacent basic solutions

2.3

The definition of a basic solution (Definition 2.9) refers to general polyhe­
dra. We will now specialize to polyhedra in standard form. The definitions
and the results in this section are central to the development of the simplex
method in the next chapter.

Let P {x E 2Rn I Ax = b, x 2: O} be a polyhedron in standard
form, and let the dimensions of A be m x n, where m is the number of
equality constraints. In most of our discussion of standard form problems,
we will make the assumption that the m rows of the matrix A are lin­
early independent. (Since the rows are n-dimensional, this requires that
m ~ n.) At the end of this section, we show that when P is nonempty,
linearly dependent rows of A correspond to redundant constraints that can
be discarded; therefore, our linear independence assumption can be made
without loss of generality.

Recall that at any basic solution, there must be n linearly indepen­
dent constraints that are active. Furthermore, every basic solution must
satisfy the equality constraints Ax = b, which provides us with m active
constraints; these are linearly independent because of our assumption on
the rows of A. In order to obtain a total of n active constraints, we need
to choose n m of the variables Xi and set them to zero, which makes the
corresponding nonnegativity constraints Xi 2: 0 active. However, for the
resulting set of n active constraints to be linearly independent, the choice
of these n m variables is not entirely arbitrary, as shown by the following
result.



In view of Theorem 2.4, all basic solutions to a standard form poly­
hedron can be constructed according to the following procedure.

B(m) that satisfy (a) and (b) in the statement of the theorem. The active
constraints Xi = 0, i # B(l), ... ,B(m), and Ax = b imply that

Ax=b.

The geometry of linear programming

n
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m

LAB(i)XB(i) = AiXi

i=l i=l
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Since the columns AB(i)' i 1, ... , m, are linearly independent, XB(1) , ... ,

xB(m) are uniquely determined. Thus, the system of equations formed by
the active constraints has a unique solution. By Theorem 2.2, there are n
linearly independent active constraints, and this implies that x is a basic
solution.

For the converse, we assume that x is a basic solution and we will
show that conditions (a) and (b) in the statement of the theorem are satis­
fied. Let XB(l)' ... ,XB(k) be the components of x that are nonzero. Since
x is a basic solution, the system of equations formed by the active con­
straints I:~=1 AiXi = b and Xi 0, i # B(l), ... ,B(k), have a unique

solution (ef. Theorem 2.2); equivalently, the equation I:7=1 AB(i)XB(i) = b
has a unique solution. It follows that the columns A B (l)"'" AB(k) are
linearly independent. [If they were not, we could find scalars A1,' .. ,Ak'

not all of them zero, such that I:7=1 AB(i)Ai = 0. This would imply that

I:7=1 AB(i) (XB(i) + Ai) = b, contradicting the uniqueness of the solution.]
We have shown that the columns A B (l)" .. , AB(k) are linearly inde­

pendent and this implies that k ~ m. Since A has m linearly independent
rows, it also has m linearly independent columns, which span ~m. It follows
ref. Theorem 1.3(b) in Section 1.5] that we can find m-k additional columns
AB(k+l) , ... , AB(m) so that the columns AB(i), i 1, ... , m, are linearly
independent. In addition, ifi # B(l), ... ,B(m), then i # B(l), ... ,B(k)
(because k ~ m), and Xi = 0. Therefore, both conditions (a) and (b) in
the statement of the theorem are satisfied.

If a basic solution constructed according to this procedure is nonneg­
ative, then it is feasible, and it is a basic feasible solution. Conversely, since
every basic feasible solution is a basic solution, it can be obtained from this
procedure. If x is a basic solution, the variables XB(l),"" XB(m) are called



The basic variables are determined by solving the equation BXB b whose
unique solution is given by

For an intuitive view of basic solutions, recall our interpretation of
the constraint Ax b, or .2:7=1 AiXi = b, as a requirement to synthesize
the vector b E 2Rm using the resource vectors Ai (Section 1.1). In a basic
solution, we use only m of the resource vectors, those associated with the
basic variables. Furthermore, in a basic feasible solution, this is accom­
plished using a nonnegative amount of each basic vector; see Figure 2.8.
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basic variables; the remaining variables are called nonbasic. The columns
A B (l)' ... ,AB(m) are called the basic columns and, since they are linearly
independent, they form a basis of 2Rm . We will sometimes talk about two
bases being distinct or different; our convention is that distinct bases in­
volve different sets {B(l), ... ,B(m)} of basic indices; if two bases involve
the same set of indices in a different order, they will be viewed as one and
the same basis.

By arranging the m basic columns next to each other, we obtain an
m x m matrix B, called a basis matrix. (Note that this matrix is invertible
because the basic columns are required to be linearly independent.) We can
similarly define a vector XB with the values of the basic variables. Thus,

[

XB(l) ]

XB~m)

XB B-1b.

Example 2.1 Let the constraint Ax b be of the form

U
1 2 1 ° °nx~ [ ,n1 6 ° 1 °0 ° ° 0 1
1 ° ° 0 °

Let us choose A4 , As, A7 as our basic columns. Note that they are linearly
independent and the corresponding basis matrix is the identity. We then obtain
the basic solution x (0,0,0,8,12,4,6) which is nonnegative and, therefore,
is a basic feasible solution. Another basis is obtained by choosing the columns
A3 , As, A 6 , A 7 (note that they are linearly independent). The corresponding
basic solution is x = (0,0,4,0, -12,4,6), which is not feasible because Xs =
-12 < 0.

Suppose now that there was an eighth column As, identical to A 7 • Then,
the two sets of columns {A3 , As, A 6 , A7} and {A3 , As, A 6 , As} coincide. On
the other hand the corresponding sets of basic indices, which are {3, 5, 6, 7} and
{3, 5, 6, 8}, are different and we have two different bases, according to our con­
ventions.



basic solutions and adjacent bases

Correspondence of bases and basic solutions
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Figure 2.8: Consider a standard form problem with n = 4 and
m = 2, and let the vectors b, A l , ... , A 4 be as shown. The vectors
A l , A 2 form a basis; the corresponding basic solution is infeasible
because a negative value of X2 is needed to synthesize b from AI,
A 2 . The vectors AI, As form another basis; the corresponding
basic solution is feasible. Finally, the vectors A l , A 4 do not form
a basis because they are linearly dependent.
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We now elaborate on the correspondence between basic solutions and bases.
Different basic solutions must correspond to different bases, because a basis
uniquely determines a basic solution. However, two different bases may lead
to the same basic solution. (For an extreme example, if we have b = 0,
then every basis matrix leads to the same basic solution, namely, the zero
vector.) This phenomenon has some important algorithmic implications,
and is closely related to degeneracy, which is the subject of the next section.

Recall that two distinct basic solutions are said to be adjacent if there are
n 1 linearly independent constraints that are active at both of them.
For standard form problems, we also say that two bases are adjacent if
they share all but one basic column. Then, it is not hard to check that
adjacent basic solutions can always be obtained from two adjacent bases.
Conversely, if two adjacent bases lead to distinct basic solutions, then the
latter are adjacent .

.I:!})caln!>le 2.2 In reference to Example 2.1, the bases {A4 , As, A6, A 7 } and
{As, As, A6, A 7 } are adjacent because all but one columns are the same. The
corresponding basic solutions x = (0,0,0,8,12,4,6) and x = (0,0,4,0, 4,6)



are adjacent: we have n 7 and a total of six common linearly independent
active constraints; these are Xl 2': 0, X2 2': 0, and the four equality constraints.

Consider now an element y of Q. We will show that it belongs to P. Indeed,
for any i,
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i = 1, ... ,m.

Polyhedra in standard form

k k

bi = a~x = L Aijajx = L Aijbj ,

j=l j=l
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k k

a~y = L Aijajy = L Aijbj = bi,

j=l j=l

row rank assumption on A

We close this section by showing that the full row rank assumption on the
matrix A results in no loss of generality.

Proof. We provide the proof for the case where i 1 = 1, ... ,ik = k, that
is, the first k rows of A are linearly independent. The general case can be
reduced to this one by rearranging the rows of A.

Clearly P C Q since any element of P automatically satisfies the
constraints defining Q. We will now show that Q C P.

Since rank(A) = k, the row space of A has dimension k and the rows
ai, ... ,a~ form a basis of the row space. Therefore, every row a~ of A can

be expressed in the form a~ 2:7=1 Aijaj, for some scalars Aij' Let x be
an element of P and note that

which establishes that yEP and Q C P.

Notice that the polyhedron Q in Theorem .2.5 is in standard form;
namely, Q = {x I Dx = f, x 2': O} where D is a k x n submatrix of A,
with rank equal to k, and f is a k-dimensional subvector of b. We conclude
that as long as the feasible set is nonempty, a linear programming problem
in standard form can be reduced to an equivalent standard form problem
(with the same feasible set) in which the equality constraints are linearly
independent.



2.4 Degeneracy

The vector x = (2,6,0) is a nondegenerate basic feasible solution, because there
are exactly three active and linearly independent constraints, namely, Xl + X2 +
2X3 ::;: 8, X2 ::;: 6, and X3 2 O. The vector x (4,0,2) is a degenerate basic
feasible solution, because there are four active constraints, three of them linearly
independent, namely, Xl + X2 + 2xs ::;: 8, X2 + 6X3 ::;: 12, Xl ::;: 4, and X2 2 O.

The geometry of linear programmingChap. 258

According to our definition, at a basic solution, we must have n linearly
independent active constraints. This allows for the possibility that the
number of active constraints is greater than n. (Of course, in n dimensions,
no more than n of them can be linearly independent.) In this case, we say
that we have a degenerate basic solution. In other words, at a degenerate
basic solution, the number of active constraints is greater than the minimum
necessary.

In two dimensions, a degenerate basic solution is at the intersection
of three or more lines; in three dimensions, a degenerate basic solution is at
the intersection of four or more planes; see Figure 2.9 for an illustration. It
turns out that the presence of degeneracy can strongly affect the behavior
of linear programming algorithms and for this reason, we will now develop
some more intuition.

E)Cal:llI)le 2.4 Consider the polyhedron P defined by the constraints

Xl + X2 + 2X3 ::;: 8

X2 + 6xs < 12

Xl ::;: 4

X2 ::;: 6

Xl, X2, XS 2 o.

Example 2.3 Consider the (nonempty) polyhedron defined by the constraints

2Xl + X2 + X3 2

Xl + X2 1
Xl + X3 1
Xl,X2,XS 2 O.

The corresponding matrix A has rank two. This is because the last two rows
(1,1,0) and (1,0,1) are linearly independent, but the first row is equal to the
sum of the other two. Thus, the first constraint is redundant and after it is
eliminated, we still have the same polyhedron.
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standard form polyhedra

Degeneracy

. [ 1
A= 0

1
o

Figure 2.9: The points A and C are degenerate basic feasible
solutions. The points Band E are nondegenerate basic feasible
solutions. The point D is a degenerate basic solution.
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Degeneracy

At a basic solution of a polyhedron in standard form, the m equality con­
straints are always active. Therefore, having more than n active constraints
is the same as having more than n m variables at zero level. This leads
us to the next definition which is a special case of Definition 2.10.

Example 2.5 Consider once more the polyhedron of Example 2.4. By intro­
ducing the slack variables X4, . .. , X7, we can transform it into the standard form
p = {x = (Xl, ... , X7) I Ax = b, x 2': O}, where

Consider the basis consisting of the linearly independent columns AI, A2, A 3 ,

A 7. To calculate the corresponding basic solution, we first set the nonbasic
variables X4, X5, and X6 to zero, and then solve the system Ax = b for the
remaining variables, to obtain x = (4,0,2,0,0,0,6). This is a degenerate basic
feasible solution, because we have a total of four variables that are zero, whereas



Degeneracy is not a "".·...c.l'" geometric property

Figure 2.10: Small changes in the constraining inequalities can
remove degeneracy.
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The preceding example suggests that we can think of degeneracy in
the following terms. We pick a basic solution by picking n linearly indepen­
dent constraints to be satisfied with equality, and we realize that certain
other constraints are also satisfied with equality. If the entries of A or
b were chosen at random, this would almost never happen. Also, Figure
2.10 illustrates that if the coefficients of the active constraints are slightly
perturbed, degeneracy can disappear (ef. Exercise 2.18). In practical prob­
lems, however, the entries of A and b often have a special (nonrandom)
structure, and degeneracy is more common than the preceding argument
would seem to suggest.

n - m = 7 - 4 = 3. Thus, while we initially set only the three nonbasic variables
to zero, the solution to the system Ax = b turned out to satisfy one more of
the constraints (namely, the constraint X2 :2: 0) with equality. Consider now the
basis consisting of the linearly independent columns A l , A 3 , A 4 , and A7. The
corresponding basic feasible solution is again x = (4,0,2,0,0,0,6).

In order to visualize degeneracy in standard form polyhedra, we as­
sume that n - m 2 and we draw the feasible set as a subset of the
two-dimensional set defined by the equality constraints Ax = see Fig­
ure 2.11. At a nondegenerate basic solution, exactly n-m of the constraints
Xi :2: 0 are active; the corresponding variables are nonbasic. In the case of
a degenerate basic solution, more than n - m of the constraints Xi ::::: 0 are
active, and there are usually several ways of choosing which n - m variables
to call nonbasic; in that case, there are several bases corresponding to that
same basic solution. (This discussion refers to the typical case. However,
there are examples of degenerate basic solutions to which there corresponds
only one basis.)

We close this section by pointing out that degeneracy of basic feasible solu­
tions is not, in general, a geometric (representation independent) property,



but rather it may depend on the particular representation of a polyhedron.
To illustrate this point, consider the standard form polyhedron (d. Figure
2.12)
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2.12: An example of degeneracy in a standard form problem.

Figure 2.11: An (n - m)-dimensional illustration of degener­
acy. Here, n = 6 and m = 4. The basic feasible solution A is
nondegenerate and the basic variables are Xl, X2, X3, X6. The ba­
sic feasible solution B is degenerate. We can choose Xl, X6 as the
nonbasic variables. Other possibilities are to choose Xl, X5, or to
choose X5, X6. Thus, there are three possible bases, for the same
basic feasible solution B.

Sec. 2.4

We have n = 3, m = 2 and n - m = 1. The vector (1,1, 0) is nondegenerate
because only one variable is zero. The vector (0,0,1) is degenerate because
two variables are zero. However, the same polyhedron can also be described



2.5 Existence of extreme points

We obtain in this section necessary and sufficient conditions for a polyhe­
dron to have at least one extreme point. We first observe that not every
polyhedron has this property. For example, if n > 1, a halfspace in ?Rn is a
polyhedron without extreme points. Also, as argued in Section 2.2 (cf. the
discussion after Definition 2.9), if the matrix A has fewer than n rows, then
the polyhedron {x E ?Rn IAx ~ b} does not have a basic feasible solution.
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Figure 2.13: The polyhedron P contains a line and does not
have an extreme point, while Q does not contain a line and has
extreme points.
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in the (nonstandard) form

P={(XI,X2,X3) I XI-X2 0, XI+X2+ 2x3=2, Xl ~O, X3~0}.

The vector (0,0,1) is now a nondegenerate basic feasible solution, because
there are only three active constraints.

For another example, consider a nondegenerate basic feasible solution
x* of a standard form polyhedron P {x I Ax = b, x ~ O}, where A
is of dimensions m x n. In particular, exactly n - m of the variables xi
are equal to zero. Let us now represent P in the form P {x I Ax ~

b, - Ax ~ - b, x ~ O}. Then, at the basic feasible solution x*, we have
n - m variables set to zero and an additional 2m inequality constraints are
satisfied with equality. We therefore have n + m active constraints and x*
is degenerate. Hence, under the second representation, every basic feasible
solution is degenerate.

We have established that a degenerate basic feasible solution under
one representation could be nondegenerate under another representation.
Still, it can be shown that if a basic feasible solution is degenerate under one
particular standard form representation, then it is degenerate under every
standard form representation of the same polyhedron (Exercise 2.19).



Proof.

We then have the following result.
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It turns out that the existence of an extreme point depends on whether
a polyhedron contains an infinite line or not; see Figure 2.13. We need the
following definition.

(b) =? (a)

We first prove that if P does not contain a line, then it has a basic feasible
solution and, therefore, an extreme point. A geometric interpretation of
this proof is provided in Figure 2.14.

Let x be an element of P and let I = {i Ia~x = bi }. If n of the vectors
ai, i E I, corresponding to the active constraints are linearly independent,
then x is, by definition, a basic feasible solution and, therefore, a basic
feasible solution exists. If this is not the case, then all of the vectors ai,
i E I, lie in a proper subspace of ~n and there exists a nonzero vector
d E ~n such that a~d 0, for every i E I. Let us consider the line
consisting of all points of the form y = x + Ad, where A is an arbitrary
scalar. For i E I, we have a~y = a~x + Aa~d = a~x = bi . Thus, those
constraints that were active at x remain active at all points on the line.
However, since the polyhedron is assumed to contain no lines, it follows
that as we vary A, some constraint will be eventually violated. At the
point where some constraint is about to be violated, a new constraint must
become active, and we conclude that there exists some A* and some j ~ I
such that aj(x + A*d) bj .

We claim that aj is not a linear combination of the vectors ai, i E I.
Indeed, we have ajx i= bj (because j ~ I) and aj(x + A*d) bj (by the
definition of A*). Thus, ajd i= 0. On the other hand, a~d °for every
i E I (by the definition of d) and therefore, d is orthogonal to any linear
combination of the vectors ai, i E I. Since d is not orthogonal to aj, we



conclude that aj is a not a linear combination of the vectors ai, i E I.
Thus, by moving from x to x + A*d, the number of linearly independent
active constraints has been increased by at least one. By repeating the same
argument, as many times as needed, we eventually end up with a point at
which there are n linearly independent active constraints. Such a point is,
by definition, a basic solution; it is also feasible since we have stayed within
the feasible set.

(a) =} (c)
If P has an extreme point x, then x is also a basic feasible solution (d. The­
orem 2.3), and there exist n constraints that are active at x, with the
corresponding vectors ai being linearly independent.

(c) =} (b)
Suppose that n of the vectors ai are linearly independent and, without
loss of generality, let us assume that all"" an are linearly independent.
Suppose that P contains a line x + Ad, where d is a nonzero vector. We
then have a~(x+ Ad) 2: bi for all i and all A. We conclude that = 0 for
all i. (If a~d < 0, we can violate the constraint by picking A very large; a
symmetric argument applies if a~d > 0.) Since the vectors ai, i = 1, ... , n,
are linearly independent, this implies that d O. This is a contradiction
and establishes that P does not contain a line. 0

Notice that a bounded polyhedron does not contain a line. Similarly,

Figure 2.14: Starting from an arbitrary point of a polyhedron,
we choose a direction along which all currently active constraints
remain active. We then move along that direction until a new
constraint is about to be violated. At that point, the number of
linearly independent active constraints has increased by at least
one. We repeat this procedure until we end up with n linearly
independent active constraints, at which point we have a basic
feasible solution.
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extreme points

Optimality of extreme points

Optimality

Sec. 2.6

2.6

Figure 2.15: Illustration of the proof of Theorem 2.7. Here, Q
is the set of optimal solutions and an extreme point x* of Q is also
an extreme point of P.

the p~sitive orthant {x Ix 2: O} does not contain a line. Since a polyhedron
in standard form is contained in the positive orthant, it does not contain a
line either. These observations establish the following important corollary
of Theorem 2.6.

Having established the conditions for the existence of extreme points, we
will now confirm the intuition developed in Chapter 1: as long as a linear
programming problem has an optimal solution and as long as the feasible
set has at least one extreme point, we can always find an optimal solution
within the set of extreme points of the feasible set. Later in this section,
we prove a somewhat stronger result, at the expense of a more complicated
proof.

Proof. (See Figure 2.15 for an illustration.) Let Q be the set of all optimal
solutions, which we have assumed to be nonempty. Let P be of the form
P = {x E !Rn I Ax 2: b} and let v be the optimal value of the cost c'x.
Then, Q = {x E !Rn IAx 2: b, c'x v}, which is also a polyhedron. Since



The above theorem applies to polyhedra in standard form, as well as
to bounded polyhedra, since they do not contain a line.

Our next result is stronger than Theorem 2.7. It shows that the
existence of an optimal solution can be taken for granted, as long as the
optimal cost is finite.

Q c P, and since P contains no lines (cf. Theorem 2.6), Q contains no lines
either. Therefore, Q has an extreme point.

Let x* be an extreme point of Q. We will show that x* is also an
extreme point of P. Suppose, in order to derive a contradiction, that x*
is not an extreme point of P. Then, there exist YEP, z E P, such that
y =1= x*, z =1= x*, and some A E [0,1] such that x* Ay + (1- A)Z. It follows
that v = e'x* AC'y + (1 - A)C'Z. Furthermore, since v is the optimal
cost, e'y 2: v and e'z 2: v. This implies that e'y = e'z = v and therefore
z E Q and y E Q. But this contradicts the fact that x* is an extreme point
of Q. The contradiction establishes that x* is an extreme point of P. In
addition, since x* belongs to Q, it is optimal. 0
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Proof. The proof is essentially a repetition of the proof of Theorem 2.6.
The difference is that as we move towards a basic feasible solution, we will
also make sure that the costs do not increase. We will use the following
terminology: an element x of P has rank k if we can find k, but not more
than k, linearly independent constraints that are active at x.

Let us assume that the optimal cost is finite. Let P = {x E ?fin I
Ax 2: b} and consider some x E P of rank k < n. We will show that there
exists some yEP which has greater rank and satisfies e'y ~ e'x. Let
I = {i I a~x = bi }, where a~ is the ith row of A. Since k < n, the vectors
ai, i E I, lie in a proper subspace of ?fin, and we can choose some nonzero
d E ?fin orthogonal to every ai, i E I. Furthermore, by possibly taking the
negative of d, we can assume that e'd ~ O.

Suppose that e'd < 0. Let us consider the half-line y = x + Ad,
where A is a positive scalar. As in the proof of Theorem 2.6, all points
on this half-line satisfy the relations a~y = bi , i E I. If the entire half­
line were contained in P, the optimal cost would be -00, which we have
assumed not to be the case. Therefore, the half-line eventually exits P.
When this is about to happen, we have some A* > °and j tf- I such that
aj(x + A*d) = bj . We let y x + '>-*d and note that e'y < e'x. As in the
proof of Theorem 2.6, aj is linearly independent from ai, i E I, and the
rank of y is at least k + 1.



2.7 Representation of bounded polyhedra*

The result in Corollary 2.3 should be contrasted with what may hap­
pen in optimization problems with a nonlinear cost function. For example,
in the problem of minimizing l/x subject to x 2: 1, the optimal cost is not
-00, but an optimal solution does not exist.
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Suppose now that e'd = 0. We consider the line y x + Ad, where
A is an arbitrary scalar. Since P contains no lines, the line must eventually
exit P and when that is about to happen, we are again at a vector y of rank
greater than that of x. Furthermore, since e'd = 0, we have e'y = e'x:

In either case, we have found a new point y such that e'y ::::; c'x, and
whose rank is greater than that of x. By repeating this process as many
times as needed, we end up with a vector w of rank n (thus, w is a basic
feasible solution) such that c'w ::::; c'x.

Let wI, ... ,wr be the basic feasible solutions in P and let w* be a
basic feasible solution such that c'w* ::::; c'wi for all i. We have already
shown that for every x there exists some i such that c'w i ::::; c'x. It follows
that c'w* ::::; c'x for all x E P, and the basic feasible solution w* is optimal.

For a general linear programming problem, if the feasible set has
no extreme points, then Theorem 2.8 does not apply directly. On the
other hand, any linear programming problem can be transformed into an
equivalent problem in standard form to which Theorem 2.8 does apply.
This establishes the following corollary.

So far, we have been representing polyhedra in terms of their defining in­
equalities. In this section, we provide an alternative, by showing that a
bounded polyhedron can also be represented as the convex hull of its ex­
treme points. The proof that we give here is elementary and constructive,
and its main idea is summarized in Figure 2.16. There is a similar repre­
sentation of unbounded polyhedra involving extreme points and "extreme
rays" (edges that extend to infinity). This representation can be developed
using the tools that we already have, at the expense of a more complicated
proof. A more elegant argument, based on duality theory, will be presented
in Section 4.9 and will also result in an alternative proof of Theorem 2.9
below.



where xl, ... ,xk are some vectors in ~n. Let f1 , ,fn - k be n - k linearly
independent vectors that are orthogonal to x 1, ,x k . Let 9i = flxo, for

Proof. Every convex combination of extreme points is an element of the
polyhedron, since polyhedra are convex sets. Thus, we only need to prove
the converse result and show that every element of a bounded polyhedron
can be represented as a convex combination of extreme points.

We define the dimension of a polyhedron P c ~n as the smallest
integer k such that P is contained in some k-dimensional affine subspace
of ~n. (Recall from Section 1.5, that a k-dimensional affine subspace is a
translation of a k-dimensional subspace.) Our proof proceeds by induction
on the dimension of the polyhedron P. If P is zero-dimensional, it consists
of a single point. This point is an extreme point of P and the result is true.

Let us assume that the result is true for all polyhedra of dimension less
than k. Let P = {x E ~n I a~x -?: bi , i = 1, ... ,m} be a nonempty bounded
k-dimensional polyhedron. Then, P is contained in a k-dimensional affine
subspace S of ~n, which can be assumed to be of the form
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Figure 2.16: Given the vector z, we express it as a convex com­
bination of y and u. The vector u belongs to the polyhedron Q
whose dimension is lower than that of P. Using induction on di­
mension, we can express the vector u as a convex combination of
extreme points of Q. These are also extreme points of P.
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(2.3)i = 1, ... , n - k.

Representation of bounded polyhedra*Sec. 2.7

i = 1, ... ,n - k. Then, every element x of S satisfies

Since PeS, the same must be true for every element of P.
Let z be an element of P. If z is an extreme point of P, then z

is a trivial convex combination of the extreme points of P and there is
nothing more to be proved. If z is not an extreme point of P, let us choose
an arbitrary extreme point y of P and form the half-line consisting of all
points of the form z + A(Z - y), where A is a nonnegative scalar. Since
P is bounded, this half-line must eventually exit P and violate one of the
constraints, say the constraint a~* x ;::: bi *. By considering what happens
when this constraint is just about to be violated, we find some A* ;::: °and
U E P, such that

Since the constraint a~* x ;::: bi * is violated if A grows beyond A*, it follows
that a~* (z - y) < 0.

Let Q be the polyhedron defined by

Q {x E P I a~* x = bi * }

{x E iRn Ia~x ;::: bi , i = 1, ... , m, a~*x = bi * }.

Since z,y E P, we have f;z gi = fly which shows that z-y is orthogonal
to each vector fi , for i = 1, ... , n-k. On the other hand, we have shown that
a~* (z y) < 0, which implies that the vector ai* is not a linear combination
of, and is therefore linearly independent from, the vectors Note that

Qc{xEiRnla~*x=bi*'fix gi, i=l, ... ,n-k},

since Eq. (2.3) holds for every element of P. The set on the right is defined
by n k + 1 linearly independent equality constraints. Hence, it is an affine
subspace of dimension k 1 (see the discussion at the end of Section 1.5).
Therefore, Q has dimension at most k - 1.

By applying the induction hypothesis to Q and u, we see that U can
be expressed as a convex combination

U=Z+A*(Z-Y),

of the extreme points vi of Q, where Ai are nonnegative scalars that sum
to one. Note that at an extreme point v of Q, we must have a~v = bi for n
linearly independent vectors ai; therefore, v must also be an extreme point
of P. Using the definition of A*, we also have

U+
Z= .

1 + A*
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Therefore,

There is a converse to Theorem 2.9 asserting that the convex hull of
a finite number of points is a polyhedron. This result is proved in the next
section and again in Section 4.9.

Example 2.6 Consider the polyhedron

p = {(Xl,X2,X3) I Xl + X2 + X3:::; 1, Xl,X2,X3 :::: O}.

It has four extreme points, namely, Xl = (1,0,0), x 2 = (0,1,0), x 3 (0,0,1), and
x 4 = (0,0,0). The vector x = (1/3,1/3,1/4) belongs to P. It can be represented
as

2.8 Projections of polyhedra:
Fourier-Motzkin elimination*

which shows that z is a convex combination of the extreme points of P. D

In this section, we present perhaps the oldest method for solving linear pro­
gramming problems. This method is not practical because it requires a very
large number of steps, but it has some interesting theoretical corollaries.

The key to this method is the concept of a projection, defined as
follows: if x (Xl, ... , xn ) is a vector in ~n and k ::; n, the projection
mapping 7Tk : ~n 1-+ ~k projects x onto its first k coordinates:

7Tk(X) 7Tk(Xl>'" ,xn ) = (Xl, ... ,Xk).

We also define the projection IIk(S) of a set S C ~n by letting

see Figure 2.17 for an illustration. Note that Sis nonempty if and only if
IIk(S) is nonempty. An equivalent definition is

Suppose now that we wish to decide whether a given polyhedron
P c ~n is nonempty. If we can somehow eliminate the variable X n and
construct the set IIn - 1 (P) c ~n-l, we can instead consider the presum­
ably easier problem of deciding whether IIn - 1 (P) is nonempty. If we keep
eliminating variables one by one, we eventually arrive at the set III (P) that



involves a single variable, and whose emptiness is easy to check. The main
disadvantage of this method is that while each step reduces the dimension
by one, a large number of constraints is usually added. Exercise 2.20 deals
with a family of examples in which the number of constraints increases
exponentially with the problem dimension.

We now describe the elimination method. We are given a polyhedron
P in terms of linear inequality constraints of the form

We wish to eliminate X n and construct the projection ITn - 1 (P).
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i = 1, ... ,m.
n

aijXj ~ bi ,

j=l

Projections of polyhedra: Fourier-lVlotzkin elimination*

Figure 2.17: The projections I11 (S) and I12(S) of a rotated
three-dimensional cube.
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We rewrite these constraints in the form

Then, the set Q is defined by the constraints

Example 2.7 Consider the polyhedron defined by the constraints

The geometry of linear programming

Xl +X2 >
Xl + X2 + 2X3 2:

2Xl + 3X3 2:
Xl - 4X3 2

Chap. 2

0 2 1 Xl - X2

X3 > 1 - (xl/2) (x2/2)

X3 2: 1 - (2Xl/3)

-1 + (xl/4j 2: X3

-5 - 2Xl + X2 2 X3·

o 2 1- Xl - X2

-1 + xl/4 2: 1 -.- (xl/2) - (x2/2)

72



-1 + xl/4 2: 1 - (2xI/3)

-5 - 2Xl + X2 2: 1 - (xI/2) - (x2/2)

-5 2Xl + X2 2: 1 (2Xl/3).

Projections of polyhedra: Fourier-Motzkin elimination*Sec. 2.8

Proof. If x E IIn - 1 (P), there exists some X n such that (x, xn ) E P. In
particular, the vector x = (x, xn ) satisfies Eqs. (2.4)-(2.6), from which it
follows immediately that x satisfies Eqs. (2.7)-(2.8), and x E Q. This shows
that IIn - 1 (P) C Q.

We will now prove that Q C IIn - 1 (P). Let x E Q. It follows from
Eq. (2.7) that

Accordingly, for any polyhedron P, we also have

Let X n be any number between the two sides of the above inequality. It
then follows that (x, xn ) satisfies Eqs. (2.4)-(2.6) and, therefore, belongs to
the polyhedron P.

Notice that for any vector x (XI, ... ,xn ), we have

By generalizing this observation, we see that if we apply the elimination al­
gorithm k times, we end up with the set IIn - k (P); if we apply it n 1 times,
we end up with (P). Unfortunately, each application of the elimination
algorithm can increase the number of constraints substantially, leading to
a polyhedron (P) described by a very large number of constraints. Of
course, since III (P) is one-dimensional, almost all of these constraints will
be redundant, but this is of no help: in order to decide which ones are
redundant, we must, in general, enumerate them.

The elimination algorithm has an important theoretical consequence:
since the projection (P) can be generated by repeated application of the
elimination algorithm, and since the elimination algorithm always produces
a polyhedron, it follows that a projection IIk(P) of a polyhedron is also a
polyhedron. This fact might be considered obvious, but a proof simpler
than the one we gave is not apparent. We now restate it in somewhat
different language.



Proof. The convex hull

of a finite number of vectors xl, ... ,xk is the image of the polyhedron
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Q = {xo I there exists x E P such that Xo c'x},

A variation of Corollary 2.4 states that the image of a polyhedron
under a linear mapping is also a polyhedron.

Proof. We have Q = {y E ~m I there exists x E ~n such that Ax =
y, x E Pl. Therefore, Q is the projection of the polyhedron {(x,y) E
~n+m I Ax = y, x E P} onto the y coordinates. D

under the linear mapping that maps (>'1, ... , Ak) to 2:.:7=1 AiXi and is, there­
fore, a polyhedron. D

We finally indicate how the elimination algorithm can be used to
solve linear programming problems. Consider the problem of minimizing
c'x subject to x belonging to a polyhedron P. We define a new variable Xo
and introduce the constraint Xo = c'x. If we use the elimination algorithm
n times to eliminate the variables XI, ... ,Xn , we are left with the set

and the optimal cost is equal to the smallest element of Q. An optimal
solution x can be recovered by backtracking (Exercise 2.21).



2. Exercises

Exercise 2.1 For each one of the following sets, determine whether it is a poly­
hedron.

(a) The set of all (x, y) E R2 satisfying the constraints

We summarize our main conclusions so far regarding the solutions to linear
programming problems.

(a) If the feasible set is nonempty and bounded, there exists an optimal
solution. Furthermore, there exists an optimal solution which is an
extreme point.

(b) If the feasible set is unbounded, there are the following possibilities:

(i) There exists an optimal solution which is an extreme point.

(ii) There exists an optimal solution, but no optimal solution is an
extreme point. (This can only happen if the feasible set has
no extreme points; it never happens when the problem is in
standard form.)

(iii) The optimal cost is -00.

Suppose now that the optimal cost is finite and that the feasible set
contains at least one extreme point. Since there are only finitely many
extreme points, the problem can be solved in a finite number of steps, by
enumerating all extreme points and evaluating the cost of each one. This
is hardly a practical algorithm because the number of extreme points can
increase exponentially with the number of variables and constraints. In the
next chapter, we will exploit the geometry of the feasible set and develop
the simplex method, a systematic procedure that moves from one extreme
point to another, without having to enumerate all extreme points.

An interesting aspect of the material in this chapter is the distinction
between geometric (representation independent) properties of a polyhedron
and those properties that depend on a particular representation. In that
respect, we have established the following:

(a) Whether or not a point is an extreme point (equivalently, vertex, or
basic feasible solution) is a geometric property.

(b) Whether or not a point is a basic solution may depend on the way
that a polyhedron is represented.

(c) Whether or not a basic or basic feasible solution is degenerate may
depend on the way that a polyhedron is represented.
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v () E [0, 1T/2]'x cos () + y sin () < 1,

x > 0,

Y :::: 0.
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2.9 Summary



(a) Let

(b) Let P be the convex hull of the vectors Ai:
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c= {~AiAi I A1, ... , An :2: o} .
Show that any element of C can be expressed in the form 2::1 AiAi, with
Ai :2: 0, and with at most m of the coefficients Ai being nonzero. Hint:
Consider the polyhedron

A {(A1"'" An) ERn I i~l AiAi = y, A1,"" An :2: o} .

(b) The set of all x E R satisfying the constraint x 2 8x + 15 :::; O.

(c) The empty set.

Exercise 2.2 Let f : Rn
f-+ R be a convex function and let c be some constant.

Show that the set S = {x E Rn I f(x) :::; c} is convex.

Exercise 2.3 (Basic feasible solutions in standard form polyhedra with
upper bounds) Consider a polyhedron defined by the constraints Ax = band
o :::; x :::; u. Assume that the matrix A has linearly independent rows and that
Ui > 0 for all i. Provide a procedure analogous to the one in Section 2.3 for
constructing basic solutions, and prove an analog of Theorem 2.4.

Exercise 2.4 We know that every linear programming problem can be con­
verted to an equivalent problem in standard form. We also know that nonempty
polyhedra in standard form have at least one extreme point. We are then tempted
to conclude that every nonempty polyhedron has at least one extreme point. Ex­
plain what is wrong with this argument.

Exercise 2.5 (Extreme points of isomorphic polyhedra) A mapping f is
called affine if it is of the form f(x) = Ax + b, where A is a matrix and b is a
vector. Let P and Q be polyhedra in Rn and Rm

, respectively. We say that P
and Q are isomorphic if there exist affine mappings f : P f-+ Q and 9 : Q f-+ P
such that g(J(x») = x for all x E P, and f(g(y») = y for all y E Q. (Intuitively,
isomorphic polyhedra have the same shape.)

(a) If P and Q are isomorphic, show that there exists a one-to-one correspon­
dence between their extreme points. In particular, if f and 9 are as above,
show that x is an extreme point of P if and only if f(x) is an extreme point
ofQ.

(b) (Introducing slack variables leads to an isomorphic polyhedron)
Let P = {x E Rn I Ax :2: b, x :2: O}, where A is a matrix of dimensions
k x n. Let Q = {(x,z) E Rn+k I Ax-z = b, x:2: 0, z:2: O}. Show that P
and Q are isomorphic.

Exercise 2.6 (Caratheodory's theorem) Let A1, ... , An be a collection of
vectors in Rm

.



Exercise 2.12 Consider a nonempty polyhedron P and suppose that for each
variable Xi we have either the constraint Xi ~ 0 or the constraint Xi ::::: o. Is it
true that P has at least one basic feasible solution?

Show that any element of P can be expressed in the form :Z=~=l AiAi , where
:Z=~=l Ai = 1 and Ai ~ 0 for all i, with at most m + 1 of the coefficients Ai

being nonzero.

Exercise 2.8 Consider the standard form polyhedron {x I Ax = b, x ~ O},
and assume that the rows of the matrix A are linearly independent. Let x be a
basic solution, and let J = {i I Xi f o}. Show that a basis is associated with the
basic solution x if and only if every column Ai, i E J, is in the basis.
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Exercise 2.7 Suppose that {x E 1Rn I a~x ~ bi, i 1, ... ,m} and {x E 1Rn I
g~x ~ hi, i = 1, ... , k} are two representations of the same nonempty polyhedron.
Suppose that the vectors al, ... ,am span 1Rn . Show that the same must be true
for the vectors gl, ... , gk.

Exercise 2.9 Consider the standard form polyhedron {x I Ax = b, x ~ O},
and assume that the rows of the matrix A are linearly independent.

(a) Suppose that two different bases lead to the same basic solution. Show
that the basic solution is degenerate.

(b) Consider a degenerate basic solution. Is it true that it corresponds to two
or more distinct bases? Prove or give a counterexample.

(c) Suppose that a basic solution is degenerate. Is it true that there exists an
adjacent basic solution which is degenerate? Prove or give a counterexam­
ple.

Exercise 2.10 Consider the standard form polyhedron P = {x IAx = b, x ~

O}. Suppose that the matrix A has dimensions m x n and that its rows are
linearly independent. For each one of the following statements, state whether it
is true or false. If true, provide a proof, else, provide a counterexample.

(a) If n m + 1, then P has at most two basic feasible solutions.

(b) The set of all optimal solutions is bounded.

(c) At every optimal solution, no more than m variables can be positive.

(d) If there is more than one optimal solution, then there are uncountably
many optimal solutions.

(e) If there are several optimal solutions, then there exist at least two basic
feasible solutions that are optimal.

(f) Consider the problem of minimizing max{c'x,d'x} over the set P. If this
problem has an optimal solution, it must have an optimal solution which
is an extreme point of P.

Exercise 2.11 Let P = {x E 1Rn I Ax ~ b}. Suppose that at a particular
basic feasible solution, there are k active constraints, with k > n. Is it true
that there exist exactly (~) bases that lead to this basic feasible solution? Here

(~) = k!/ (n!Ck - n)!) is the number of ways that we can choose n out of k given
items.



Q {xEPla/x b}.

Exercise 2.14 Let P be a bounded polyhedron in Rn
, let a be a vector in Rn

,

and let b be some scalar. We define

Show that every extreme point of Q is either an extreme point of P or a convex
combination of two adjacent extreme points of P.
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Exercise 2.17 Consider the polyhedron {x E Rn I Ax ::; b, x 2: O} and a
nondegenerate basic feasible solution x*. We introduce slack variables z and
construct a corresponding polyhedron {(x,z) I Ax + z = b, x 2: 0, z 2: O} in
standard form. Show that (x*, b - Ax*) is a nondegenerate basic feasible solution
for the new polyhedron.

Exercise 2.15 (Edges joining adjacent vertices) Consider the polyhedron
P = {x E Rn I a~x 2: bi , i 1, ... ,m}. Suppose that u and v are distinct
basic feasible solutions that satisfy a;u = a;v = bi, i = 1, ... , n - 1, and that
the vectors al, ... , an-l are linearly independent. (In particular, u and v are
adjacent.) Let L = {Au + (1- A)V I°::; A ::; 1} be the segment that joins u and
v. ProvethatL={zEPla;z=bi , i=1, ... ,n 1}.

Exercise 2.16 Consider the set {x E Rn I Xl = ... Xn-l = 0, 0::; X n ::; 1}.
Could this be the feasible set of a problem in standard form?

Exercise 2.13 Consider the standard form polyhedron P = {x IAx = b, x 2:
O}. Suppose that the matrix A, of dimensions m x n, has linearly independent
rows, and that all basic feasible solutions are nondegenerate. Let x be an element
of P that has exactly m positive components.

(a) Show that x is a basic feasible solution.

(b) Show that the result of part (a) is false if the nondegeneracy assumption is
removed.

Exercise 2.18 Consider a polyhedron P = {x I Ax 2: b}. Given any E > 0,
show that there exists some b with the following two properties:

(i) The absolute value of every component of b b is bounded by E.

(ii) Every basic feasible solution in the polyhedron P = {x I Ax 2: b} is
nondegenerate.

Exercise 2.19* Let Pc Rn be a polyhedron in standard form whose definition
involves m linearly independent equality constraints. Its dimension is defined as
the smallest integer k such that P is contained in some k-dimensional affine
subspace of Rn.

(a) Explain why the dimension of P is at most n m.

(b) Suppose that P has a nondegenerate basic feasible solution. Show that the
dimension of P is equal to n - m.

(c) Suppose that x is a degenerate basic feasible solution. Show that x is degen­
erate under every standard form representation of the same polyhedron (in
the same space Rn

). Hint: Using parts (a) and (b), compare the number of
equality constraints in two representations of P under which x is degenerate
and nondegenerate, respectively. Then, count active constraints.



where all possible combinations are present. Show that after p eliminations,
we have at least

22P+2

constraints. (Note that this number increases exponentially with n.)

Exercise 2.21 Suppose that Fourier-Motzkin elimination is used in the manner
described at the end of Section 2.8 to find the optimal cost in a linear programming
problem. Show how this approach can be augmented to obtain an optimal solution
as well.
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2.11

The relation between algebra and geometry goes far back in the history of
mathematics, but was limited to two and three-dimensional spaces. The
insight that the same relation goes through in higher dimensions only came
in the middle of the nineteenth century.

2.2. Our algebraic definition of basic (feasible) solutions for general poly­
hedra, in terms of the number of linearly independent active con­
straints, is not common. Nevertheless, we consider it to be quite
central, because it provides the main bridge between the algebraic
and geometric viewpoint, it allows for a unified treatment, and shows
that there is not much that is special about standard form problems.

2.8. Fourier-Motzkin elimination is due to Fourier (1827), Dines (1918),
and Motzkin (1936).

Exercise 2.22 Let P and Q be polyhedra in Rn
. Let P + Q = {x + y I x E

P, y E Q}.

(a) Show that P + Q is a polyhedron.

(b) Show that every extreme point of P + Q is the sum of an extreme point of
P and an extreme point of Q.

Exercise 2.20 * Consider the Fourier-Motzkin elimination algorithm.

(a) Suppose that the number m of constraints defining a polyhedron P is even.
Show that the description of the polyhedron IIn-l (P) produced by the
elimination algorithm involves no more than m 2 /4 linear constraints. Also,
show that as many as m 2 /4 constraints are possible.

(b) Show that the elimination algorithm produces a description of the one­
dimensional polyhedron Ih (P) involving no more than m2n-l/22n-2 con­
straints.

(c) Let n = 2P +p+2, where p is a nonnegative integer. Consider a polyhedron
in Rn defined by the 8(~) constraints
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3.1 Optimality conditions

minimize c'x
subject to Ax b

x > 0,

and we let P be the corresponding feasible set. We assume that the dimen­
sions of the matrix A are m x n and that its rows are linearly independent.
We continue using our previous notation: Ai is the ith column of the matrix
A, and a~ is its ith row.

The simplex methodChap. 382

We saw in Chapter 2, that if a linear programming problem in standard
form has an optimal solution, then there exists a basic feasible solution that
is optimal. The simplex method is based on this fact and searches for an op­
timal solution by moving from one basic feasible solution to another, along
the edges of the feasible set, always in a cost reducing direction. Eventu­
ally, a basic feasible solution is reached at which none of the available edges
leads to a cost reduction; such a basic feasible solution is optimal and the
algorithm terminates. In this chapter, we provide a detailed development
of the simplex method and discuss a few different implementations, includ­
ing the simplex tableau and the revised simplex method. We also address
some difficulties that may arise in the presence of degeneracy. We provide
an interpretation of the simplex method in terms of column geometry, and
we conclude with a discussion of its running time, as a function of the
dimension of the problem being solved.

Throughout this chapter, we consider the standard form problem

Many optimization algorithms are structured as follows: given a feasible
solution, we search its neighborhood to find a nearby feasible solution with
lower cost. If no nearby feasible solution leads to a cost improvement, the
algorithm terminates and we have a locally optimal solution. For ge:neJral
optimization problems, a locally optimal solution need not be \b'<UU'~U.Y

optimal. Fortunately, in linear programming, local optimality implies
optimality; this is because we are minimizing a convex function over
convex set (ef. Exercise 3.1). In this section, we concentrate on the problem
of searching for a direction of cost decrease in a neighborhood of a
basic feasible solution, and on the associated optimality conditions.

Suppose that we are at a point x E P and that we contemplate mo>viD.g
away from x, in the direction of a vector d E 2Rn . Clearly, we should
consider those choices of d that do not immediately take us outside
feasible set. This leads to the following definition, illustrated in Figure
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(3.1)

m

L AB(i)dB(i) + A j = BdB + A j .

i=l

Optimality conditions

n

o Ad = LAidi

i=l

Figure 3.1: Feasible directions at different points of a polyhedron.

the basis matrix B is invertible, we obtain

dB = -B-lAj .

Let x be a basic feasible solution to the standard form problem,
t B(l), ... ,B(m) be the indices of the basic variables, and let B =
B(l) ... AB(m)] be the corresponding basis matrix. In particular, we have

ofor every nonbasic variable, while the vector XB = (XB(l)"'" XB(m))

basic variables is given by

XB = B-lb.

We consider the possibility of moving away from x, to a new vector
Bd, by selecting a nonbasic variable Xj (which is initially at zero level),
increasing it to a positive value B, while keeping the remaining nonbasic

iables at zero. Algebraically, dj = 1, and di = 0 for every nonbasic index
ther than j. At the same time, the vector XB of basic variables changes
XB +BdB , where dB (dB(l) , d B (2) , ... , dB(m)) is the vector with those

omponents of d that correspond to the basic variables.
Given that we are only interested in feasible solutions, we require

(x +Bd) = b, and since x is feasible, we also have Ax = b. Thus, for the
uality constraints to be satisfied for B> 0, we need Ad = O. Recall now
at dj = 1, and that di = 0 for' all other nonbasic indices i. Then,



The first two columns of the matrix A are A l = (1,2) and A 2 = (1,0). Since
they are linearly independent, we can choose Xl and X2 as our basic variables.
The corresponding basis matrix is

The direction vector d that we have just constructed will be referred
to as the jth basic direction. We have so far guaranteed that the equality
constraints are respected as we move away from x along the basic direction
d. How about the nonnegativity constraints? We recall that the variable
Xj is increased, and all other nonbasic variables stay at zero level. Thus,
we need only worry about the basic variables. We distinguish two cases:

(a) Suppose that x is a nondegenerate basic feasible solution. Then,
XB > 0, from which it follows that XB + edB 2: 0, and feasibility is
maintained, when e is sufficiently small. In particular, d is a feasible
direction.

(b) Suppose now that x is degenerate. Then, d is not always a feasible di­
rection. Indeed, it is possible that a basic variable XB(i) is zero, while
the corresponding component dB (i) of dB _B-1 A j is negative. In
that case, if we follow the jth basic direction, the nonnegativity con­
straint for XB(i) is immediately violated, and we are led to infeasible
solutions; see Figure 3.2.

We now study the effects on the cost function if we move along a basic
direction. If d is the jth basic direction, then the rate c'd of cost change
along the direction d is given by cBdB +Cj, where CB ='(CB(l)"'" CB(m))'

Using Eq. (3.1), this is the same as Cj - cBB-1A j . This quantity is im­
portant enough to warrant a definition. For an intuitive interpretation, Cj

is the cost per unit increase in the variable Xj, and the term -cBB-1A j is
the cost of the compensating change in the basic variables necessitated by
the constraint Ax b.

2
2
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C1Xl + C2X2 + C3X3 + C4X4

Xl + X2 + X3 + X4

2Xl + 3X3 + 4X4

Xl,X2,X3,X4:::: O.

minimize
subject to
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Example 3.1 Consider the linear programming problem



Consider now Definition 3.2 for the case of a basic variable. Since B
is the matrix [AB(l) '" AB(m)], we have B-l[AB(l)'" AB(m)] = I, where
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[ 0 1/2] [1] [-3/2]1 -1/2 3 1/2'

Optimality conditions

Figure 3.2: Let n 5, n-m = 2. As discussed in Section 1.4, we
can visualize the feasible set by standing on the two-dimensional
set defined by the constraint Ax = b, in which case, the edges of
the feasible set are associated with the nonnegativity constraints
Xi :2: O. At the nondegenerate basic feasible solution E, the vari­
ables Xl and X3 are at zero level (nonbasic) and X2, X4, Xs are
positive basic variables. The first basic direction is obtained by
increasing Xl, while keeping the other nonbasic variable X3 at zero
level. This is the direction corresponding to the edge EF. Con­
sider now the degenerate basic feasible solution Fand let X3, Xs

be the nonbasic variables. Note that X4 is a basic variable at zero
level. A basic direction is obtained by increasing X3, while keeping
the other nonbasic variable Xs at zero level. This is the direction
corresponding to the line FG and it takes us outside the feasible
set. Thus, this basic direction is not a feasible direction.

Sec. 3.1

We set X3 = X4 = 0, and solve for Xl, X2, to obtain Xl = 1 and X2 1. We have
thus obtained a nondegenerate basic feasible solution.

A basic direction corresponding to an increase in the nonbasic variable X3,

is constructed as follows. We have d3 = 1 and d4 = O. The direction of change of
the basic variables is obtained using Eq. (3.1);

The cost of moving along this basic direction is c'd = -3CI/2 + c2/2 + C3. This
is the same as the reduced cost of the variable X3.



and

where N is the set of indices corresponding to the nonbasic variables
under the given basis. Since B is invertible, we obtain

BdB + L Aidi 0,

iEN

0,
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- , B-1A 'CB(i) = CB(i) - cB B(i) = CB(i) - cBei = CB(i) - CB(i)
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dB = - LB-1Aidi'

iEN

I is the m x m identity matrix. In particular, B-1AB(i) is the ith column
of the identity matrix, which is the ith unit vector ei. Therefore, for every
basic variable XB(i), we have

and we see that the reduced cost of every basic variable is zero.
Our next result provides us with optimality conditions. Given our

interpretation of the reduced costs as rates of cost change along certain
directions, this result is intuitive.

Proof.

(a) We assume that c 2: 0, we let y be an arbitrary feasible solution, and
we define d = y x. Feasibility implies that Ax Ay band,
therefore, Ad = 0. The latter equality can be rewritten in the form

c'd = C~dB + LCidi = L(Ci - c~B-1Ai)di = LCidi.

iEN iEN iEN

For any nonbasic index i E N, we must have Xi = 0 and, since
is feasible, Yi 2: O. Thus, d i 2: 0 and Cidi 2: 0, for all i E N.

conclude that c'(y x) = c'd 2: 0, and since y was an arbitrary
feasible solution, x is optimal.

(b) Suppose that x is a nondegenerate basic feasible solution and that
Cj < 0 for some j. Since the reduced cost of a basic variable is always
zero, Xj must be a nonbasic variable and Cj is the rate of cost change
along the jth basic direction. Since x is nondegenerate, the jth basic
direction is a feasible direction of cost decrease, as discussed earlier.
By moving in that direction, we obtain feasible solutions whose
is less than that of x, and x is not optimal.



3.2 Development of the simplex method

Clearly, if an optimal basis is found, the corresponding basic solution
is feasible, satisfies the optimality conditions, and is therefore optimal. On
the other hand, in the degenerate case, having an optimal basic feasible
solution does not necessarily mean that the reduced costs are nonnegative.

We will now complete the development of the simplex method. Our main
task is to work out the details of how to move to a better basic feasible
solution, whenever a profitable basic direction is discovered.

Let us assume that every basic feasible solution is nondegenerate.
This assumption will remain in effect until it is explicitly relaxed later
in this section. Suppose that we are at a basic feasible solution x and
that we have computed the reduced costs Cj of the nonbasic variables. If
all of them are nonnegative, Theorem 3.1 shows that we have an optimal
solution, and we stop. Ifon the other hand, the reduced cost Cj of a nonbasic
variable Xj is negative, the jth basic direction d is a feasible direction of
cost decrease. [This is the direction obtained by letting dj = 1, di 0
for i =I- B(1), ... ,B(m),j, and dB = -B-1Aj .] While moving along this
direction d, the nonbasic variable Xj becomes positive and all other nonbasic
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Note that Theorem 3.1 allows the possibility that x is a (degenerate)
optimal basic feasible solution, but that Cj < 0 for some nonbasic index j.
There is an analog of Theorem 3.1 that provides conditions under which
a basic feasible solution x is a unique optimal solution; see Exercise 3.6.
A related view of the optimality conditions is developed in Exercises 3.2
and 3.3.

According to Theorem 3.1, in order to decide whether a nondegenerate
basic feasible solution is optimal, we need only check whether all reduced
costs are nonnegative, which is the same as examining the n m basic
directions. If x is a degenerate basic feasible solution, an equally simple
computational test for determining whether x is optimal is not available
(see Exercises 3.7 and 3.8). Fortunately, the simplex method, as developed
in subsequent sections, manages to get around this difficulty in an effective
manner.

Note that in order to use Theorem 3.1 and assert that a certain ba­
sic solution is optimal, we need to satisfy two conditions: feasibility, and
nonnegativity of the reduced costs. This leads us to the following definition.



0* = max {0 2: 0 Ix + Od E p}.

Example 3.2 This is a continuation of Example 3.1 from the previous section,
dealing with the linear programming problem

0* . (Xi)= mIn -_.
{ildi<O} di

(3.2)

The simplex methodChap. 3

0*

minimize CIXI + C2X2 + C3 X 3 + C4X4

subject to Xl + X2 + X3 + X4 2
2XI + 3X3 + 4X4 2
Xl, X2, X3, X4 2: O.

min (_ XB(i)) .
{i=I, ... ,mldB(i)<O} dB(i)

Note t:.laat B* > 0, because XB(i) > 0 for all i, as a consequence of
nondegeneracy.
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The resulting cost change is B*c'd, which is the same as O*(;j.

We now derive a formula for 0*. Given that Ad 0, we have A(x +
Od) = Ax = b for all 0, and the equality constraints will never be violated.
Thus, x + Od can become infeasible only if one of its components becomes
negative. We distinguish two cases:

(a) If d 2: 0, then x + Bd 2: 0 for all 0 2: 0, the vector x + Od never
becomes infeasible, and we let 0* = 00.

(b) If di < 0 for some i, the constraint Xi + Bdi 2: 0 becomes 0 .'S -xddi .

This constraint on 0 must be satisfied for every i with di < O. Thus,
the largest possible value of 0 is

variables remain at zero. We describe this situation by saying that Xj (or
A j ) enters or is brought into the basis.

Once we start moving away from x along the direction d, we are
tracing points of the form x + Bd, where 0 2: O. Since costs decrease along
the direction d, it is desirable to move as far as possible. This takes us to
the point x + B*d, where

Recall that if Xi is a nonbasic variable, then either Xi is the entering
variable and di = 1, or else di = O. In either case, di is nonnegative.
Thus, we only need to consider the basic variables and we have the
equivalent formula

Let us again consider the basic feasible solution x (1, 1,0,0) and recall that
reduced cost (;3 of the nonbasic variable X3 was found to be -3cI/2 + c2/2 + C3'

Suppose that c = (2,0,0,0), in which case, we have (;3 -3. Since C3 is nel!;atiive,
we form the corresponding basic direction, which is d (-3/2,1/2,1,0),
consider vectors of the form x+Bd, with B 2: O. As Bincreases, the only cOluponlent
of x that decreases is the first one (because dl < 0). The largest possible



m

LAiAB(i) = 0,
i=l
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(3.4)

A~(m) ]. (3.3)

= B*;

I
AB(Hl)

I

{
~(i),
J,

. ( XB(i))mm ---
{i=l, ... ,mldB(i)<O} dB(i)

B(i)

I I
AB(e-l) A j

I I
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of e is given by e* = -(xl/dl ) = 2/3. This takes us to the point y = x+2d/3 =
(0,4/3,2/3,0). Note that the columns A 2 and As corresponding to the nonzero
variables at the new vector yare (1,0) and (1,3), respectively, and are linearly
independent. Therefore, they form a basis and the vector y is a new basic feasible
solution. In particular, the variable Xs has entered the basis and the variable Xl

has exited the basis.

Once B* is chosen, and assuming it is finite, we move to the new
feasible solution y x+B*d. Since Xj = 0 and d j = 1, we have Yj = B* > O.
Let .e be a minimizing index in Eq. (3.2), that is,

in particular,

and
XB(e) + B*dB(e) = O.

We observe that the basic variable XB(e) has become zero, whereas the
nonbasic variable Xj has now become positive, which suggests that Xj should
replace XB(e) in the basis. Accordingly, we take the old basis matrix Band
replace AB(e) with A j , thus obtaining the matrix

Proof.

(a) If the vectors AB(i)' i = 1, ... , m, are linearly dependent, then there
exist coefficients AI,"" Am, not all of them zero, such that



where A j is the column that enters the basis; in particular, Ui = -dB(i) ,

for i = 1, ... ,m.

Since B* is positive, the new basic feasible solution x +B* d is distinct
from x; since d is a direction of cost decrease, the cost of this new basic
feasible solution is strictly smaller. We have therefore accomplished our
objective of moving to a new basic feasible solution with lower cost. We
can now summarize a typical iteration of the simplex method, also known
as a pivot (see Section 3.6 for a discussion of the origins of this term). For
our purposes, it is convenient to define a vector u = (U1, ... ,um ) by letting
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m

L:>iB -
1
AS(i) 0,

i=l

which implies that

and the vectors B-1AS(i) are also linearly dependent. To show that

this is not the case, we will prove that the vectors B-1AB(i)' i =J £,
and B-1A j are linearly independent. We have B-1B = I. Since
AB(i) is the ith column of B, it follows that the vectors B-1AB(i)'

i =J £, are all the unit vectors except for the £th unit vector. In
particular, they are linearly independent and their £th component is
zero. On the other hand, B-1A j is equal to -dB' Its £th entry,
-dB(R) , is nonzero by the definition of £. Thus, B-1A j is linearly
independent from the unit vectors B-1A B (i)' i =J £.

(b) We have y ~ 0, Ay = b, and Yi 0 for i =J B(l), ... ,B(m). fur-
thermore, the columns A S (1) , ... ,AS(m) have just been shown to be
linearly independent. It follows that y is a basic feasible solution
associated with the basis matrix B. 0

90



The simplex method is initialized with an arbitrary basic feasible
solution, which, for feasible standard form problems, is guaranteed to exist.
The following theorem states that, in the nondegenerate case, the simplex
method works correctly and terminates after a finite number of iterations.
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Proof. If the algorithm terminates due to the stopping criterion in Step
2, then the optimality conditions in Theorem 3.1 have been met, B is an
optimal basis, and the current basic feasible solution is optimal.

If the algorithm terminates because the criterion in Step 3 has been
met, then we are at a basic feasible solution x and we have discovered a
nonbasic variable Xj such that Cj < 0 and such that the corresponding basic
direction d satisfies Ad = 0 and d 2 O. In particular, x + Bd E P for all
B > O. Since c'd = Cj < 0, by taking B arbitrarily large, the cost can be
made arbitrarily negative, and the optimal cost is -00.

At each iteration, the algorithm moves by a positive amount B* along
a direction d that satisfies c'd < O. Therefore, the cost of every successive
basic feasible solution visited by the algorithm is strictly less than the cost
of the previous one, and no basic feasible solution can be visited twice.
Since there is a finite number of basic feasible solutions, the algorithm
must eventually terminate. 0

Theorem 3.3 provides an independent proof of some of the results
of Chapter 2 for nondegenerate standard form problems. In particular,
it shows that for feasible and nondegenerate problems, either the optimal



Pivot Selection

The simplex method for degenerate problems

cost is -00, or there exists a basic feasible solution which is optimal (ef.
Theorem 2.8 in Section 2.6). While the proof given here might appear more
elementary, its extension to the degenerate case is not as simple.
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We have been working so far under the assumption that all basic feasible
solutions are nondegenerate. Suppose now that the exact same algorithm
is used in the presence of degeneracy. Then, the following new possibilities
may be encountered in the course of the algorithm.

(a) If the current basic feasible solution x is degenerate, ()* can be equal
to zero, in which case, the new basic feasible solution y is the same as
x. This happens if some basic variable x B(£) is equal to zero and the
corresponding component dB (£) of the direction vector d is negative.
Nevertheless, we can still define a new basis B, by replacing A B (£)

with A j [ef. Eqs. (3.3)-(3.4)], and Theorem 3.2 is still valid.

(b) Even if ()* is positive, it may happen that more than one of the original
basic variables becomes zero at the new point x+()*d. Since only one
of them exits the basis, the others remain in the basis at zero level,
and the new basic feasible solution is degenerate.

Basis changes while staying at the same basic feasible solution are
not in vain. As illustrated in Figure 3.3, a sequence of such basis changes
may lead to the eventual discovery of a cost reducing feasible direction. On
the other hand, a sequence of basis changes might lead back to the initial
basis, in which case the algorithm may loop indefinitely. This undesirable
phenomenon is called cycling. An example of cycling is given in Section 3.3,
after we develop some bookkeeping tools for carrying out the mechanics of
the algorithm. It is sometimes maintained that cycling is an exceptionally
rare phenomenon. However, for many highly structured linear program­
ming problems, most basic feasible solutions are degenerate, and cycling
is a real possibility. Cycling can be avoided by judiciously choosing the
variables that will enter or exit the basis (see Section 3.4). We now ClIS:CW3S

the freedom available in this respect.

The simplex algorithm, as we described it, has certain degrees of freedom:
in Step 2, we are free to choose any j whose reduced cost Cj is negative;
also, in Step 5, there may be several indices e that attain the minimum in
the definition of ()*, and we are free to choose anyone of them. Rules for
making such choices are called pivoting rules.

Regarding the choice of the entering column, the following rules
some natural candidates:



(a) Choose a column A j , with Cj < 0, whose reduced cost is the most
negative. Since the reduced cost is the rate of change of the cost
function, this rule chooses a direction along which costs decrease at
the fastest rate. However, the actual cost decrease depends on how
far we move along the chosen direction. This suggests the next rule.

(b) Choose a column with Cj < °for which the corresponding cost de­
crease B* ICj I is largest. This rule offers the possibility of reaching
optimality after a smaller number of iterations. On the other hand,
the computational burden at each iteration is larger, because we need
to compute B* for each column with Cj < 0. The available empirical
evidence suggests that the overall running time does not improve.

For large problems, even the rule that chooses the most negative Cj

can be computationally expensive, because it requires the computation of
the reduced cost of every variable. In practice, simpler rules are sometimes

Figure 3.3: We visualize a problem in standard form, with
n - m = 2, by standing on the two-dimensional plane defined by
the equality constraints Ax = b. The basic feasible solution x is
degenerate. If X4 and Xs are the nonbasic variables, then the two
corresponding basic directions are the vectors g and f. For either of
these two basic directions, we have ()* = O. However, if we perform
a change of basis, with X4 entering the basis and X6 exiting, the
new nonbasic variables are Xs and X6, and the two basic directions
are h and -g. (The direction -g is the one followed if X6 is in­
creased while Xs is kept at zero.) In particular, we can now follow
direction h to reach a new basic feasible solution y with lower cost.
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Naive implementation

3.3 Implementations of the simplex method
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used, such as the smallest subscript rule, that chooses the smallest j for
which Cj is negative. Under this rule, once a negative reduced cost is
discovered, there is no reason to compute the remaining reduced costs.
Other criteria that have been found to improve the overall running time
are the Devex (Harris, 1973) and the steepest edge rule (Goldfarb and Reid,
1977). Finally, there are methods based on candidate lists whereby one
examines the reduced costs of nonbasic variables by picking them one at
a time from a prioritized list. There are different ways of maintaining
such prioritized lists, depending on the rule used for adding, removing, or
reordering elements of the list.

Regarding the choice of the exiting column, the simplest option is
again the smallest subscript rule: out of all variables eligible to exit the
basis, choose one with the smallest subscript. It turns out that by following
the smallest subscript rule for both the entering and the exiting column,
cycling can be avoided (cf. Section 3.4).

In this section, we discuss some ways of carrying out the mechanics of the
simplex method. It should be clear from the statement of the algorithm
that the vectors B-1A j playa key role. If these vectors are available,
the reduced costs, the direction of motion, and the stepsize B* are easily
computed. Thus, the main difference between alternative implementations
lies in the way that the vectors B-1A j are computed and on the amount
of related information that is carried from one iteration to the next.

When comparing different implementations, it is important to keep
the following facts in mind (cf. Section 1.6). If B is a given m x m matrix
and b E ~m is a given vector, computing the inverse of B or solving a linear
system of the form Bx b takes O(m 3 ) arithmetic operations. Computing
a matrix-vector product Bb takes O(m2 ) operations. Finally, computing
an inner product p'b of two m-dimensional vectors takes O(m) arithmetic
operations.

We start by describing the most straightforward implementation in
no auxiliary information is carried from one iteration to the next. At the
beginning of a typical iteration, we have the indices B(l), ... ,B(m)
the current basic variables. We form the basis matrix Band cOInp'ute
p' = cSB- 1 , by solving the linear system p'B = cs for the unknown vector
p. (This vector p is called the vector of simplex multipliers associated with
the basis B.) The reduced cost Cj = Cj - cSB-1A j of any variable Xj

then obtained according to the formula



be the basis matrix at the beginning of an iteration and let

Revised simplex method
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Depending on the pivoting rule employed, we may have to compute all of the
reduced costs or we may compute them one at a time until a variable with
a negative reduced cost is encountered. Once a column A j is selected to
enter the basis, we solve the linear system Bu = A j in order to determine
the vector u = B-1A j . At this point, we can form the direction along
which we will be moving away from the current basic feasible solution. We
finally determine B* and the variable that will exit the basis, and construct
the new basic feasible solution.

We note that we need O(m3 ) arithmetic operations to solve the sys­
tems p'B = c's and Bu = A j . In addition, computing the reduced costs of
all variables requires O(mn) arithmetic operations, because we need to form
the inner product of the vector p with each one of the nonbasic columns A j .

Thus, the total computational effort per iteration is O(m3 + mn). We will
see shortly that alternative implementations require only O(m2 +mn) arith­
metic operations. Therefore, the implementation described here is rather
inefficient, in general. On the other hand, for certain problems with a spe­
cial structure, the linear systems p'B = c's and Bu A j can be solved
very fast, in which case this implementation can be of practical interest.
We will revisit this point in Chapter 7, when we apply the simplex method
to network flow problems.

B [AB (l) ... AB(m)]

Much of the computational burden in the naive implementation is due to
the need for solving two linear systems of equations. In an alternative
implementation, the matrix B-1 is made available at the beginning of each
iteration, and the vectors c'sB-1 and B-1A j are computed by a matrix­
vector multiplication. For this approach to be practical, we need an efficient
method for updating the matrix B-1 each time that we effect a change of
basis. This is discussed next.

Let

be the basis matrix at the beginning of the next iteration. These two basis
matrices have the same columns except that the £th column A B (€) (the one
that exits the basis) has been replaced by A j . It is then reasonable to expect
that B-1 contains information that can be exploited in the computation of

. After we develop some needed tools and terminology, we will see that
this is indeed the case. An alternative explanation and line of development
is outlined in Exercise 3.13.



In particular, multiplication from the left by the matrix Q has the effect of mul­
tiplying the third row of C by two and adding it to the first row.

The example that follows indicates thlat performing an elementary row
operation on a matrix C is equivalent to forming the matrix QC, where Q
is a suitably constructed square matrix.

+J
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I I
u e£+l

I I

I
e£-l

I

U£

Urn 1
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Example 3.3 Let

Q = [~
0

~] , C= [: :] ,1
0

and note that

[ 11 14 ]
QC= ~ 4 .

6

Generalizing Example 3.3, we see that multiplying the jth row by 13
and adding it to thf· ith row (for i -=I- j) is the same as left-multiplying by
the matrix Q = I D ij , where D ij is a matrix with all entries equal to
zero, except for the (i,j)th entry which is equal to 13. The determinant of
such a matrix Q is equal to 1 and, therefore, Q is invertible.

Suppose now that we apply a sequence of K elementary row oper­
ations and that the kth such operation corresponds to left-multiplication
by a certain invertible matrix Qk' Then, the sequence of these elementary
row operations is the same as left-multiplication by the invertible matrix:
QKQK-1 ... Q2Q1' We conclude that performing a sequence of elemen­
tary row operations on a given matrix is equivalent to left-multiplying that
matrix by a certain invertible matrix.

Since B-1B = I, we see that B-1AB(i) is the ith unit vector ei.
Using this observation, we have



When the matrix B-1 is updated in the manner we have described, we ob­
tain an implementation of the simplex method known as the revised simplex
method, which we summarize below.

and suppose that £ = 3. Thus, our objective is to transform the vector u to the
unit vector e3 = (0,0,1). We multiply the third row by 2 and add it to the first
row. We subtract the third row from the second row. Finally, we divide the third
row by 2. We obtain
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-1 ]
3 .

-1

-4
6

-1.5

~ ~ ],
-3 -2

--1 [ 9B = -6
2
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Example 3.4 Let

B-
1

= [ -~

where u = B-1A j . Let us apply a sequence of elementary row operations
that will change the above matrix to the identity matrix. In particular,
consider the following sequence of elementary row operations.

(a) For each i =1= £, we add the £th row times -udue to the ith row.
(Recall that ue > 0.) This replaces Ui by zero.

(b) We divide the £th row by ue. This replaces ue byone.

In words, we are adding to each row a multiple of the £th row to
replace the £th column u by the £th unit vector ee. This sequence of ele­
mentary row operations is equivalent to left-multiplying B-1B by a certain
invertible matrix Q. Since the result is the identity, we have QB-1B I,

which yields QB-1 = B-
1

. The last equation shows that if we apply
the same sequence of row operations to the matrix B-1 (equivalently, left-

multiply by Q), we obtain B-
1

. We conclude that all it takes to generate

, is to start with B-1 and apply the sequence of elementary row oper­
ations described above.



We finally describe the implementation of simplex method in terms of the
so-called full tableau. Here, instead of maintaining and updating the matrix
B-1, we maintain and update the m x (n + 1) matrix
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The fun tableau implementation

with columns B-1band B-1AI, ... ,B-1An. This matrix is called the
simplex tableau. Note that the column B-1b, called the zeroth column,
contains the values of the basic variables. The column B-1Ai is called the
ith column of the tableau. The column u B-1A j corresponding to the
variable that enters the basis is called the pivot column. If the £th basic
variable exits the basis, the £th row of the tableau is called the pivot row.
Finally, the element belonging to both the pivot row and the pivot column
is called the pivot element. Note that the pivot element is ue and is always
positive (unless u :S 0, in which case the algorithm has met the termination
condition in Step 3).

The information contained in the rows of the tableau admits the fol­
lowing interpretation. The equality constraints are initially given to
in the form b = Ax. Given the current basis matrix B, these ':"-1'11CtJ.ILy

constraints can also be expressed in the equivalent form

which is precisely the information in the tableau. In other words, the
of the tableau provide us with the coefficients of the equality COllst.raints
B-1b B-1Ax.

At the end of each iteration, we need to update the tableau B-1 [b I
and compute B-

1
[b IAj. This can be accomplished by left-multiplying



or, in more detail,

[0 Ie'] - g'[b IA],
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-e'sXB C1 ... cn

XB(1) I I
B-1A1 ... B-1A n

XB(m) I I
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simplex tableau with a matrix Q satisfying QB-1 = B-
1

. As explained
earlier, this is the same as performing those elementary row operations that
turn B-1 to B-

1
; that is, we add to each row a multiple ofthe pivot row to

set all entries of the pivot column to zero, with the exception of the pivot
element which is set to one.

Regarding the determination of the exiting column A B (£) and the
stepsize 8*, Steps 4 and 5 in the summary of the simplex method amount
to the following: XB(i)/Ui is the ratio of the ith entry in the zeroth column
of the tableau to the ith entry in the pivot column of the tableau. We only
consider those i for which Ui is positive. The smallest ratio is equal to 8*
and determines .e.

It is customary to augment the simplex tableau by including a top
row, to be referred to as the zeroth row. The entry at the top left corner
contains the value -e'sxB' which is the negative of the current cost. (The
reason for the minus sign is that it allows for a simple update rule, as will
be seen shortly.) The rest of the zeroth row is the row vector of reduced
costs, that is, the vector (5' = e' - e'sB-1A. Thus, the structure of the
tableau is:

The rule for updating the zeroth row turns out to be identical to the
rule used for the other rows of the tableau: add a multiple of the pivot row
to the zeroth row to set the reduced cost of the entering variable to zero.
We will now verify that this update rule produces the correct results for
the zeroth row.

At the beginning of a typical iteration, the zeroth row is of the form

where g' = e'sB-1. Hence, the zeroth row is equal to [0 I e '] plus a linear
combination of the rows of [b IA]. Let column j be the pivot column, and
row .e be the pivot row. Note that the pivot row is of the form h'[b I A],
where the vector h' is the .eth row of B-1 . Hence, after a multiple of the



[0 le'] - p/[b IA],

[0 le'] - e~B-1[b IA],

for some vector p. Recall that our update rule is such that the pivot column
entry of the zeroth row becomes zero, that is,
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pivot row is added to the zeroth row, that row is again equal to [0 I e/] plus
a (different) linear combination of the rows of [b I A]' and is of the form

C]3(f) - p'A]3(f) = Cj - p'A j = O.

Consider now the B(i)th column for i f. £. (This is a column corresponding
to a basic variable that stays in the basis.) The zeroth row entry of that
column is zero, before the change of basis, since it is the reduced cost of
a basic variable. Because B-1AB(i) is the ith unit vector and i f. £, the
entry in the pivot row for that column is also equal to zero. Hence, adding
a multiple of the pivot row to the zeroth row of the tableau does not affect
the zeroth row entry of that column, which is left at zero. We conclude
that the vector p satisfies C]3(i) - p'A]3(i) 0 for every column A]3(i) in

the new basis. This implies that e~ - p'B = 0, and p' e~B-1. Hence,

with our update rule, the updated zeroth row of the tableau is equal to

as desired.
We can now summarize the mechanics of the full tableau implemen­

tation.



Note that x = (0,0,0,20,20,20) is a basic feasible solution and can be used to
start the algorithm. Let accordingly, B(l) = 4, B(2) = 5, and B(3) = 6. The

The feasible set is shown in Figure 3.4.
After introducing slack variables, we obtain the following standard form

problem:

101Implementations of the simplex method

minimize -10Xl 12x2 12x3

subject to Xl + 2X2 + 2X3 + X4 20
2Xl + X2 + 2X3 + Xs 20
2Xl + 2X2 + X3 + X6 20

Xl, ... ,X6 ;::: 0.

Figure 3.4: The feasible set in Example 3.5. Note that we
have five extreme points. These are A (0,0,0) with cost 0,
B = (0,0,10) with cost -120, C (0,10,0) with cost -120,
D = (10,0,0) with cost -100, and E = (4,4,4) with cost -136. In
particular, E is the unique optimal solution.

Sec. 3.3

Example 3.5 Consider the problem

minimize -lOXI 12x2 12x3

subject to Xl + 2X2 + 2X3 :::; 20
2Xl + X2 + 2X3 :::; 20
2Xl + 2X2 + X3 :::; 20

Xl, X2, X3 ;::: 0.



corresponding basis matrix is the identity matrix I. To obtain the zeroth row of
the initial tableau, we note that CB = 0 and, therefore, C'aXB = 0 and c = c.
Hence, we have the following initial tableau:

The corresponding basic feasible solution is x = (10,0,0,10,0,0). In terms
of the original variables Xl, X2, X3, we have moved to point D = (10,0,0) in
Figure 3.4. Note that this is a degenerate basic feasible solution, because the
basic variable X6 is equal to zero. This agrees with Figure 3.4 where we observe
that there are four active constraints at point D.

We have mentioned earlier that the rows of the tableau (other than the
zeroth row) amount to a representation of the equality constraints B-1Ax =
B-1b, which are equivalent to the original constraints Ax = b. In our current

We note a few conventions in the format of the above tableau: the label Xi

on top of the ith column indicates the variable associated with that column. The
labels "Xi =" to the left of the tableau tell us which are the basic variables and in
what order. For example, the first basic variable XB(l) is X4, and its value is 20.
Similarly, XB(2) = X5 = 20, and XB(3) = X6 20. Strictly speaking, these labels
are not quite necessary. We know that the column in the tableau associated with
the first basic variable must be the first unit vector. Once we observe that the
column associated with the variable X4 is the first unit vector, it follows that X4

is the first basic variable.
We continue with our example. The reduced cost of Xl is negative and we

let that variable enter the basis. The pivot column is u = (1,2,2). We form the
ratios XB(i)/Ui, i = 1,2,3; the smallest ratio corresponds to i 2 and i = 3. We
break this tie by choosing £ = 2. This determines the pivot element, which we
indicate by an asterisk. The second basic variable XB(2), which is X5, exits the
basis. The new basis is given by :8(1) = 4, :8(2) = 1, and :8(3) = 6. We multiply
the pivot row by 5 and add it to the zeroth row. We multiply the pivot row by
1/2 and subtract it from the first row. We subtract the pivot row from the third
row. Finally, we divide the pivot row by 2. This leads us to the new tableau:
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Xl X2 X3 X4 X5 X6

0 -10 -12 -12 0 0 0

20 1 2 2 1 0 0

20 2* 1 2 0 1 0

20 2 2 1 0 0 1

Xl X2 X3 X4 X5 X6

100 0 -7 -2 0 5 0

10 0 1.5 1* 1 -0.5 0

10 1 0.5 1 0 0.5 0

0 0 1 -1 0 -1 1
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X4 =

X4 =

X6 =

X6 =

X5 =

Xl =



10 Xl + 0.5X2 + Xg + 0.5xs

10 1.5X2 + Xg + X4 0.5xs

example, the tableau indicates that the equality constraints can be written in the
equivalent form:
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Xl X2 Xg X4 Xs X6

120 0 -4 0 2 4 0

10 0 1.5 1 1 -0.5 0

0 1 -1 0 -1 1 0

10 0 2.5* 0 1 -1.5 1

Xl X2 Xg X4 Xs X6

136 0 0 0 3.6 1.6 1.6

4 0 0 1 0.4 0.4 -0.6

4 1 0 0 -0.6 0.4 0.4

4 0 1 0 0.4 -0.6 0.4

Implementations of the simplex methodSec. 3.3

X6 =

Xl =

Xg

Xg =

o X2 Xg Xs + X6.

We now return to the simplex method. With the current tableau, the
variables X2 and Xg have negative reduced costs. Let us choose Xg to be the one
that enters the basis. The pivot column is u = (1,1, -1). Since Ug < 0, we only
form the ratios XB(i)/Ui, for i = 1,2. There is again a tie, which we break by
letting £ = 1, and the first basic variable, X4, exits the basis. The pivot element is
again indicated by an asterisk. After carrying out the necessary elementary row
operations, we obtain the following new tableau:

In terms of Figure 3.4, we have moved to point B (0,0,10), and the cost
has been reduced to -120. At this point, X2 is the only variable with negative
reduced cost. We bring X2 into the basis, X6 exits, and the resulting tableau is:

We have now reached point E in Figure 3.4. Its optimality is confirmed by
observing that all reduced costs are nonnegative.

In this example, the simplex method took three changes of basis to reach
the optimal solution, and it traced the path A - D B - E in Figure 3.4. With
different pivoting rules, a different path would have been traced. Could the
simplex method have solved the problem by tracing the path A D - E, which
involves only two edges, with only two iterations? The answer is no. The initial

final bases differ in three columns, and therefore at least three basis changes
required. In particular, if the method were to trace the path A D - E, there

be a degenerate change of basis at point D (with no edge being traversed),
would again bring the total to three.



Example 3.6 This example shows that the simplex method can indeed cycle.
We consider a problem described in terms of the following initial tableau.

We use the following pivoting rules:

(a) We select a nonbasic variable with the most negative reduced cost Cj to be
the one that enters the basis.

(b) Out of all basic variables that are eligible to exit the basis, we select the
one with the smallest subscript.

We then obtain the following sequence of tableaux (the pivot element is indicated
by an asterisk):

Xl =
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Xl X2 X3 X4 X5 X6 X7

3 0 -4 -7/2 33 3 0 0

0 1 -32 -4 36 4 0 0

0 0 4* 3/2 -15 -2 1 0

1 0 0 1 0 0 0 1

Xl X2 X3 X4 X5 X6 X7

3 0 0 -2 18 1 1 0

0 1 0 8* -84 -12 8 0

0 0 1 3/8 -15/4 -1/2 1/4 0

1 0 0 1 0 0 0 1

Xl X2 X3 X4 X5 X6 X7

3 -3/4 20 -1/2 6 0 0 0

0 1/4* -8 -1 9 1 0 0

0 1/2 -12 -1/2 3 0 1 0

1 0 0 1 0 0 0 1

Xl X2 X3 X4 X5 X6 X7

3 1/4 0 0 -3 -2 3 0

0 1/8 0 1 -21/2 -3/2 1 0

0 -3/64 1 0 3/16* 1/16 -1/8 0

1 -1/8 0 0 21/2 3/2 -1 1

Xl =

X7 =

X2 =

X7 =

X6 =

X2 =

X3 =

X7
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Let us pretend that the problem is changed to

Comparison of the full tableau and the revised simplex
methods

We implement the simplex method on this new problem, except that we
never allow any of the components of the vector y to become basic. Then,
the simplex method performs basis changes as if the vector y were entirely
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Xl X2 X3 X4 X5 X6 X7

3 -3/4 20 -1/2 6 0 0 0

0 1/4 -8 -1 9 1 0 0

0 1/2 -12 -1/2 3 0 1 0

1 0 0 1 0 0 0 1

Xl X2 X3 X4 X5 X6 X7

3 -7/4 44 1/2 0 0 -2 0

0 -5/4 28 1/2 0 1 -3 0

0 1/6 -4 -1/6 1 0 1/3* 0

1 0 0 1 0 0 0 1

Xl X2 X3 X4 X5 X6 X7

3 -1/2 16 0 0 -1 1 0

0 -5/2 56 1 0 2* -6 0

0 -1/4 16/3 0 1 1/3 -2/3 0

1 5/2 -56 0 0 -2 6 1

X7 =

X6 =

X5 =

X5 =

X7 =

X3 =

X4 =

X7 =
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After six pivots, we have the same basis and the same tableau that we started
with. At each basis change, we had ()* = O. In particular, for each interme­
diate tableau, we had the same feasible solution and the same cost. The same
sequence of pivots can be repeated over and over, and the simplex method never
terminates.

minimize c'x + 0'y

subject to Ax + Iy = b

x,y20.



absent. Note also that the vector of reduced costs in the augmented problem
is

[c' I O'J - C~B-1 [A I I] = [c' I - C~B-1J.

Thus, the simplex tableau for the augmented problem takes the form
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In particular, by following the mechanics of the full tableau method on the
above tableau, the inverse basis matrix B-1 is made available at each iter­
ation. We can now think of the revised simplex method as being essentially
the same as the full tableau method applied to the above augmented prob­
lem, except that the part of the tableau containing B-1A is never formed
explicitly; instead, once the entering variable Xj is chosen, the pivot column
B-1A j is computed on the fly. Thus, the revised simplex method is just
a variant of the full tableau method, with more efficient bookkeeping. If
the revised simplex method also updates the zeroth row entries that lie on
top of B-1 (by the usual elementary operations), the simplex multipliers
p' C~B-1 become available, thus eliminating the need for solving the
linear system p'B = c~ at each iteration.

We now discuss the relative merits of the two methods. The full
tableau method requires a constant (and small) number of arithmetic op­
erations for updating each entry of the tableau. Thus, the amount of com­
putation per iteration is proportional to the size of the tableau, which is
O(mn). The revised simplex method uses similar computations to update
B-1 and c~B-1, and since only O(m2 ) entries are updated, the compu­
tational requirements per iteration are O(m2

). In addition, the reduced
cost of each variable Xj can be computed by forming the inner product
p'A j , which requires O(m) operations. In the worst case, the reduced cost
of every variable is computed, for a total of O(mn) computations per it­
eration. Since m ::; n, the worst-case computational effort per iteration is
O(mn+m2

) = O(mn), under either implementation. On the other hand, if
we consider a pivoting rule that evaluates one reduced cost at a time,
a negative reduced cost is found, a typical iteration of the revised simplex
method might require a lot less work. In the best case, if the first reduced
cost computed is negative, and the corresponding variable is chosen to en­
ter the basis, the total computational effort is only O(m2

). The conclusion
is that the revised simplex method cannot be slower than the full tableau
method, and could be much faster during most iterations.

Another important element in favor of the revised simplex method
is that memory requirements are reduced from O(mn) to O(m2 ). As n is
often much larger than m, this effect can be quite significant. It could
counterargued that the memory requirements of the revised simplex method



Practical performance enhancements

Table 3.1: Comparison of the full tableau method and revised
simplex. The time requirements refer to a single iteration.

are also O(mn) because of the need to store the matrix A. However, in
most large scale problems that arise in applications, the matrix A is very
sparse (has many zero entries) and can be stored compactly. (Note that the
sparsity of A does not usually help in the storage of the full simplex tableau
because even if A and B are sparse, B-1A is not sparse, in genera1.)

We summarize this discussion in the following table:
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Full tableau Revised simplex

Memory O(mn) O(m2
)

Worst-case time O(mn) O(mn)

Best-case time O(mn) O(m2
)

Sec. 3.3

Practical implementations of the simplex method aimed at solving problems
of moderate or large size incorporate a number of additional ideas from
numerical linear algebra which we briefly mention.

The first idea is related to reinversion. Recall that at each iteration
of the revised simplex method, the inverse basis matrix B-1 is updated
according to certain rules. Each such iteration may introduce roundoff
or truncation errors which accumulate and may eventually lead to highly
inaccurate results. For this reason, it is customary to recompute the matrix
B-1 from scratch once in a while. The efficiency of such reinversions can be
greatly enhanced by using suitable data structures and certain techniques
from computational linear algebra.

Another set of ideas is related to the way that the inverse basis matrix
B-1 is represented. Suppose that a reinversion has been just carried out
and B-1 is available. Subsequent to the current iteration of the revised
simplex method, we have the option of generating explicitly and storing

the new inverse basis matrix B-
1

. An alternative that carries the same
information, is to store a matrix Q such that QB-1 = B-

1
. Note that Q

basically prescribes which elementary row operations need to be applied to

B-1 in order to produce B-
1

. It is not a full matrix, and can be completely
specified in terms of m coefficients: for each row, we need to know what
multiple of the pivot row must be added to it.

Suppose now that we wish to solve the system Bu = A j for u, where
A j is the entering column, as is required by the revised simplex method.

We have u = B-
1
A j = QB-1A j , which shows that we can first compute



Lexicography

3.4 Anticycling: lexicography and Bland's
rule

In this section, we discuss anticycling rules under which the simplex method
is guaranteed to terminate, thus extending Theorem 3.3 to degenerate prob­
lems. As an important corollary, we conclude that if the optimal cost is fi­
nite, then there exists an optimal basis, that is, a basis satisfying B-1b 2: 0
and c' = c' - c'z,B-1 A 2: 0'.
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B-1A j and then left-multiply by Q (equivalently, apply a sequence of el­
ementary row operations) to produce u. The same idea can also be used
to represent the inverse basis matrix after several simplex iterations, as a
product of the initial inverse basis matrix and several sparse matrices like
Q.

The last idea we mention is the following. Subsequent to a "rein­
version," one does not usually compute B-1 explicitly, but B-1 is instead
represented in terms of sparse triangular matrices with a special structure.

The methods discussed in this subsection are designed to accomplish
two objectives: improve numerical stability (minimize the effect of roundoff
errors) and exploit sparsity in the problem data to improve both running
time and memory requirements. These methods have a critical effect in
practice. Besides having a better chance of producing numerically trust­
worthy results, they can also speed up considerably the running time of
the simplex method. These techniques lie much closer to the subject of
numerical linear algebra, as opposed to optimization, and for this reason
we do not pursue them in any greater depth.

We present here the lexicographic pivoting rule and prove that it prevents
the simplex method from cycling. Historically, this pivoting rule was de­
rived by analyzing the behavior of the simplex method on a nondegenerate
problem obtained by means of a small perturbation of the right-hand side
vector b. This connection is pursued in Exercise 3.15.

We start with a definition.



* * * *

1/3 0 5/3 1
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L
(0, 2, 3, 0) > (0, 2, 1, 4),

L
(0, 4, 5, 0) < (1, 2, 1, 2).

Anticyc1ing: lexicography and Bland's rule

For example,

Sec. 3.4

L
Also, when u > 0, we say that u is lexicographically positive.

Example 3.7 Consider the following tableau (the zeroth row is omitted), and
suppose that the pivot column is the third one (j = 3).

Note that there is a tie in trying to determine the exiting variable because
XB(l)/Ul = 1/3 and XB(S)/US = 3/9 = 1/3. We divide the first and third rows of
the tableau by Ul = 3 and Us = 9, respectively, to obtain:

1 0 5 3

2 4 6 -1

3 0 7 9

1/3 0 7/9 1

The tie between the first and third rows is resolved by performing a lexicographic
comparison. Since 7/9 < 5/3, the third row is chosen to be the pivot row, and
the variable XB(S) exits the basis.

We note that the lexicographic pivoting rule always leads to a unique
choice for the exiting variable. Indeed, if this were not the case, two of the
rows in the tableau would have to be proportional. But if two rows of the
matrix B-1A are proportional, the matrix B-1A has rank smaller than m
and, therefore, A also has rank less than m, which contradicts our standing
assumption that A has linearly independent rows.



The lexicographic pivoting rule is straightforward to use if the simple:x:
method is implemented in terms of the full tableau. It can also be used

U·
(new ith row) = (old ith row) -!:.(old £th row).

U£

Because of the lexicographic inequality (3.5), which is satisfied by the
old rows, the new ith row is also lexicographically positive.

(b) At the beginning of an iteration, the reduced cost in the pivot column
is negative. In order to make it zero, we need to add a positive
multiple of the pivot row. Since the latter row is lexicographically
positive, the zeroth row increases lexicographically.

(c) Since the zeroth row increases lexicographically at each iteration, it
never returns to a previous value. Since the zeroth row is determined
completely by the current basis, no basis can be repeated twice and
the simplex method must terminate after a finite number of iterations.

o

Proof.

(a) Suppose that all rows of the simplex tableau, other than the zeroth
row, are lexicographically positive at the beginning of a simplex iter­
ation. Suppose that Xj enters the basis and that the pivot row is the
£th row. According to the lexicographic pivoting rule, we have U£ > 0
and

(£th row) ~ (ith row), if i -# £ and Ui > O. (3.5)
U£ Ui

To determine the new tableau, the £th row is divided by the positive
pivot element U£ and, therefore, remains lexicographically positive.
Consider the ith row and suppose that Ui < O. In order to zero the
(i, j)th entry of the tableau, we need to add a positive multiple of
the pivot row to the ith row. Due to the lexicographic positivity of
both rows, the ith row will remain lexicographically positive after this
addition. Finally, consider the ith row for the case where Ui > 0 and
i -# £. We have
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Bland's rule

3.5 Finding an initial basic feasible solution

The smallest subscript pivoting rule, also known as Bland's rule, is as fol­
lows.
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in conjunction with the revised simplex method, provided that the inverse
basis matrix B-1 is formed explicitly (see Exercise 3.16). On the other
hand, in sophisticated implementations of the revised simplex method, the
matrix B-1 is never computed explicitly, and the lexicographic rule is not
really suitable.

We finally note that in order to apply the lexicographic pivoting rule,
an initial tableau with lexicographically positive rows is required. Let us
assume that an initial tableau is available (methods for obtaining an initial
tableau are discussed in the next section). We can then rename the vari­
ables so that the basic variables are the first m ones. This is equivalent
to rearranging the tableau so that the first m columns of B-1A are the m
unit vectors. The resulting tableau has lexicographically positive rows, as
desired.

This pivoting rule is compatible with an implementation of the re­
vised simplex method in which the reduced costs of the nonbasic variables
are computed one at a time, in the natural order, until a negative one is
discovered. Under this pivoting rule, it is known that cycling never occurs
and the simplex method is guaranteed to terminate after a finite number
of iterations.

In order to start the simplex method, we need to find an initial basic feasible
solution. Sometimes this is straightforward. For example, suppose that we
are dealing with a problem involving constraints of the form Ax :s:; b, where
b 2: O. We can then introduce nonnegative slack variables s and rewrite
the constraints in the form Ax + s = b. The vector (x, s) defined by x 0
and s b is a basic feasible solution and the corresponding basis matrix is

identity. In general, however, finding an initial basic feasible solution
is not easy and requires the solution of an auxiliary linear programming
problem, as will be seen shortly.



Driving artificial variables out of the basis

By possibly multiplying some of the equality constraints by -1, we can
assume, without loss of generality, that b 2: o. We now introduce a vector
y E 3?m of artificial variables and use the simplex method to solve the
auxiliary problem

The situation is more complex if the original problem is feasible, the simplex
method applied to the auxiliary problem terminates with a feasible solution
x* to the original problem, but some of the artificial variables are in the
final basis. (Since the final value of the artificial variables is zero, this
implies that we have a degenerate basic feasible solution to the auxiliary
problem.) Let k be the number of columns of A that belong to the final basis
(k < m) and, without loss of generality, assume that these are the columns
AB(l), ... ,AB(k)' (In particular, XB(l),"" xB(k) are the only variables
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minimize e/x
subject to Ax b

x > O.

minimize Yl +Y2 + "'+Ym
subject to Ax+y b

x > 0
y > o.

Consider the problem
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Initialization is easy for the auxiliary problem: by letting x = 0 and
y = b, we have a basic feasible solution and the corresponding basis matrix
is the identity.

If x is a feasible solution to the original problem, this choice of x
together with y = 0, yields a zero cost solution to the auxiliary problem..
Therefore, if the optimal cost in the auxiliary problem is nonzero, we con­
clude that the original problem is infeasible. If on the other hand, we obtain
a zero cost solution to the auxiliary problem, it must satisfy y = 0, and x
is a feasible solution to the original problem.

At this point, we have accomplished our objectives only partially. We
have a method that either detects infeasibility or finds a feasible solution to
the original problem. However, in order to initialize the simplex method for
the original problem, we need a basic feasible solution, an associated basis
matrix B, and - depending on the implementation - the
tableau. All this is straightforward if the simplex method, applied to the
auxiliary problem, terminates with a basis matrix B consisting ex(~lusively

of columns of A. We can simply drop the columns that correspond to the
artificial variables and continue with the simplex method on the OrJlglllGU

problem, using B as the starting basis matrix.
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that can be at nonzero level.) Note that the columns A B (1)"'" AB(k) must
be linearly independent since they are part of a basis. Under our standard
assumption that the matrix A has full rank, the columns of A span 2Rm ,

and we can choose m k additional columns A B (k+1) ' ... ,AB(m) of A, to
obtain a set of m linearly independent columns, that is, a basis consisting
exclusively of columns of A. With this basis, all nonbasic components of
x* are at zero level, and it follows that x* is the basic feasible solution
associated with this new basis as well. At this point, the artificial variables
and the corresponding columns of the tableau can be dropped.

The procedure we have just described is called driving the artificial
variables out of the basis, and depends crucially on the assumption that the
matrix A has rank m. After all, if A has rank less than m, constructing a
basis for 2Rm using the columns of A is impossible and there exist redundant
equality constraints that must be eliminated, as described by Theorem 2.5
in Section 2.3. All of the above can be carried out mechanically, in terms
of the simplex tableau, in the following manner.

Suppose that the £th basic variable is an artificial variable, which is
in the basis at zero level. We examine the £th row of the tableau and find
some j such that the £th entry of B-1A j is nonzero. We claim that A j

is linearly independent from the columns AB(l),"" AB(k)' To see this,
note that B-1AB(i) ei, i = 1, ... , k, and since k < £, the £th entry of
these vectors is zero. It follows that the £th entry of any linear combination
of the vectors B-1A B (1), ... ,B-1A B (k) is also equal to zero. Since the
£th entry of B-1 A j is nonzero, this vector is not a linear combination
of the vectors B-1A B (1), ... ,B-1A B (k)' Equivalently, A j is not a linear
cOlubinaLticm of the vectors A B (1)' ... ,AB(k), which proves our claim. We
now bring A j into the basis and have the £th basic variable exit the basis.
This is accomplished in the usual manner: perform those elementary row
operations that replace B-1A j by the £th unit vector. The only difference
from the usual mechanics of the simplex method is that the pivot element
(the £th entry of B-1A j ) could be negative. Because the £th basic variable
was zero, adding a multiple of the £th row to the other rows does not change
the values of the basic variables. This means that after the change of basis,

are still at the same basic feasible solution to the auxiliary problem,
but we have reduced the number of basic artificial variables by one. We
repeat this procedure as many times as needed until all artificial variables
are driven out of the basis.

Let us now assume that the £th row of B-1A is zero, in which case
the above described procedure fails. Note that the £th row of B-1A is

to g'A, where g' is the £th row of B-1. Hence, g'A 0' for some
nonzero vector g, and the matrix A has linearly dependent rows. Since we

dealing with a feasible problem, we must also have g'b O. Thus, the
constraint g'Ax g'b is redundant and can be eliminated (d. Theorem 2.5

Section 2.3). Since this constraint is the information provided by the £th
row of the tableau, we can eliminate that row and continue from there.



Example 3.8 Consider the linear programming problem:

We bring X4 into the basis and have Xs exit the basis. The basis matrix B is
the identity and only the zeroth row of the tableau changes. We obtain:

A basic feasible solution to the auxiliary problem is obtained by letting
(X5' X6, X7, xs) = b = (3,2,5,1). The corresponding basis matrix is the identity.
Furthermore, we have CB (1,1,1,1). We evaluate the reduced cost of each one
of the original variables Xi, which is -C~Ai, and form the initial tableau:

The simplex methodChap. 3

minimize Xl + X2 + X3

subject to Xl + 2X2 + 3X3 3
-Xl + 2X2 + 6X3 2

4X2 + 9X3 5
3 X 3 + X4 1

Xl, ... , X4 ::::: O.

Xl X2 X3 X4 X5 X6 X7 Xs

-11 0 -8 -21 -1 0 0 0 0

3 1 2 3 0 1 0 0 0

2 -1 2 6 0 0 1 0 0

5 0 4 9 0 0 0 1 0

1 0 0 3 1* 0 0 0 1

Xl X2 X3 X4 X5 X6 X7 Xs

-10 0 -8 -18 0 0 0 0 1

3 1 2 3 0 1 0 0 0

2 -1 2 6 0 0 1 0 0

5 0 4 9 0 0 0 1 0

1 0 0 3* 1 0 0 0 1

Xs

X5 =

X7 =

X5 =

X4 =

In order to find a feasible solution, we form the auxiliary problem

minimize X5 + X6 + X7 + Xs

subject to Xl + 2X2 + 3X3 + X5 3
-Xl + 2X2 + 6X3 + X6 2

4X2 + 9X3 + X7 5
3X3 + X4 + Xs 1

Xl, ... ,Xs ::::: o.
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We now bring X3 into the basis and have X4 exit the basis. The new tableau is:

We now have Xl enter the basis and Xs exit the basis. We obtain the following
tableau:

We now bring X2 into the basis and X6 exits. Note that this is a degenerate pivot
with (}* = O. The new tableau is:
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Xl X2 X3 X4 Xs X6 X7 Xs

-4 0 -8 0 6 0 0 0 7

2 1 2 0 -1 1 0 0 -1

0 -1 2* 0 -2 0 1 0 -2

2 0 4 0 -3 0 0 1 -3

1/3 0 0 1 1/3 0 0 0 1/3

Xl X2 X3 X4 Xs X6 X7 Xs

-4 -4 0 0 -2 0 4 0 -1

2 2* 0 0 1 1 -1 0 1

0 -1/2 1 0 -1 0 1/2 0 -1

2 2 0 0 1 0 -2 1 1

1/3 0 0 1 1/3 0 0 0 1/3

Xl X2 X3 X4 Xs X6 X7 Xs

0 0 0 0 0 2 2 0 1

1 1 0 0 1/2 1/2 -1/2 0 1/2

1/2 0 1 0 -3/4 1/4 1/4 0 -3/4

0 0 0 0 0 -1 -1 1 0

1/3 0 0 1 1/3 0 0 0 1/3

Finding an initial basic feasible solutionSec. 3.5

X2 =

X3 =

X7 =

X2 =

Xl =

X7 =

X6 =

X7 =

X3 =

Note that the cost in the auxiliary problem has dropped to zero, indicating that
we have a feasible solution to the original problem. However, the artificial variable
X7 is still in the basis, at zero level. In. order to obtain a basic feasible solution
to the original problem, we need to drive X7 out of the basis. Note that X7 is the
third basic variable and that the third entry of the columns B- 1A j , j = 1, ... ,4,
associated with the original variables, is zero. This indicates that the matrix
A has linearly dependent rows. At this point, we remove the third row of the
tableau, because it corresponds to a redundant constraint, and also remove all of
the artificial variables. This leaves us with the following initial tableau for the



The two-phase simplex method

We can now summarize a complete algorithm for linear programming prob­
lems in standard form.

We may now compute the reduced costs of the original variables, fill in the ze­
roth row of the tableau, and start executing the simplex method on the original
problem.

We observe that in this example, the artificial variable Xs was unnecessary.
Instead of starting with Xs = 1, we could have started with X4 = 1 thus elimi­
nating the need for the first pivot. More generally, whenever there is a variable
that appears in a single constraint and with a positive coefficient (slack variables
being the typical example), we can always let that variable be in the initial basis
and we do not have to associate an artificial variable with that constraint.
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Xl X2 X3 X4

* * * * *
1 1 0 0 1/2

1/2 0 1 0 -3/4

1/3 0 0 1 1/3

X2 =

X3 =

116

original problem:



The big-M method

LCjXj +MLYi,
j=l i=l
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mn
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The above two-phase algorithm is a complete method, in the sense
that it can handle all possible outcomes. As long as cycling is avoided (due
to either nondegeneracy, an anticycling rule, or luck), one of the following
possibilities will materialize:

(a) If the problem is infeasible, this is detected at the end of Phase I.

(b) If the problem is feasible but the rows of A are linearly dependent,
this is detected and corrected at the end of Phase I, by eliminating
redundant equality constraints. /

(c) If the optimal cost is equal to -00, this is detcted while running
Phase II. f

(d) Else, Phase II terminates with an optimal solution.

We close by mentioning an alternative approach, the big-M method, that
combines the two phases into a single one. The idea is to introduce a cost
function of the form

where M is a large positive constant, and where Yi are the same artificial
variables as in Phase I simplex. For a sufficiently large choice of M, if the
original problem is feasible and its optimal cost is finite, all of the artificial
variables are eventually driven to zero (Exercise 3.26), which takes us back
to the minimization of the original cost function. In fact, there is no reason
for fixing a numerical value for M. We can leave M as an undetermined
parameter and let the reduced costs be functions of M. Whenever M is
compared to another number (in order to determine whether a reduced cost
is negative), M will be always treated as being larger.



The reduced cost of X2 is negative when M is large enough. We therefore bri
X2 into the basis and X6 exits. Note that this is a degenerate pivot with B* =

Example 3.9 We consider the same linear programming problem as in Exam­
ple 3.8:

3
2
5
1
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minimize
subject to

Xl X2 X3 X4 Xs X6 X7

-10M 1 -8M+1 -18M + 1 0 0 0 0

3 1 2 3 0 1 0 0

2 -1 2 6 0 0 1 0

5 0 4 9 0 0 0 1

1 0 0 3* 1 0 0 0

Xl X2 X3 X4 Xs X6 X7

-4M -1/3 1 -8M+1 0 6M 1/3 0 0 0

2 1 2 0 -1 1 0 0

0 -1 2* 0 -2 0 1 0

2 0 4 0 -3 0 0 1

1/3 0 0 1 1/3 0 0 0

minimize Xl + X2 + X3 + Mxs + MX6 + MX7

subject to Xl + 2X2 + 3 X 3 + Xs 3
-Xl + 2X2 + 6 X 3 + X6 2

4X2 + 9X3 + X7 5
3X3 + X4 1

Xl, ... , X7 2': O.
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X7 =

Xs =

Xs =

X6 =

X6 =

X3 =

X7 =

Xl + X2 + X3

Xl + 2X2 + 3X3

-Xl + 2X2 + 6X3

4X2 + 9X3

3X3 + X4

Xl, ... ,X4 2': O.

We use the big-M method in conjunction with the following auxiliary problem,
in which the unnecessary artificial variable Xs is omitted.

A basic feasible solution to the auxiliary problem is obtained by letting
(xs, X6, X7, X4) = b = (3,2,5,1). The corresponding basis matrix is the identity.
Furthermore, we have CB = (M, M, M, 0). We evaluate the reduced cost of each
one of the original variables Xi, which is Ci - c'z,Ai , and form the initial tableau:

The reduced cost of X3 is negative when M is large enough. We therefore
X3 into the basis and have X4 exit. Note that in order to set the reduced
of X3 to zero, we need to multiply the pivot row by 6M - 1/3 and add it to
zeroth row. The new tableau is:



We now have Xl enter and Xs exit the basis. We obtain the following tableau:

In this section, we introduce an alternative way ofvisualizing the workings
of the simplex method. This approach provides some insights into why the

With M large enough, all of the reduced costs are nonnegative and we have
an optimal solution to the auxiliary problem. In addition, all of the artificial
variables have been driven to zero, and we have an optimal solution to the original
problem.
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Xl X2 X3 X4 Xs X6 X7

-7/4 0 0 1/4 0 2M - 3/4 2M + 1/4 0

1/2 1 0 -3/2 0 1/2 -1/2 0

5/4 0 1 9/4 0 1/4 1/4 0

0 0 0 0 0 -1 -1 1

1 0 0 3 1 0 0 0

Xl X2 X3 X4 Xs X6 X7

-11/6 0 0 0 -1/12 2M - 3/4 2M + 1/4 0

1 1 0 0 1/2 1/2 -1/2 0

1/2 0 1 0 -3/4 1/4 1/4 0

0 0 0 0 0 -1 -1 1

1/3 0 0 1 1/3* 0 0 0

Xl X2 X3 X4 Xs X6 X7

1 3 2 1
-4M- -4M+- 0 0 -2M+- 0 4M- - 0

3 2 3 2

2 2* 0 0 1 1 -1 0

0 -1/2 1 0 -1 0 1/2 0

2 2 0 0 1 0 -2 1

1/3 0 0 1 1/3 0 0 0

Xs =

X3 =

Sec. 3.5

X4 =

X2 =

X7 =

X2 =

Xl =

The new tableau is:

We now bring X4 into the basis and X3 exits. The new tableau is:

3.6 Column geometry and the simplex
method



where A is an m x n matrix and e is the n-dimensional vector with all
components equal to one. Although this might appear to be a special type
of a linear programming problem, it turns out that every problem with a
bounded feasible set can be brought into this form (Exercise 3.28). The
constraint e/x = 1 is called the convexity constraint. We also introduce
an auxiliary variable z defined by z = e/x. If AI, A 2 , ... , An are the n
columns of A, we are dealing with the problem of minimizing z subject to
the nonnegativity constraints x 2: 0, the convexity constraint L::7=1 Xi = 1,
and the constraint

(3.6)
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minimize e/x
subject to Ax b

e/x 1
x > 0,
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simplex method appears to be efficient in practice.
We consider the problem

In order to capture this problem geometrically, we view the horizontal
plane as an m-dimensional space containing the columns of A, and we
view the vertical axis as the one-dimensional space associated with the cost
components Ci. Then, each point in the resulting three-dimensional space
corresponds to a point (Ai, Ci); see Figure 3.5.

In this geometry, our objective is to construct a vector (b, z), which
is a convex combination of the vectors (Ai, Ci), such that z is as small as
possible. Note that the vectors of the form (b, z) lie on a vertical line, which
we call the requirement line, and which intersects the horizontal plane
b. If the requirement line does not intersect the convex hull of the
(Ai, Ci), the problem is infeasible. If it does intersect it, the problem is
feasible and an optimal solution corresponds to the lowest point in
intersection of the convex hull and the requirement line. For example, in
Figure 3.6, the requirement line intersects the convex hull of the points
(Ai, Ci); the point G corresponds to an optimal solution, and its height is
the optimal cost.

We now need some terminology.



Thus, three points are either collinear or they are affinely independent
and determine a two-dimensional simplex (a triangle). Similarly, four points
either lie on the same plane, or they are affinely independent and determine
a three-dimensional simplex (a pyramid).

Let us now give an interpretation of basic feasible solutions to prob­
lem (3.6) in this geometry. Since we have added the convexity constraint,
we have a total of m+ 1 equality constraints. Thus, a basic feasible solution
is associated with a collection of m+ 1 linearly independent columns (Ai, 1)
of the linear programming problem (3.6). These are in turn associated with
m+ 1 of the points (Ai, Ci), which we call basic points; the remaining points
(Ai, Ci) are called the nonbasic points. It is not hard to show that the m+ 1
basic points are affinely independent (Exercise 3.29) and, therefore, their
convex hull is an m-dimensional simplex, which we call the basic simplex.
Let the requirement line intersect the m-dimensional basic simplex at some
point (b, z). The vector of weights Xi used in expressing (b, z) as a convex
combination of the basic points, is the current basic feasible solution, and z
represents its cost. For example, in Figure 3.6, the shaded triangle CDF is
the basic simplex, and the point H corresponds to a basic feasible solution
associated with the basic points C, D, and F.

Let us now interpret a change of basis geometrically. In a change of
basis, a new point (A j , Cj) becomes basic, and one of the currently basic
points is to become nonbasic. For example, in Figure 3.6, if C, D, F,
are the current basic points, we could make point B basic, replacing F
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Figure 3.5: The column geometry.
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Figure 3.6: Feasibility and optimality in the column geometry.
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(even though this turns out not to be profitable). The new basic simplex
would be the convex hull of B, C, D, and the new basic feasible SOlutl.oh
would correspond to point I. Alternatively, we could make point E
replacing C, and the new basic feasible solution would now correspond
point G. After a change of basis, the intercept of the requirement line
the new basic simplex is lower, and hence the cost decreases, if and
if the new basic point is below the plane that passes through the old
points; we refer to the latter plane as the dual plane. For example,
E is below the dual plane and having it enter the basis is profitable; this
not the case for point B. In fact, the vertical distance from the dual
to a point (A j , Cj) is equal to the reduced cost of the associated variable
(Exercise 3.30); requiring the new basic point to be below the dual
is therefore equivalent to requiring the entering column to have neJ:?:ative
reduced cost.

We discuss next the selection of the basic point that will exit
basis. Each possible choice of the exiting point leads to a different
simplex. These m basic simplices, together with the original basic simple
(before the change of basis) form the boundary (the faces) of an (m + 1
dimensional simplex. The requirement line exits this (m + 1)-dimension
simplex through its top face and must therefore enter it by crossing some
other face. This determines which one of the potential basic simplices will
be obtained after the change of basis. In reference to Figure 3.6, the basic



Figure 3.7: The simplex method finds the optimal basis after
two iterations. Here, the point indicated by a number i corre­
sponds to the vector (Ai, Ci).

Example 3.10 Consider the problem illustrated in Figure 3.7, in which m = 1,
and the following pivoting rule: choose a point (Ai, Ci) below the dual plane to
become basic, whose vertical distance from the dual plane is largest. According to
Exercise 3.30, this is identical to the pivoting rule that selects an entering variable
with the most negative reduced cost. Starting from the initial basic simplex
consisting of the points (As, cs), (A6, C6), the next basic simplex is determined
by the points (As, cs), (A5 , C5), and the next one by the points (A5 , C5), (As, cs).
In particular, the simplex method only takes two pivots in this case. This example
indicates why the simplex method may require a rather small number of pivots,
even when the number of underlying variables is large.
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points C, D, F, determine a two-dimensional basic simplex. If point E
is to become basic, we obtain a three-dimensional simplex (pyramid) with
vertices C, D, E, F. The requirement line exits the pyramid through its
top face with vertices C, D, F. It enters the pyramid through the face with
vertices D, E, F; this is the new basic simplex.

We can now visualize pivoting through the following physical analogy.
Think of the original basic simplex with vertices C, D, F, as a solid object
anchored at its vertices. Grasp the corner of the basic simplex at the vertex
C leaving the basis, and pull the corner down to the new basic point E.
While so moving, the simplex will hinge, or pivot, on its anchor and stretch
down to the lower position. The somewhat peculiar terms (e.g., "simplex",
"pivot") associated with the simplex method have their roots in this column
geometry.



The number of iterations in the worst case

3.7 Computational efficiency of the simplex
method

The simplex method

i = 2, ... ,n,
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i = 1, ... ,no
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Although the number of extreme points of the feasible set can increase
exponentially with the number of variables and constraints, it has been
observed in practice that the simplex method typically takes only O(m)
pivots to find an optimal solution. Unfortunately, however, this practical
observation is not true for every linear programming problem. We will
describe shortly a family of problems for which an exponential number of
pivots may be required.

Recall that for nondegenerate problems, the simplex method always
moves from one vertex to an adjacent one, each time improving the value
of the cost function. We will now describe a polyhedron that has an ex­
ponential number of vertices, along with a path that visits all vertices, by
taking steps from one vertex to an adjacent one that has lower cost. Once
such a polyhedron is available, then the simplex method - under a pivoting
rule that traces this path - needs an exponential number of pivots.

Consider the unit cube in ~n, defined by the constraints

The computational efficiency of the simplex method is determined by two
factors:

(a) the computational effort at each iteration;

(b) the number of iterations.

The computational requirements of each iteration have already been dis­
cussed in Section 3.3. For example, the full tableau implementation needs
O(mn) arithmetic operations per iteration; the same is true for the revised
simplex method in the worst case. We now turn to a discussion of the
number of iterations.

The unit cube has 2n vertices (for each i, we may let either one of the two
constraints 0 ::; Xi or Xi ::; 1 become active). Furthermore, there exists a
path that travels along the edges of the cube and which visits each vertex
exactly once; we call such a path a spanning path. It can be constructed
according to the procedure illustrated in Figure 3.8.

Let us now introduce the cost function -Xn . Half of the vertices of
the cube have zero cost and the other half have a cost of -1. Thus, the cost
cannot decrease strictly with each move along the spanning path, and we
not yet have the desired example. However, if we choose some E E (0,
and consider the perturbation of the unit cube defined by the constraints

E ::; Xl ::; 1,



We observe in Figure 3.8 that the first and the last vertex in the span­
ning path are adjacent. This property persists in the perturbed polyhedron
as well. Thus, with a different pivoting rule, the simplex method could
terminate with a single pivot. We are thus led to the following question: is
it true that for every pivoting rule there are examples where the simplex

then it can be verified that the cost function decreases strictly with each
move along a suitably chosen spanning path. If we start the simplex method
at the first vertex on that spanning path and if our pivoting rule is to always
move to the next vertex on that path, then the simplex method will require
2n -1 pivots. We summarize this discussion in the following theorem whose
proof is left as an exercise (Exercise 3.32).
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Figure 3.8: (a) A spanning path P2 in the two-dimensional cube.
(b) A spanning path P3 in the three-dimensional cube. Notice
that this path is obtained by splitting the three-dimensional cube
into two two-dimensional cubes, following path P2 in one of them,
moving to the other cube, and following P2 in the reverse order.
This construction generalizes and provides a recursive definition of
a spanning path for the general n-dimensional cube.

Sec. 3.7
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see Figure 3.9.
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Figure 3.9: Let n = 2 and m = 8. (a) A bounded polyhedron
with diameter lm/2J 4. (b) An unbounded polyhedron with
diameter m 2 6.

The preceding discussion leads us to the notion of the diameter of a poly­
hedron P, which is defined as follows. Suppose that from any vertex of the
polyhedron, we are only allowed to jump to an adjacent vertex. We define
the distance d(x,y) between two vertices x and y as the minimum number
of such jumps required to reach y starting from x. The diameter D(P) of
the polyhedron P is then defined as the maximum of d(x,y) over all pairs
(x, y) of vertices. Finally, we define ,6,(n, m) as the maximum of D(P)
over all bounded polyhedra in Wn that are represented in terms of m linear
inequality constraints. The quantity ,6,u(n, m) is defined similarly, except
that general, possibly unbounded, polyhedra are allowed. For example, we
have

method takes an exponential number of iterations? For several popular
pivoting rules, such examples have been constructed. However, these ex­
amples cannot exclude the possibility that some other pivoting rule might
fare better. This is one of the most important open problems in the theory
of linear programming. In the next subsection, we address a closely related
issue.

,6,(2,m) = l;J'

The diameter of polyhedra and the Hirsch conjecture

Suppose that the feasible set in a linear programming problem has
diameter d and that the distance between vertices x and y is equal to d. If



The average case behavior of the simplex method
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Despite the significance of 6.(n, m) and 6.u (n, m), we are far from es­
tablishing the Hirsch conjecture or even from establishing that these quan­
tities exhibit polynomial growth. It is known (Klee and Walkup, 1967) that
the Hirsch conjecture is false for unbounded polyhedra and, in particular,
that

Unfortunately, this is the best lower bound known; even though it disproves
the Hirsch conjecture for unbounded polyhedra, it does not provide any
insights as to whether the growth of 6.u (n, m) is polynomial or exponential.

Regarding upper bounds, it has been established (Kalai and Kleit­
man, 1993) that the worst-case diameter grows slower than exponentially,
but the available upper bound grows faster than any polynomial. In par­
ticular, the following bounds are available:

6.(n, m) :::; 6.u (n, m) < ml+1og2 n = (2n)log2m.

the simplex method (or any other method that proceeds from one vertex
to an adjacent vertex) is initialized at x, and if y happens to be the unique
optimal solution, then at least d steps will be required. Now, if .6.(n, m) or
6.u (n, m) increases exponentially with nand m, this implies that there exist
examples for which the simplex method takes an exponentially increasing
number of steps, no matter which pivoting rule is used. Thus, in order to
have any hope of developing pivoting rules under which the simplex method
requires a polynomial number of iterations, we must first establish that
6.(n, m) or .6.u (n, m) grows with nand m at the rate of some polynomial.
The practical success of the simplex method has led to the conjecture that
indeed .6.(n, m) and 6.u (n, m) do not grow exponentially fast. In fact, the
following, much stronger, conjecture has been advanced:

Our discussion has been focused on the worst-case behavior of the simplex
method, but this is only part of the story. Even if every pivoting rule re­
quires an exponential number of iterations in the worst case, this is not
necessarily relevant to the typical behavior of the simplex method. For
this reason, there has been a fair amount of research aiming at an under­
standing of the typical or average behavior of the simplex method, and an
explanation of its observed behavior.

The main difficulty in studying the average behavior of any algorithm
lies in defining the meaning of the term "average." Basically, one needs to
define a probability distribution over the set of all problems of a given size,
and then take the mathematical expectation of the number of iterations



3.8 Summary

required by the algorithm, when applied to a random problem drawn ac­
cording to the postulated probability distribution. Unfortunately, there is
no natural probability distribution over the set of linear programming prob­
lems. Nevertheless, a fair number of positive results have been obtained for
a few different types of probability distributions. In one such result, a set of
vectors C, al, ... , am E ?Rn and scalars bl, ... ,bm is given. For i = 1, ... , m,
we introduce either constraint a~x ::; bi or a~x 2: bi , with equal probabil~

ity. We then have 2m possible linear programming problems, and suppose
that L of them are feasible. Haimovich (1983) has established that under
a rather special pivoting rule, the simplex method requires no more than
n/2 iterations, on the average over those L feasible problems. This linear
dependence on the size of the problem agrees with observed behavior; some
empirical evidence is discussed in Chapter 12.

This chapter was centered on the development of the simplex method, which
is a complete algorithm for solving linear programming problems in stan­
dard form. The cornerstones of the simplex method are:

(a) the optimality conditions (nonnegativity of the reduced costs) that
allow us to test whether the current basis is optimal;

(b) a systematic method for performing basis changes whenever the op­
timality conditions are violated.

At a high level, the simplex method simply moves from one extreme
point of the feasible set to another, each time reducing the cost, until an
optimal solution is reached. However, the lower level details of the simplex
method, relating to the organization of the required computations and the
associated bookkeeping, play an important role. We have described three
different implementations: the naive one, the revised simplex method, and
the full tableau implementation. Abstractly, they are all equivalent, but
their mechanics are quite different. Practical implementations of the sim­
plex method follow our general description of the revised simplex method,
but the details are different, because an explicit computation of the inverse
basis matrix is usually avoided.

We have seen that degeneracy can cause substantial difficulties, in­
cluding the possibility of nonterminating behavior (cycling). This is because
in the presence of degeneracy, a change of basis may keep us at the same
basic feasible solution, with no cost improvement resulting. Cycling can
be avoided if suitable rules for choosing the entering and exiting variables
(pivoting rules) are applied (e.g., Bland's rule or the lexicographic pivoting
rule).

Starting the simplex method requires an initial basic feasible solution,
and an associated tableau. These are provided by the Phase I simplex
algorithm, which is nothing but the simplex method applied to an auxiliary
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{d E Rn I Ad = 0, Dd::; O}.

3.9 Exercises
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Exercise 3.1 (Local minima of convex functions) Let f : Rn
f--t R be a

convex function and let S C Rn be a convex set. Let x* be an element of S.
Suppose that x* is a local optimum for the problem of minimizing f(x) over S;
that is, there exists some E > 0 such that f(x*) ::; f(x) for all xES for which
Ilx - x*11 ::; E. Prove that x* is globally optimal; that is, f(x*) ::; f(x) for all
xE S.

problem. We saw that the changeover from Phase I to Phase II involves
some delicate steps whenever some artificial variables are in the final basis
constructed by the Phase I algorithm.

The simplex method is a rather efficient algorithm and is incorporated
in most of the commercial codes for linear programming. While the number
of pivots can be an exponential function of the number of variables and
constraints in the worst case, its observed behavior is a lot better, hence
the practical usefulness of the method.

Exercise 3.2 (Optimality conditions) Consider the problem of minimizing
c'x over a polyhedron P. Prove the following:

(a) A feasible solution x is optimal if and only if c'd ~ 0 for every feasible
direction d at x.

(b) A feasible solution x is the unique optimal solution if and only if c'd > 0
for every nonzero feasible direction d at x.

Exercise 3.3 Let x be an element of the standard form polyhedron P {x E

I Ax = b, x ~ O}. Prove that a vector d E Rn is a feasible direction at x if
only if Ad = 0 and di ~ 0 for every i such that Xi = O.

Exercise 3.4 Consider the problem of minimizing c'x over the set P = {x E

~n I Ax = b, Dx ::; f, Ex ::; g}. Let x* be an element of P that satisfies
Dx* = f and (Ex*)i < gi for all i. Show that the set of feasible directions at the
point x* is the set

J£JC~l'ds~ 3.5 Let P {x E R3 I Xl + X2 + X3 = 1, x ~ O} and consider the
x = (0,0,1). Find the set of feasible directions at x.

E){eJrciise 3.6 (Conditions for a unique optimum) Let x be a basic feasible
solution associated with some basis matrix B. Prove the following:

If the reduced cost of every nonbasic variable is positive, then x is the
unique optimal solution.

If x is the unique optimal solution and is nondegenerate, then the reduced
cost of every nonbasic variable is positive.



Q = {(x, t) E lRn+I I Ax::;: tb, t E [0, IJ}.

Exercise 3.10 * Show that if n - m = 2, then the simplex method will
cycle, no matter which pivoting rule is used.

Exercise 3.11 * Construct an example with n - m = 3 and a pivoting
under which the simplex method will cycle.

The simplex method

i E N\ f,
i E B Uf.

i E Z,
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minimize c'd

subject to Ad 0

di 2:: 0,

maximize LXi

iEI

subject to Ax = b
Xi = 0,
Xi 2:: 0,
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(a) Give an example of P and Q, with n = 2, for which the zero vector (in
lRn +1

) is a degenerate basic feasible solution in Q; show the example in a
figure.

(b) Show that the zero vector (in lRn +1
) minimizes (c, O)'y over all y E Q if

and only if the optimal cost in the original linear programming problem is
greater than or equal to zero.

Exercise 3.7 (Optimality conditions) Consider a feasible solution x to a
standard form problem, and let Z = {i I Xi O}. Show that x is an optimal
solution if and only if the linear programming problem

Exercise 3.8* This exercise deals with the problem of deciding whether a given
degenerate basic feasible solution is optimal and shows that this is essentially as
hard as solving a general linear programming problem.

Consider the linear programming problem of minimizing c'x over all x E P,
where P = {x E lRn I Ax::;: b} is a given bounded and nonempty polyhedron.
Let

has an optimal cost of zero. (In this sense, deciding optimality is equivalent to
solving a new linear programming problem.)

(a) Show that if f is empty, then x' is the only optimal solution.

(b) Show that x' is the unique optimal solution if and only if the folloyviulg
linear programming problem has an optimal value of zero:

Exercise 3.9 (Necessary and sufficient conditions for a unique opti­
mum) Consider a linear programming problem in standard form and SUIPp()se
that x' is an optimal basic feasible solution. Consider an optimal basis associ~

ated with x'. Let Band N be the set of basic and nonbasic indices, respectively.
Let f be the set of nonbasic indices i for which the corresponding reduced
Ci are zero.



B - B = (AJj(£) - AB(£))e~,

where e£ is the ith unit vector.

(d) Note that e~B-1 is the ith row of B-1 and e~B-1 is the pivot row. Show
that

Exercise 3.14 Suppose that a feasible tableau is available. Show how to obtain
a tableau with lexicographically positive rows. Hint: Permute the columns.

Exercise 3.15 (Perturbation approach to lexicography) Consider a stan­
dard form problem, under the usual assumption that the rows of A are linearly
independent. Let E be a scalar and define

131

minimize -2X1 X2

subject to Xl X2 ::; 2
Xl + X2 ::; 6
X1,X2 :::: 0.
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Exercise 3.12 Consider the problem

C-1Wy'C-1
(C + Wy,)-l = C- 1

1 +y'C-1w '

(Note that wy' is an m x m matrix). Hint: Multiply both sides by (C +
Wy').

(b) Assuming that C-1 is available, explain how to obtain (C + Wy')-l using
only O(m2

) arithmetic operations.

(c) Let Band B be basis matrices before and after an iteration of the simplex
method. Let A B (£), A Jj(£) be the exiting and entering column, respectively.
Show that

(a) Convert the problem into standard form and construct a basic feasible
solution at which (X1,X2) = (0,0).

(b) Carry out the full tableau implementation of the simplex method, starting
with the basic feasible solution of part (a).

(c) Draw a graphical representation of the problem in terms of the original
variables Xl, X2, and indicate the path taken by the simplex algorithm.

Exercise 3.13 This exercise shows that our efficient procedures for updating a
tableau can be derived from a useful fact in numerical linear algebra.

(a) (Matrix inversion lemma) Let C be an m x m invertible matrix and let
u, Y be vectors in Rm

. Show that

'B-1 'B-1 'B-1 . 1ei = ei gie£, 2 = , ... ,m,

for suitable scalars gi. Provide a formula for gi. Interpret the above equa­
tion in terms of the mechanics for pivoting in the revised simplex method.

(e) Multiply both sides of the equation in part (d) by [b I A] and obtain an
interpretation of the mechanics for pivoting in the full tableau implemen­
tation.



For every 10 > 0, we define the E-perturbed problem to be the linear programming
problem obtained by replacing b with b(E).

(a) Given a basis matrix B, show that the corresponding basic solution XB(E)
in the E-perturbed problem is equal to

2
2
1
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+ 3X3 + X4

+ 4X4 +
3X4 +
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(b) Show that there exists some 10* > °such that all basic solutions to the
E-perturbed problem are nondegenerate, for °< 10 < 10*.

(c) Suppose that all rows of B-1 [b I I] are lexicographically positive. Show
that XB (E) is a basic feasible solution to the E-perturbed problem for 10

positive and sufficiently small.

(d) Consider a feasible basis for the original problem, and assume that all rows
of B-1 [b I I] are lexicographically positive. Let some nonbasic variable
Xj enter the basis, and define u = B- 1 A j . Let the exiting variable be
determined as follows. For every row i such that Ui is positive, divide the ith
row of B-1 [b I I] by Ui, compare the results lexicographically, and choose
the exiting variable to be the one corresponding to the lexicographically
smallest row. Show that this is the same choice of exiting variable as in
the original simplex method applied to the E-perturbed problem, when 10 is
sufficiently small.

(e) Explain why the revised simplex method, with the lexicographic rule de­
scribed in part (d), is guaranteed to terminate even in the face of degener­
acy.

Exercise 3.16 (Lexicography and the revised simplex method) Suppose
that we have a basic feasible solution and an associated basis matrix B such that
every row of B-1 is lexicographically positive. Consider a pivoting rule that
chooses the entering variable Xj arbitrarily (as long as Cj < 0) and the exiting
variable as follows. Let u = B-lAj . For each i with Ui > 0, divide the ith
of [B-lb I B-1

] by Ui and choose the row which is lexicographically smallest.
row R. was lexicographically smallest, then the R.th basic variable XB(£) exits the
basis. Prove the following:

(a) The row vector (-C~B-lb,-c~B-l)increases lexicographically at each
iteration.

(b) Every row of B- 1 is lexicographically positive throughout the algorithm.

(c) The revised simplex ~nethod terminates after a finite number of steps.

Exercise 3.17 Solve completely (i.e., both Phase I and Phase II) via the sim"
plex method the following problem:

minimize 2Xl + 3X2

subject to Xl + 3X2

Xl + 2X2

-Xl 4X2 + 3X3

Xl, ... ,X5 2: 0.
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-10 8 -2 0 0 0

4 -1 71 1 0 0

1 0: -4 0 1 0

(3 1 3 0 0 1

0 0 0 0 8 3 1 .;

(3 0 1 0 0: 1 0 3

2 0 0 1 -2 2 71 -1

3 1 0 0 0 -1 2 1
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entries 0:, (3, I, 8, 71, .; in the tableau are unknown parameters. Furthermore,
B be the basis matrix corresponding to having X2, X3, and Xl (in that order)
the basic variables. For each one of the following statements, find the ranges
values of the various parameters that will make the statement to be true.

Phase II of the simplex method can be applied using this as an initial
tableau.

Ji:~rlPlrrj~1P 3.18 Consider the simplex method applied to a standard form prob­
lem and assume that the rows of the matrix A are linearly independent. For each
of the statements that follow, give either a proof or a counterexample.

(a) An iteration of the simplex method may move the feasible solution by a
positive distance while leaving the cost unchanged.

(b) A variable that has just left the basis cannot reenter in the very next
iteration.

(c) A variable that has just entered the basis cannot leave in the very next
iteration.

(d) If there is a nondegenerate optimal basis, then there exists a unique optimal
basis.

(e) If x is an optimal solution found by the simplex method, no more than
m of its components can be positive, where m is the number of equality
constraints.

Exercise 3.19 While solving a standard form problem, we arrive at the follow­
ing tableau, with X3, X4, and Xs being the basic variables:

The entries 0:, (3, I, 8, 71 in the tableau are unknown parameters. For each
of the following statements, find some parameter values that will make the

staterneIlt true.

The current solution is optimal and there are multiple optimal solutions.

The optimal cost is -00.

The current solution is feasible but not optimal.

EJ{elrciise 3.20 Consider a linear programming problem in standard form, de­
in terms of the following initial tableau:



n

subject to L aiXi b
i=l

n

minimize L CiXi

i=1
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i = 1, ... ,n.

o

1 am ,m+1

Xi 2: 0,

o

1

oX m
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(b) The first row in the present tableau (below the row with the reduced costs)
indicates that the problem is infeasible.

(c) The corresponding basic solution is feasible, but we do not have an optimal
basis.

(d) The corresponding basic solution is feasible and the first simplex iteration
indicates that the optimal cost is -00.

(e) The corresponding basic solution is feasible, X6 is a candidate for entering
the basis, and when X6 is the entering variable, X3 leaves the basis.

(f) The corresponding basic solution is feasible, X7 is a candidate for enter­
ing the basis, but if it does, the solution and the objective value remain
unchanged.

Exercise 3.21 Consider the oil refinery problem in Exercise 1.16.

(a) Use the simplex method to find an optimal solution.

(b) Suppose that the selling price of heating oil is sure to remain fixed over the
next month, but the selling price of gasoline may rise. How high can it go
without causing the optimal solution to change?

(c) The refinery manager can buy crude oil B on the spot market at $40/barrel,
in unlimited quantities. How much should be bought?

Exercise 3.22 Consider the following linear programming problem with a sin­
gle constraint:

(a) Derive a simple test for checking the feasibility of this problem.

(b) Assuming that the optimal cost is finite, develop a simple method for ob­
taining an optimal solution directly.

Exercise 3.23 While solving a linear programming problem by the simplex
method, the following tableau is obtained at some iteration.

Assume that in this tableau we have Cj 2: 0 for j m + 1, ... , n - 1, and cn <
In particular, X n is the only candidate for entering the basis.

(a) Suppose that X n indeed enters the basis and that this is a nond,egEmera1;e
pivot (that is, ()* i= 0). Prove that X n will remain basic in all su])SeqUient



Exercise 3.25 (The simplex method with upper bound constraints)
Consider a problem of the form

Exercise 3.24 Show that in Phase I of the simplex method, if an artificial vari­
able becomes nonbasic, it need never again become basic. Thus, when an artificial
variable becomes nonbasic, its column can be eliminated from the tableau.

iterations of the algorithm and that X n is a basic variable in any optimal
basis.

(b) Suppose that X n indeed enters the basis and that this is a degenerate pivot
(that is, fJ* = 0). Show that X n need not be basic in an optimal basic
feasible solution.
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Ax=b

,
cx

0::; x::; u,

minimize

subject to
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where A has linearly independent rows and dimensions m x n. Assume that
Ui > 0 for all i.

(a) Let A B (l) ... , AB(m) be m linearly independent columns of A (the "basic"
columns). We partition the set of all i i= B(1), . .. , B(m) into two disjoint
subsets Land U. We set Xi = 0 for all i E L, and Xi = Ui for all i E U. We
then solve the equation Ax = b for the basic variables XB(l),'''' XB(m)'

Show that the resulting vector x is a basic solution. Also, show that it is
nondegenerate if and only if Xi i= 0 and Xi i= Ui for every basic variable Xi·

(b) For this part and the next, assume that the basic solution constructed in
part (a) is feasible. We form the simplex tableau and compute the reduced
costs as usual. Let Xj be some nonbasic variable such that Xj = 0 and
Cj < O. As in Section 3.2, we increase Xj by fJ, and adjust the basic variables
from XB to XB -fJB-1

A j . Given that we wish to preserve feasibility, what is
the largest possible value of fJ? How are the new basic columns determined?

(c) Let Xj be some nonbasic variable such that Xj = Uj and Cj > O. We
decrease X j by fJ, and adjust the basic variables from XB to XB + fJB -1 A j .

Given that we wish to preserve feasibility, what is the largest possible value
of fJ? How are the new basic columns determined?

(d) Assuming that every basic feasible solution is nondegenerate, show that the
cost strictly decreases with each iteration and the method terminates.

Exercise 3.26 (The big-M method) Consider the variant of the big-M meth­
od in which M is treated as an undetermined large parameter. Prove the follow­
ing.

(a) If the simplex method terminates with a solution (x, y) for which y = 0,
then x is an optimal solution to the original problem.

(b) If the simplex method terminates with a solution (x,y) for which y i= 0,
then the original problem is infeasible.

(c) If the simplex method terminates with an indication that the optimal cost
in the auxiliary problem is -00, show that the original problem is either



i=l

n

maximize L Yi
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(b) Suppose that we wish to find a vector x E Rn that satisfies Ax = band

x ?: 0, and such that the number of positive components of x is maximized.

Show how this can be accomplished by solving a single linear pr<)grarrlming

problem.

subject to A(z + y) = 0

Yi s: 1, for all i,

z,y?: o.

Exercise 3.27*

(a) Suppose that we wish to find a vector x E Rn that satisfies Ax = 0 and

x ?: 0, and such that the number of positive components of x is maximized.

Show that this can be accomplished by solving the linear programming

problem

infeasible or its optimal cost is -00. Hint: When the simplex method ter­

minates, it has discovered a feasible direction d = (d x , d y ) of cost decrease.

Show that d y = O.

(d) Provide examples to show that both alternatives in part (c) are possible.

Exercise 3.28 Consider a linear programming problem in standard form

a bounded feasible set. Furthermore, suppose that we know the value of a scalar

U such that any feasible solution satisfies Xi s: U, for all i. Show that

problem can be transformed into an equivalent one that contains the co:nsi:raint

2:::1 Xi 1.

Exercise 3.29 Consider the simplex method, viewed in terms of column

etry. Show that the m + 1 basic points (Ai, Ci), as defined in Section 3.6,

affinely independent.

Exercise 3.31 Consider the linear programming problem

minimize Xl + 3X2 + 2X3 + 2 X4

subject to 2X1 + 3X2 + X3 + X4 b1

Xl + 2X2 + X3 + 3X4 b2

Xl + X2 + X3 + X4 1

Xl, ... ,X4 ?: 0,

Exercise 3.30 Consider the simplex method, viewed in terms of column

etry. In the terminology of Section 3.6, show that the vertical distance from

dual plane to a point (A j , Cj) is equal to the reduced cost of the variable Xj.

where b1 , b2 are free parameters. Let P(b1, b2) be the feasible set. Use the

geometry of linear programming to answer the following questions.

(a) Characterize explicitly (preferably with a picture) the set of all (b1 , b2 )

which P(h,b2) is nonempty.



E:x:ercis:e 3.32 * Prove Theorem 3.5.
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The simplex method was pioneered by Dantzig in 1947, who later
wrote a comprehensive text on the subject (Dantzig, 1963).

For more discussion of practical implementations of the simplex meth­
od based on products of sparse matrices, instead of B-1 , see the books
by Gill, Murray, and Wright (1981), Chvatal (1983), Murty (1983),
and Luenberger (1984). An excellent introduction to numerical linear
algebra is the text by Golub and Van Loan (1983). Example 3.6,
which shows the possibility of cycling, is due to Beale (1955).

If we have upper bounds for all or some of the variables, instead
of converting the problem to standard form, we can use a suitable
adaptation of the simplex method. This is developed in Exercise 3.25
and in the textbooks that we mentioned earlier.

The lexicographic anticycling rule is due to Dantzig, Orden, and Wolfe
(1955). It can be viewed as an outgrowth of a perturbation method
developed by Orden and also by Charnes (1952). For an exposition
of the perturbation method, see Chvatal (1983) and Murty (1983),
as well as Exercise 3.15. The smallest subscript rule is due to Bland
(1977). A proof that Bland's rule avoids cycling can also be found in
Papadimitriou and Steiglitz (1982), Chvatal (1983), or Murty (1983).

The column geometry interpretation of the simplex method is due to
Dantzig (1963). For further discussion, see Stone and Tovey (1991).

(b) Characterize explicitly (preferably with a picture) the set of all (b I ,b2 ) for
which some basic feasible solution is degenerate.

(c) There are four bases in this problem; in the ith basis, all variables except
for Xi are basic. For every (b I , b2 ) for which there exists a degenerate basic
feasible solution, enumerate all bases that correspond to each degenerate
basic feasible solution.

(d) For i = 1, ... ,4, let 8i = {(bI' b2 ) I the ith basis is optimal}. Identify,
preferably with a picture, the sets 81 , ... ,84 .

For which values of (bI, b2) is the optimal solution degenerate?

Let bI 9/5 and b2 = 7/5. Suppose that we start the simplex method
with X2, X3, :1:4 as the basic variables. Which path will the simplex method
follow?

E:x:ercis:e 3.33 Consider a polyhedron in standard form, and let x, y be two
difterellt basic feasible solutions. If we are allowed to move from any basic feasible
SOlllltiC)ll to an adjacent one in a single step, show that we can go from x to y in

finite number of steps.



3.7. The example showing that the simplex method can take an exponen­
tial number of iterations is due to Klee and Minty (1972). The Hirsch
conjecture was made by Hirsch in 1957. The first results on the aver­
age case behavior of the simplex method were obtained by Borgwardt
(1982) and Smale (1983). Schrijver (1986) contains an overview of
the early research in this area, as well as proof of the n/2 bound on
the nu:rpber of pivots due to Haimovich (1983).

3.9. The results in Exercises 3.10 and 3.11, which deal with the smallest
examples of cycling, are due to Marshall and Suurballe (1969). The
matrix inversion lemma [Exercise 3.13(a)] is known as the Sherman­
Morrison formula.
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L(x, y,p) = x2+ y2 + p(l - x y).

4.1 Motivation

we introduce a Lagrange multiplier p and form the Lagrangean L(x, y,p)
defined by

Duality theoryChap. 4

p

2'x y
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While keeping p fixed, we minimize the Lagrangean over all x and y, sul)jel~t

to no constraints, which can be done by setting aLlax and aLlay to
The optimal solution to this unconstrained problem is

In this chapter, we start with a linear programming problem, called the pri­
mal, and introduce another linear programming problem, called the dual.
Duality theory deals with the relation between these two problems and un­
covers the deeper structure of linear programming. It is a powerful theoret­
ical tool that has numerous applications, provides new geometric insights,
and leads to another algorithm for linear programming (the dual simplex
method).

minimize x2+ y2

subject to x + Y 1,

Duality theory can be motivated as an outgrowth of the Lagrange multiplier
method, often used in calculus to minimize a function subject to equality
constraints. For example, in order to solve the problem

and depends on p. The constraint x + y = 1 gives us the additional reiatloll
p = 1, and the optimal solution to the original problem is x = Y 1/2.

The main idea in the above example is the following. Instead
enforcing the hard constraint x + y = 1, we allow it to be violated
associate a Lagrange multiplier, or price, p with the amount 1 x
by which it is violated. This leads to the unconstrained minimization
x2+ y2 + p(l - x - y). When the price is properly chosen (p = 1, in
example), the optimal solution to the constrained problem is also optinaal
for the unconstrained problem. In particular, under that specific value
the presence or absence of the hard constraint does not affect the UptIIJ:W,I
cost.

The situation in linear programming is similar: we associate a
variable with each constraint and start searching for prices under
the presence or absence of the constraints does not affect the optimal
It turns out that the right prices can be found by solving a new
programming problem, called the dual of the original. We now mCltlv-ate
the form of the dual problem.
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Consider the standard form problem

. (' 'A) { 0, if c' - p'A > 0',mmc-p X= . -x:::: 0 -00, otherwIse.

maximizing g(p), we only need to consider those values of p for which
is not equal to -00. We therefore conclude that the dual problem is

same as the linear programming problem

maximize p'b

subject to p'A::;; c'.

Sec. 4.1

the last inequality follows from the fact that x* is a feasible solution
the primal problem, and satisfies Ax* b. Thus, each p leads to a

bound g(p) for the optimal cost c'x*. The problem

maximize g(p)
subject to no constraints

be then interpreted as a search for the tightest possible lower bound
this type, and is known as the dual problem. The main result in du­

theory asserts that the optimal cost in the dual problem is equal to
optimal cost c'x* in the primal. In other words, when the prices are

according to an optimal solution for the dual problem, the option
violating the constraints Ax = b is of no value.

Using the definition of g(p), we have

g(p) = min [c'x + p'(b - Ax)]x::::0

p'b + min(c' p'A)x.x::::0

mInImIze c'x
subject to Ax b

x > 0,

which we call the primal problem, and let x* be an optimal solution, as­
sumed to exist. We introduce a relaxed problem in which the constraint
Ax b is replaced by a penalty p'(b - Ax), where p is a price vector of
the same dimension as b. We are then faced with the problem

mllllmlze c'x + p' (b - Ax)

subject to x::::: o.

Let g(p) be the optimal cost for the relaxed problem, as a function of the
price vector p. The relaxed problem allows for more options than those
present in the primal problem, and we expect g(p) to be no larger than the
optimal primal cost c'x*. Indeed,

g(p) = min [c'x + p' (b Ax)]::;; c'x* + p' (b - Ax*) c'x*,x:::: 0



which leads to the dual constraints

or, equivalently,

p/[A I -I] :::; [e l I01
],
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minimize e'x maximize p'b

subject to a~x 2: bi, i E M I , subject to Pi 2: 0,

a~x :::; bi, i E M 2 , Pi :::; 0,

a~x bi, i E M 3 , Pi free, i E

Xj 2: 0, j E N I , p'Aj :::; Cj, jE

Xj :::; 0, j E N2 , p/Aj 2: Cj, jE

Xj free, j E N 3 , p'Aj = Cj, jE
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to end up with the constraint piA = e' in the dual problem. These C011SI<j"'
erations motivate the general form of the dual problem which we mtro(lu(;e
in the next section.

In summary, the construction of the dual of a primal minirnization
problem can be viewed as follows. We have a vector of parameters
variables) p, and for every p we have a method for obtaining a lower
on the optimal primal cost. The dual problem is a maximization pf()blelJ1
that looks for the tightest such lower bound. For some vectors p,
corresponding lower bound is equal to -00, and does not carry any
information. Thus, we only need to maximize over those p that lead
nontrivial lower bounds, and this is what gives rise to the dual COlllst,railnt,s.

{
0, if e l

- piA = 01
,

min(el p'A)x
x -00, otherwise,

In the preceding example, we started with the equality constraint
Ax b and we ended up with no constraints on the sign of the price
vector p. If the primal problem had instead inequality constraints of the
form Ax 2: b, they could be replaced by Ax - s b, s 2: O. The equality
constraint can be written in the form

piA:::; e/, p 2: O.

Also, if the vector x is free rather than sign-constrained, we use the fact

[A I -I] [ : ] = b,

4.2 The dual problem

Let A be a matrix with rows a~ and columns A j . Given a primal pf()blerh.
with the structure shown on the left, its dual is defined to be the
mization problem shown on the right:
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p'b
p'A=c'
p? o.

maximize
subject to

maximize p'b
subject to p'A :5: c',b

x > 0,

c'x
Ax? b,

The dual problem

PRIMAL minimize maximize DUAL

? bi ?O
constraints :5: bi :5:0 variables

= bi free

?O <C- J

variables :5:0 > c· constraints- J

free Cj

minimize c'x
subject to Ax

minimize
subject to

Table 4.1: Relation between primal and dual variables and constraints.

If we start with a maximization problem, we can always convert it
equivalent minimization problem, and then form its dual according

rules we have described. However, to avoid confusion, we will adhere
the convention that the primal is a minimization problem, and its d'lial

maximization problem. Finally, we will keep referring to the objective
nction in the dual problem as a "cost" that is being maximized.

A problem and its dual can be stated more compactly, in matrix
if a particular form is assumed for the primal. We have, for

the following pairs of primal and dual problems:

xaml:>le 4.1 Consider the primal problem shown on the left and its dual shown

that for each constraint in the primal (other than the sign con­
we introduce a variable in the dual problem; for each variable in

primal, we introduce a constraint in the dual. Depending on whether
the primal constraint is an equality or inequality constraint, the corre­
spl:>nejlD.g dual variable is either free or sign-constrained, respectively. In
addii;ioJQ, depending on whether a variable in the primal problem is free or
sig:n-(~orlst:raine(i,we have an equality or inequality constraint, respectively,

the dual problem. We summarize these relations in Table 4.1.



We transform the dual into an equivalent minimization problem, rename
variables from pl, P2, P3 to Xl, X2, X3, and multiply the three last constraints
-1. The resulting problem is shown on the left. Then, on the right, we show
dual:

::::;1
2:2

3.

Pl 2: 0
P2 ::::; 0
P3 free.

5Pl + 6P2 + 4P3
Pl free
P2 2: 0
P3::::; 0

-Pl + 2P2
3Pl P2

3P2 + P3

-Pl - 2P2 3P3
Pl - 3P2

- 2Pl + P2 - 3P3 ::::;
- P3 2:

Chap. 4

maximize
subject to

maximize
subject to

2: -1
::::; -2

X3 = -3,

4X3

Xl 2: 0
X2 ::::; 0
X3 free,

Xl + 2X2 + 3X3
-Xl + 3X2 = 5
2Xl - X2 + 3X3 2: 6

X3 ::::; 4

-5Xl - 6X2
Xl free
X2 2: 0
X3 ::::; 0
Xl - 2X2

-3Xl + X2
3X2 -

minimize
subject to

minimize
subject to
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on the right:

We observe that the latter problem is equivalent to the primal problem we
with. (The first three constraints in the latter problem are the same as the
three constraints in the original problem, multiplied by -1. Also, if the m
mization in the latter problem is changed to a minimization, by multiplying
objective function by -1, we obtain the cost function in the original pn)bleml.)

The first primal problem considered in Example 4.1 had all
ingredients of a general linear programming problem. This suggests
the conclusion reached at the end of the example should hold in
Indeed, we have the following result. Its proof needs nothing more
the steps followed in Example 4.1, with abstract symbols replacing
numbers, and will therefore be omitted.

A compact statement that is often used to describe Theorem 4.
that "the dual of the dual is the primal."

Any linear programming problem can be manipulated into
several equivalent forms, for example, by introducing slack variables or
using the difference of two nonnegative variables to replace a single f
variable. Each equivalent form leads to a somewhat different form for
dual problem. Nevertheless, the examples that follow indicate that
duals of equivalent problems are equivalent.



that the dual constraints are of the form L.::::1Pia; s: c' and can be rewritten

transform the primal problem by introducing surplus variables and then ob­
its dual:
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(4.1)

p'b
P::':O
p'AS:c'

-p'A s: -c'.

p'b
p free
p'A=c'

-PS: O.

p'b
p::':O
p'A=c'.

p'b
p'As: c'.

maximize
subject to

i=l

maximize
subject to

maximize
subject to

maximize
subject to

i=l

b

c'x
Ax::':b
x free,

m-l m-l

bm = a;"x L 'Yia~X = L 'Yibi .

c'x + O's
Ax s b
x free
s::': 0,

c'x+ c'x­
Ax+ -Ax-::': b
x+::,: 0
x-::': 0,

The dual problem

minimize
subject to

minimize c'x
subject to Ax

minimize
subject to

minimize
subject to

m-l

L (Pi + 'YiPm)bi .
i=1

x > 0,

a~, ... ,a;" be the rows of A and suppose that am = L.::::~1 'Yiai for some
"11, ... ,"1m-I· In particular, the last equality constraint is redundant and

be eliminated. By considering an arbitrary feasible solution x, we obtain

that we have three equivalent forms of the primal. We observe that the
:mstra.int p ::': 0 is equivalent to the constraint -p s: O. Furthermore, the con­

p'A = c' is equivalent to the two constraints p'As: c' and -p'As: -c'.
the duals of the three variants of the primal problem are also equivalent.

m-l

L (Pi + 'YiPm )a; s: c'.
i=1

JrtJlermc,re, using Eq. (4.1), the dual cost L.::::1 Pi bi is equal to

The next example is in the same spirit and examines the effect of
emoviing redundant equality constraints in a standard form problem.

xa,mple 4.3 Consider a standard form problem, assumed feasible, and its

E)CaInr,le 4.2 Consider the primal problem shown on the left and its dual shown
on the right:

if we take the original primal problem and replace x by sign­
COIlstJ~ailled variables, we obtain the following pair of problems:



i=l
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If we now let qi Pi + "/ipm, we see that the dual problem is equivalent to

duality theorem

m-l

maximize L qibi

m-l

subject to L qi a ; s: ct.
i=l

We observe that this is the exact same dual that we would have obtained if
had eliminated the last (and redundant) constraint in the primal problem,
forming the dual.

The conclusions of the preceding two examples are summarized and
alized by the following result.

The proof of Theorem 4.2 involves a combination of the various ste
in Examples 4.2 and 4.3, and is left to the reader.

4.3

We saw in Section 4.1 that for problems in standard form, the cost
of any dual solution provides a lower bound for the optimal cost. We
show that this property is true in general.



Ui 2: 0, Vi,

Vj 2: 0, V j.

Ui p'Ax - p'b,
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Ui = Pi(a~x - bi ),

Vj = (Cj p'Aj)xj.

The duality theorem

For any vectors x and p, we define

°::; LUi + LVj c/x p/b. D
j

The weak duality theorem is not a deep result, yet it does provide
useful information about the relation between the primal and the
We have, for example, the following corollary.

LVj C/X-p/Ax.
j

e add these two equalities and use the nonnegativity of Ui, Vj, to obtain

Suppose that the optimal cost in the primal problem is -00 and
at the dual problem has a feasible solution p. By weak duality, p satisfies

::; c/x for every primal feasible x. Taking the minimum over all primal
x, we conclude that p'b ::; -00. This is impossible and shows that

dual cannot have a feasible solution, thus establishing part (a). Part
follows by a symmetrical argument.

Another important corollary of the weak duality theorem is the fol-

Supp,ose that x and p are primal and dual feasible, respectively. The def­
of the dual problem requires the sign of Pi to be the same as the

of a~x - bi , and the sign of Cj - p'Aj to be the same as the sign of x j .

primal and dual feasibility imply that



ity.

In addition,

maximize p'b

subject to p'A::::: e'.
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e' -e' B-IA > 0'B -,

Let us assume temporarily that the rows of A are linearly independent
that there exists an optimal solution. Let us apply the simplex method
this problem. As long as cycling is avoided, e.g., by using the le:x:icclgn:tplli<
pivoting rule, the simplex method terminates with an optimal solution
and an optimal basis B. Let XB = B-Ib be the corresponding vector
basic variables. When the simplex method terminates, the reduced
must be nonnegative and we obtain

minimize e'x
subject to Ax b

x > O.

Proof. Let x and p be as in the statement of the corollary. For every primal
feasible solution y, the weak duality theorem yields e'x = p'b ::::: e'y, which
proves that x is optimal. The proof of optimality of p is similar. 0

The next theorem is the central result on linear programming dual-

Proof. Consider the standard form problem

where e'a is the vector with the costs of the basic variables. Let us
a vector p by letting p' e'aB-I. We then have p'A ::::: e', which sho
that p is a feasible solution to the dual problem

p'b e'aB-1b = C'aXB = c'x.

It follows that p is an optimal solution to the dual (ef. Corollary 4.2),
the optimal dual cost is equal to the optimal primal cost.

If we are dealing with a general linear programming problem III
has an optimal solution, we first transform it into an equivalent st~m(iar



Figure 4.1: Proof of the duality theorem for general linear pro­
gramming problems.
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minimize c'x

subject to a;x::::: bi, Vi,

The duality theorem4.3

c is a vertical vector pointing upwards. At equilibrium, gravity is counter­
by the forces exerted on the ball by the "walls" of the polyhedron. The

forces are normal to the walls, that is, they are aligned with the vectors ai.
e conclude that c I:i Piai, for some nonnegative coefficients Pi; in particular,

~x''lnlpjle 4.4 Consider a solid ball constrained to lie in a polyhedron defined
ine:qualii;y constraints of the form a;x ::::: bi. If left under the influence of

this ball reaches equilibrium at the lowest corner x* of the polyhedron;
4.2. This corner is an optimal solution to the problem

problem TI2 , with the same optimal cost, and in which the rows of the
matrix A are linearly independent. Let D l and D2 be the duals of TIl and

respectively. By Theorem 4.2, the dual problems D l and D 2 have the
optimal cost. We have already proved that TI2 and D 2 have the same

optlDlal cost. It follows that TIl and D l have the same optimal cost (see
4.1).

The preceding proof shows that an optimal solution to the dual prob­
is obtained as a byproduct of the simplex method as applied to a primal

pf()bl,em in standard form. It is based on the fact that the simplex method
guaranteed to terminate and this, in turn, depends on the existence of

t>iv'otJ!llg rules that prevent cycling. There is an alternative derivation of the
C111<>I11-" theorem, which provides a geometric, algorithm-independent view

subject, and which is developed in Section 4.7. At this point, we
pr,ovi:de an illustration that conveys most of the content of the geometric



Figure 4.2: A mechanical analogy of the duality theorem.

Given that forces can only be exerted by the walls that touch the ball, we
have Pi 0, whenever a;x* > bi . Consequently, pi(bi - a;x*) = 0 for all i. We
therefore have p'b "L:.iPibi "L:.ipia;X* c'x*. It follows (Corollary 4.2)
p is an optimal solution to the dual, and the optimal dual cost is equal to the
optimal primal cost.

Duality theoryChap. 4

maximize p'b

subject to p'A = c'

p 2: o.
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the vector p is a feasible solution to the dual problem

Recall that in a linear programming problem, exactly one of the
lowing three possibilities will occur:

(a) There is an optimal solution.

(b) The problem is "unbounded"; that is, the optimal cost is -00

minimization problems), or +00 (for maximization problems).

(c) The problem is infeasible.

This leads to nine possible combinations for the primal and the dual,
are shown in Table 4.2. By the strong duality theorem, if one problem
an optimal solution, so does the other. Furthermore, as discussed
the weak duality theorem implies that if one problem is unbounded,
other must be infeasible. This allows us to mark some of the
Table 4.2 as "impossible."
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Table 4.2: The different possibilities for the primal and the dual.

case where both problems are infeasible can indeed occur, as shown by
following example.

4.5 Consider the infeasible primal

minimize Xl + 2X2

subject to Xl + X2 1
2XI + 2X2 3.

maximize PI + 3P2

subject to PI + 2P2 1

PI + 2P2 2,

which is also infeasible.

There is another interesting relation between the primal and the dual
is known as Clark's theorem (Clark, 1961). It asserts that unless

both problems are infeasible, at least one of them must have an unbounded
feasible set (Exercise 4.21).

An important relation between primal and dual optimal solutions is pro­
vided by the complementary slackness conditions, which we present next.

Proof. In the proof of Theorem 4.3, we defined Ui = Pi(a~x bi ) and
Vj = (Cj - piA j )Xj, and noted that for x primal feasible and p dual feasible,



we have Ui 2: 0 and Vj 2: 0 for all i and j. In addition, we showed that

c'x - p'b = I:: Ui + I:: Vj'

j

Chap. 4

minimize 13xl + 10x2 + 6X3 maximize 8Pl + 3P2
subject to 5Xl + X2 + 3X3 8 subject to 5Pl + 3P2 ::;

3Xl + X2 3 Pl + P2 ::;
Xl,X2,X3 2: 0, 3Pl <
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The first complementary slackness condition is automatically
fied by every feasible solution to a problem in standard form. If the pr
mal problem is not in standard form and has a constraint like a~x 2:b
the corresponding complementary slackness condition asserts that the dll
variable Pi is zero unless the constraint is active. An intuitive explanati
is that a constraint which is not active at an optimal solution can be r
moved from the problem without affecting the optimal cost, and there is n
point in associating a nonzero price with such a constraint. Note also th
analogy with Example 4.4, where "forces" were only exerted by the activ
constraints.

If the primal problem is in standard form and a nondegenerate optilI1
basic feasible solution is known, the complementary slackness cOlildl.tIOII1;
determine a unique solution to the dual problem. We illustrate this fact
the next example.

Example 4.6 Consider a problem in standard form and its dual:

By the strong duality theorem, if x and p are optimal, then c'x =
which implies that Ui = Vj = 0 for all i, j. Conversely, if Ui = Vj = 0 for
i, j, then c'x = p'b, and Corollary 4.2 implies that x and p are ~1-'"'U'al.

As will be verified shortly, the vector x* = (1,0,1) is a nondegenerate
solution to the primal problem. Assuming this to be the case, we use the
mentary slackness conditions to construct the optimal solution to the dual.
condition Pi (~x* - bi ) = 0 is automatically satisfied for each i, since the
is in standard form. The condition (Cj p'A j )x; = 0 is clearly satisfied for j
because X2 = O. However, since xi > 0 and X3 > 0, we obtain

and
3Pl = 6,

which we can solve to obtain Pl = 2 and P2 = 1. Note that this is a dual
solution whose cost is equal to 19, which is the same as the cost of x*.
verifies that x* is indeed an optimal solution as claimed earlier.

We now generalize the above example. Suppose that Xj is a
sic variable in a nondegenerate optimal basic feasible solution to a pri
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i = 1,.",m,

maximize p'b
m

subject to Uiai c
i=l

p 2 0.

subject to a~x 2 bi ,

The duality theorem

the dimension of x is equal to n. We assume that the vectors ai span
corresponding dual problem is

develop a geometric view that allows us to visualize pairs of primal
dual vectors without having to draw the dual feasible set.

We consider the primal problem

minimize c'x

in standard form. Then, the complementary slackness condition
oyields piA j = Cj for every such j. Since the basic columns

linearly independent, we obtain a system of equations for p which
unique solution, namely, pi = c~B-l. A similar conclusion can also

for problems not in standard form (Exercise 4.12). On the other
we are given a degenerate optimal basic feasible solution to the

complementary slackness may be of very little help in determining
solution to the dual problem (Exercise 4.17).

finally mention that if the primal constraints are of the form
x 2 0, and the primal problem has an optimal solution, then
optimal solutions to the primal and the dual which satisfy strict

~pllementar'Y slackness; that is, a variable in one problem is nonzero if
if the corresponding constraint in the other problem is active
4.20). This result has some interesting applications in discrete

iIl1jlza1bi011, but these lie outside the scope of this book.

geOI]rle'trl.c VIew

Let I be a subset of {I, ... , m} of cardinality n, such that the vectors
E I, are linearly independent. The system a~x = bi , i E I, has a unique

denoted by xl, which is a basic solution to the primal problem
Definition 2.9 in Section 2.2). We assume, that xl is nondegenerate,
is, a~xI of. bi for i 1:. I.
Let p E ~m be a dual vector (not necessarily dual feasible), and let

COllSHier what is required for xl and p to be optimai solutions to the
and the dual problem, respectively. We need:

(a) a~xI 2 Oi, for all i, (primal feasibility),

(b) Pi = 0, for all i 1:. I, (complementary slackness),

(c) E:IPi~ = c, (dual feasibility),

(d) p 2 0, (dual feasibility).



Given the complementary slackness condition (b), condition (c) be(~On1eS

Chap. 4

Figure 4.3: Consider a primal problem with two variables and
five inequality constraints (n = 2, n;z, = 5), and suppose that no
two of the vectors ai are collinear. Every two-element subset I
of {I, 2, 3, 4, 5} determines basic solutions xl and pI of the primal
and the dual, respectively.
If I {1,2}, Xl is primal infeasible (point A) and pI is dual in­
feasible, because c cannot be expressed as a nonnegative linear
combination of the vectors al and a2.

If I = {I, 3}, xl is primal feasible (point B) and pI is dual infea­
sible.
If I = {I, 4}, xl is primal feasible (point C) and pI is dual feasible,
because c can be expressed as a nonnegative linear combination of
the vectors al and a4. In particular, xl and pI are optimal.
If I = {1,5}, xl is primal infeasible (point D) and pI is dual
feasible.
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Since the vectors ai, i E I, are linearly independent, the latter equatio
has a unique solution that we denote by pI. In fact, it is readily
that the vectors ai, i E I, form a basis for the dual problem (which is
standard form) and is the associated basic solution. For the vector
to be dual feasible, we also need it to be nonnegative. We conclude
once the complementary slackness condition (b) is enforced, te~1silbility



assume that the rows of A are linearly independent and that there

Optimal dual variables as marginal costs
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Figure 4.4: The vector x* is a degenerate basic feasible solution
of the primaL If we choose I = {1,2}, the corresponding dual
basic solution pI is infeasible, because c is not a nonnegative linear
combination of al, a2. On the other hand, if we choose I = {I, 3}
or I = {2,3}, the resulting dual basic solution pI is feasible and,
therefore, optimaL

minimize c'x
subject to Ax b

x > o.

section, we elaborate on the interpretation of the dual variables as
This theme will be revisited, in more depth, in Chapter 5.

Consider the standard form problem

reEmlting dual vector pI is equivalent to c being a nonnegative linear
6rrlbina-tion of the vectors ai, i E I, associated with the active primal

This allows us to visualize dual feasibility without having to
the dual feasible set; see Figure 4.3.
If x* is a degenerate basic solution to the primal, there can be several

I such that xl x*. Using different choices for I, and by solving
system LiEI Piai = C, we may obtain several dual basic solutions pl. It
then well be the case that some of them are dual feasible and some are
see Figure 4.4. Still, if pI is dual feasible (i.e., all Pi are nonnegative)
if x* is primal feasible, then they are both optimal, because we have
enforcing complementary slackness and Theorem 4.5 applies.
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is a nondegenerate basic feasible solution x* which is optimal. Let B be
the corresponding basis matrix and let x B B-1b be the vector of basic
variables, which is positive, by nondegeneracy. Let us now replace b by
b + d, where d is a small perturbation vector. Since B-1 b > 0, we also
have (b + d) > 0, as long as d is small. This implies that the same
basis leads to a basic feasible solution of the perturbed problem as well.
Perturbing the right-hand side vector b has no effect on the reduced costs
associated with this basis. By the optimality of x* in the original problem,
the vector of reduced costs c' c~B-1A is nonnegative and this establishes
that the same basis is optimal for the perturbed problem as well. Thus,
the optimal cost in the perturbed problem is

where p' C~B-1 is an optimal solution to the dual problem. Therefore,
small change of d in the right-hand side vector b results in a change of
in the optimal cost. We conclude that each component Pi of the optinlal
dual vector can be interpreted as the marginal cost (or shadow price)
unit increase of the ith requirement bi .

We conclude with yet another interpretation of duality, for sta,ndard
form problems. In order to develop some concrete intuition, we
our discussion in terms of the diet problem (Example 1.3 in Section
We interpret each vector A j as the nutritional content of the jth aWtilabl~

food, and view b as the nutritional content of an ideal food that we
synthesize. Let us interpret Pi as the "fair" price per unit of the ith nu1;riE:nt.
A unit of the jth food has a value of Cj at the food market, but it also
a value of p'A j if priced at the nutrient market. Complementary sla,cknei3S
asserts that every food which is used (at a nonzero level) to synthesize
ideal food, should be consistently priced at the two markets. Thus, (lI":-l.IlI.V

is concerned with two alternative ways of cost accounting. The value of
ideal food, as computed in the food market, is c'x*, where x* is an optinlal
solution to the primal problem; the value of the ideal food, as cOlnputE:d
in the nutrient market, is p'b. The duality relation c'x* = p'b states
when prices are chosen appropriately, the two accounting methods
give the same results.

In this section, we concentrate on the case where the primal problem is
standard form. We develop the dual simplex method, which is an aiterrrative
to the simplex method of Chapter 3. We also comment on the rp]"t.ir\fl

between the basic feasible solutions to the primal and the dual, inc:lu<iing
a discussion of dual degeneracy.
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In the proof of the strong duality theorem, we considered the simplex
methcld applied to a primal problem in standard form and defined a dual

p by letting p' = C~B-1. We then noted that the primal optimality
co]aditio,n c' - C~B-1A 2': 0' is the same as the dual feasibility condition

:::; c'. We can thus think of the simplex method as an algorithm that
:tna,int,airls primal feasibility and works towards dual feasibility. A method

this property is generally called a primal algorithm. An alternative is
start with a dual feasible solution and work towards primal feasibility. A

Ulflthod of this type is called a dual algorithm. In this section, we present a
simplex method, implemented in terms of the full tableau. We argue
it does indeed solve the dual problem, and we show that it moves from

basic feasible solution of the dual problem to another. An alternative
jrnplE~ml3nt;ation that only keeps track of the matrix , instead of the

tableau, is called a revised dual simplex method (Exercise 4.23).

dual simplex method

us consider a problem in standard form, under the usual assumption
the rows of the matrix A are linearly independent. Let B be a basis

Imj,~nX, consisting of m linearly independent columns of and consider
corresponding tableau

-C~XB C1 ... cn

XB(l) I I
B-1A1 ... B-1A n

XB(m) I I

We do not require B-1b to be nonnegative, which means that we
a basic, but not necessarily feasible solution to the primal problem.

Howe'iTer. we assume that c 2': 0; equivalently, the vector p' = c~B-1

satisfil3s p'A :::; c', and we have a feasible solution to the dual problem.
cost of this dual feasible solution is p'b c~B-1 b = C~XB, which

the negative of the entry at the upper left corner of the tableau. If
inequality B-1b 2': 0 happens to hold, we also have a primal feasible

soluti.on with the same cost, and optimal solutions to both problems have
found. If the inequality B-1b 2': 0 fails to hold, we perform a change

basis in a manner we describe next.



We find some £ such that x B(.e) < 0 and consider the £th row of
tableau, called the pivot row; this row is of the form (XB(.e),V1""'Vn ),

where Vi is the £th component of B-1Ai' For each i with Vi < 0 (if such i
exist), we form the ratio cjlvil and let j be an index for which this
is smallest; that is, Vj < 0 and

Chap. 4

Xl Xz X3 X4 Xs

0 2 6 10 0 0

2 -2 4 1 1 0

~1 4 -2* -3 0 1

Xl Xz X3 X4 Xs

-3 14 0 1 0 3

0 6 0 -5 1 2

1/2 -2 1 3/2 0 -1/2

158

Cj . Ci
-= mIn -.
IVjl {ilvi<O} IVil

(We call the corresponding entry Vj the pivot element. Note that Xj

be a nonbasic variable, since the jth column in the tableau contains
negative element Vj.) We then perform a change of basis: column
enters the basis and column A B(.e) exits. This change of basis (or pivot)
effected exactly as in the primal simplex method: we add to each row of
tableau a multiple of the pivot row so that all entries in the pivot colurrm
are set to zero, with the exception of the pivot element which is set to 1.
particular, in order to set the reduced cost in the pivot column to zero,
multiply the pivot row by Cj jlvj I and add it to the zeroth row. For
i, the new value of Ci is equal to

_ Cj
Ci +Vi~'

which is nonnegative because of the way that j was selected ref. Eq.
We conclude that the reduced costs in the new tableau will also be nonnl8g~

ative and dual feasibility has been maintained.

Example 4.7 Consider the tableau

Xz =

X4 =

Since XB(Z) < 0, we choose the second row to be the pivot row. Negative
of the pivot row are found in the second and third column. We compare
corresponding ratios 6/1 - 21 and 10/1 - 31. The smallest ratio is 6/1 21
therefore, the second column enters the basis. (The pivot element is indicated
an asterisk.) We multiply the pivot row by 3 and add it to the zeroth row.
multiply the pivot row by 2 and add it to the first row. We then divide the
row by -2. The new tableau is
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cost has increased to 3. Furthermore, we now have B-1b 2: 0, and an
Or;l'!l!l,ttl solution has been found.

Note that the pivot element Vj is always chosen to be negative, where­
the corresponding reduced cost Cj is nonnegative. Let us temporarily

i:tM ,Ull1v that Cj is in fact positive. Then, in order to replace Cj by zero, we
to add a positive multiple of the pivot row to the zeroth row. Since
is negative, this has the effect of adding a negative quantity to the
left corner. Equivalently, the dual cost increases. Thus, as long as the

recluc:ed cost of every nonbasic variable is nonzero, the dual cost increases
each basis change, and no basis will ever be repeated in the course of

algorithm. It follows that the algorithm must eventually terminate and
can happen in one of two ways:

We have 2: 0 and an optimal solution.

(b) All of the entries VI, ... ,Vn in the pivot row are nonnegative and we
are therefore unable to locate a pivot element. In full analogy with
the primal simplex method, this implies that the optimal dual cost is
equal to +00 and the primal problem is infeasible; the proof is left as
an exercise (Exercise 4.22).

We now provide a summary of the algorithm.

Let us now consider the possibility that the reduced cost Cj in the
pivot column is zero. In this case, the zeroth row of the tableau does not
change and the dual cost c~B-Ib remains the same. The proof of termina-



When should we use the dual simplex method

The geometry of the dual simplex method

Duality theoryChap. 4

i = 1, ... ,m.
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If the dual simplex method is initialized so that every column of
tableau [that is, each vector (Cj, B-1A j )] is lexicographically positive,
if the above lexicographic pivoting rule is used, the method terminates in
finite number of steps. The proof is similar to the proof of the cOJrresp,Jn(jiuli!:
result for the primal simplex method (Theorem 3.4) and is left as an exe,rcif3e
(Exercise 4.24).

tion given earlier does not apply and the algorithm can cycle. This can be
avoided by employing a suitable anticycling rule, such as the following.

At this point, it is natural to ask when the dual simplex method
be used. One such case arises when a basic feasible solution of the
problem is readily available. Suppose, for example, that we already have
optimal basis for some linear programming problem, and that we
solve the same problem for a different choice of the right-hand side
b. The optimal basis for the original problem may be primal inf"eaf3ib.l¢
under the new value of b. On the other hand, a change in b does not
the reduced costs and we still have a dual feasible solution. Thus, mstea.<f'
of solving the new problem from scratch, it may be preferable to
the dual simplex algorithm starting from the optimal basis for the VH,SlW"~

problem. This idea will be considered in more detail in Chapter 5.

Our development of the dual simplex method was based entirely on tat>leaol.l
manipulations and algebraic arguments. We now present an alterrlativ¢
viewpoint based on geometric considerations.

We continue assuming that we are dealing with a problem in stand:arq
form and that the matrix A has linearly independent rows. Let B be a
matrix with columns A B (l)"'" AB(m)' This basis matrix de1;enmiIles
basic solution to the primal problem with XB = B-1b. The same basis
also be used to determine a dual vector p by means of the equations
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ample 4.8 Consider the following standard form problem and its dual:

2PI + pz
PI + pz :::; 1
2PI :::; 1
PI,PZ 2: 0.

maximize
subject to

Xl +Xz
Xl + 2xz 2: 2
Xl 2: 1
Xl, Xz 2: 0.

minimize
subject to

Xl +xz
Xl + 2xz - X3 2
Xl - X4 1
Xl, Xz, X3, X4 2: 0,

minimize
subject to

feasible set of the primal problem is 4-dimensional. If we eliminate the
X3 and X4, we obtain the equivalent problem

feasible sets of the equivalent primal problem and of the dual are shown in
4.5(a) and 4.5(b), respectively.

There is a total of five different bases in the standard form primal problem
five different basic solutions. These correspond to the points A, E, C, D,
E in Figure 4.5(a). The same five bases also lead to five basic solutions to

dual problem, which are points A, E, C, D, and E in Figure 4.5(b).

For example, if we choose the columns A 3 and A 4 to be the basic columns,
have the infeasible primal basic solution x (0,0,-2,-1) (point A). The
responding dual basic solution is obtained by letting piA 3 = C3 °and

4 = C4 = 0, which yields p = (0,0). This is a basic feasible solution of the
pf()blem and can be used to start the dual simplex method. The associated

tableau is

are m equations in m unknowns; since the columns AB(l)' ... ,AB(m)

linearly independent, there is a unique solution p. For such a vector p,
numt)er of linearly independent active dual constraints is equal to the

me,nSJIOn of the dual vector, and it follows that we have a basic solution
dual problem. In matrix notation, the dual basic solution p satisfies
c~, or p' c~B-\ which was referred to as the vector of simplex

l1l11;iplleJ~S in Chapter 3. If p is also dual feasible, that is, if p'A ::; c', then
basic feasible solution of the dual problem.

To summarize, a basis matrix B is associated with a basic solution
primal problem and also with a basic solution to the dual. A basic

to the primal (respectively, dual) which is primal (respectively,
tea,slt)le, is a basic feasible solution to the primal (respectively, dual).

We now have a geometric interpretation of the dual simplex method:
iteration, we have a basic feasible solution to the dual problem.

e basic feasible solutions obtained at any two consecutive iterations have
1 linearly independent active constraints in common (the reduced costs

the m - 1 variables that are common to both bases are zero); thus,
nsecutive basic feasible solutions are either adjacent or they coincide.



We carry out two iterations of the dual simplex method to obtain the foll.owin/1;
two tableaux:

This sequence of tableaux corresponds to the path ABC in either figure.
the primal space, the path traces a sequence of infeasible basic solutions until,

Duality theory

Xl X2 X3 X4

0 1 1 0 0

-2 -1 -2* 1 0

-1 -1 0 0 1

Xl X2 X3 X4

-1 1/2 0 1/2 0

1 1/2 1 -1/2 0

-1 -1* 0 0 1

Xl X2 X3 X4

-3/2 0 0 1/2 1/2

1/2 0 1 -1/2 1/2

1 1 0 0 -1

Chap. 4

X3 =

X4 =

Figure 4.5: The feasible sets in Example 4.8.
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eliminate X3 and X4 to obtain the equivalent primal problem

E)~alnI)le 4.9 Consider the following standard form problem and its dual:

optimality, it becomes feasible. In the dual space, the algorithm behaves exactly
like the primal simplex method: it moves through a sequence of (dual) basic
feasible solutions, while at each step improving the cost function.

163

3XI + XZ

Xl + XZ 2: 2
2XI - XZ 2: 0

XI,XZ 2: O.

minimize
subject to

Standard form problems and the dual simplex method

and degeneracy

minimize 3XI + Xz maximize 2PI
subject to Xl + Xz - X3 2 subject to PI + 2pz :::; 3

2XI Xz X4 0 PI pz :::; 1
XI,XZ,X3,X4 2: 0, PI,PZ 2: O.

Sec. 4.5

feasible set of the equivalent primal and of the dual is shown in Figures 4.6(a)
4.6(b), respectively.

There is a total of six different bases in the standard form primal problem,
ut only four different basic solutions [points A, B, 0, D in Figure 4.6(a)]. In the
ual problem, however, the six bases lead to six distinct basic solutions [points

A', A", B, 0, D in Figure 4.6(b)].

Having observed that the dual simplex method moves from one basic
feasible solution of the dual to an adjacent one, it may be tempting to say
that the dual simplex method is simply the primal simplex method applied
to the dual. This is a somewhat ambiguous statement, however, because the
dual problem is not in standard form. If we were to convert it to standard
form and then apply the primal simplex method, the resulting method is
not necessarily identical to the dual simplex method (Exercise 4.25). A
more accurate statement is to simply say that the dual simplex method is
a variant of the simplex method tailored to problems defined exclusively in
terms of linear inequality constraints.

us keep assuming that we are dealing with a standard form problem
in which the rows of the matrix A are linearly independent. Any basis

B leads to an associated dual basic solution given by pi = C~B-l.

this basic solution, the dual constraint piA j = Cj is active if and only if
= Cj, that is, if and only if the reduced cost Cj is zero. Since p is

m-diJmensi!onal, dual degeneracy amounts to having more than m reduced
that are zero. Given that the reduced costs of the m basic variables
be zero, dual degeneracy is obtained whenever there exists a nonbasic

val:iaible whose reduced cost is zero.
The example that follows deals with the relation between basic solu­
to the primal and the dual in the face of degeneracy.
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Figure 4.6: The feasible sets in Example 4.9.
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For example, if we let columns As and A 4 be basic, the primal basic
tion has Xl = XZ =0 and the corresponding dual basic solution is Clh,pz) = (0,
Note that this is a basic feasible solution of the dual problem. If we let colurrms
A l and As be basic, the primal basic solution has again Xl = XZ = 0.
the dual problem, however, the equations p'Al = Cl and p'As Cs
(pl,PZ) (0,3/2), which is a basic feasible solution of the dual, namely,
A' in Figure 4.6(b). Finally, if we let columns A z and As be basic, we still
the same primal solution. For the dual problem, the equations p'Az = Cl
p/As = Cs yield (Pl,PZ) = (0,-1), which is an infeasible basic solution to
dual, namely, point A" in Figure 4.6(b).

Example 4.9 has established that different bases may lead to the
basic solution for the primal problem, but to different basic solutions for
dual. Furthermore, out of the different basic solutions to the dual nrr1hlpm

it may be that some are feasible and some are infeasible.
We conclude with a summary of some properties of bases and

solutions, for standard form problems, that were discussed in this ,,,:;\~ul\Jll.

(a) Every basis determines a basic solution to the primal, but also
corresponding basic solution to the dual, namely, pi = c'z,B- 1 .

(b) This dual basic solution is feasible if and only if all of the reciuc:ed
costs are nonnegative.

(c) Under this dual basic solution, the reduced costs that are equal
zero correspond to active constraints in the dual problem.

(d) This dual basic solution is degenerate if and only if some nOllbaLSlQ
variable has zero reduced cost.
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minimize p'b
subjectto piA 2: 0' ,

linear inequalities

b

Farkas' lemma and linear inequalities

Farkas'

x > 0,

maximize 0 'x
subject to Ax

8upp;Jse that we wish to determine whether a given system of linear in­
E)qllalitlE)S is infeasible. In this section, we approach this question using

theory, and we show that infeasibility of a given system of linear
iIlE:quali1;ies is equivalent to the feasibility of another, related, system of

inequalities. Intuitively, the latter system of linear inequalities can
interpreted as a search for a certificate of infeasibility for the former

To be more specific, consider a set of standard form constraints Ax =

and x 2: o. Suppose that there exists some vector p such that piA 2: 0'
< O. Then, for any x 2: 0, we have piAx 2: 0 and since p'b < 0,

follows that piAx -I p'b. We conclude that Ax -I b, for all x 2: O. This
l1n~urllerlt shows that if we can find a vector p satisfying piA 2: 0 ' and

< 0, the standard form constraints cannot have any feasible solution,
such a vector p is a certificate of infeasibility. Farkas' lemma below

that whenever a standard form problem is infeasible, such a certificate
in1ea,slb'Ilrty p is guaranteed to exist.

One direction is easy. If there exists some x 2: 0 satisfying Ax = b,
if piA 2: 0 ' , then p'b = piAx 2: 0, which shows that the second

alterrlative cannot hold.
Let us now assume that there exists no vector x 2: 0 satisfying Ax

Consider the pair of problems

note that the first is the dual of the second. The maximization prob­
is infeasible, which implies that the minimization problem is either

unibOllllcled (the optimal cost is -00) or infeasible. Since p = 0 is a feasi­
solution to the minimization problem, it follows that the minimization

pf()bl<em is unbounded. Therefore, there exists some p which is feasible,
is, piA 2: 0' , and whose cost is negative, that is, p'b < O. 0

We now provide a geometric illustration of Farkas' lemma (see Fig­
4.7). Let A 1 , ... , An be the columns of the matrix A and note that
= L~=l Aixi' Therefore, the existence of a vector x 2: 0 satisfying



Results such as Theorems 4.6 and 4.7 are often called theorems of
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minimize
subject to

e/x
Ax:S:;b,

maximize
subject to
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Ax b is the same as requiring that b lies in the set of all nonnegative
linear combinations of the vectors AI, ... ,An, which is the shaded region
in Figure 4.7. If b does not belong to the shaded region (in which case the
first alternative in Farkas' lemma does not hold), we expect intuitively that
we can find a vector p and an associated hyperplane {z I p/Z = O} such
that b lies on one side of the hyperplane while the shaded region lies on the
other side. We then have p/b < 0 and p'Ai ~ 0 for all i, or, equivalently,
p'A ~ 0' , and the second alternative holds.

Farkas' lemma predates the development of linear programming, but
duality theory leads to a simple proof. A different proof, based on the
geometric argument we just gave, is provided in the next section.
there is an equivalent statement of Farkas' lemma which is sometimes
convenient.

Proof. Consider the following pair of problems

p/b
p/A=e'
p~O,

and note that the first is the dual of the second. If the system Ax :s:;
has a feasible solution and if every feasible solution satisfies e/x :s:; d,
the first problem has an optimal solution and the optimal cost is bOllnciecl
above by d. By the strong duality theorem, the second problem also h
an optimal solution p whose cost is bounded above by d. This Op1~1rr:la

solution satisfies p'A e/, p ~ 0, and p/b :s:; d.
Conversely, if some p satisfies p'A = e/, p ~ 0, and p/b :s:; d, th

the weak duality theorem asserts that every feasible solution to the fir
problem must also satisfy e/x :s:; d.
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Figure 4.7: If the vector b does not belong to the set of all
nonnegative linear combinations of AI, ... , An, then we can find a
hyperplane {z Ip'z = O} that separates it from that set.

There are several more results of this type; see, for example,
Exercises 4.26, 4.27, and 4.28.

Ccmsid(;r a market that operates for a single period, and in which n different
are traded. Depending on the events during that single period, there

m possible states of nature at the end of the period. If we invest one
in some asset i and the state of nature turns out to be s, we receive a
of rsi. Thus, each asset i is described by a payoff vector (rli' ... ,rmi)'

following m x n payoff matrix gives the payoffs of each of the n assets
each of the m states of nature:

Xi be the amount held of asset i. A portfolio of assets is then a vector
(Xl, ... , x n ). The components of a portfolio x can be either positive

negative. A positive value of Xi indicates that one has bought Xi units
asset i and is thus entitled to receive r siXi if state s materializes. A

tlp!mtivp value of Xi indicates a "short" position in asset i: this amounts to
IXil units of asset i at the beginning of the period, with a promise

buy them back at the end. Hence, one must payout rsilxil if state s
which is the same as receiving a payoff of rsixi.



w=Rx.

We introduce the vector w (WI, ... , wm ), and we obtain
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n

W s = LrSixi.
i=1

The wealth in state s that results from a portfolio x is given by
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Let Pi be the price of asset i in the beginning of the period, and let p =
(PI, ... ,Pn) be the vector of asset prices. Then, the cost of acquiring
portfolio x is given by p'x.

The central problem in asset pricing is to determine what the
Pi should be. In order to address this question, we introduce the ab,~ertce

of arbitrage condition, which underlies much of finance theory: asset
should always be such that no investor can get a guaranteed nonn.egative
payoff out of a negative investment. In other words, any portfolio
pays off nonnegative amounts in every state of nature, must be valuable
investors, so it must have nonnegative cost. Mathematically, the abseIlce
of arbitrage condition can be expressed as follows:

if Rx 2: 0, then we must have p'x 2: O.

Given a particular set of assets, as described by the payoff matrix
certain prices p are consistent with the absence of arbitrage. What cn~1ra,c"

terizes such prices? What restrictions does the assumption of no ar!)itJrag:¢
impose on asset prices? The answer is provided by Farkas' lemma.

Proof. The absence of arbitrage condition states that there exists
vector x such that x/R' 2: 0' and x'p < O. This is of the same form
condition (b) in the statement of Farkas' lemma (Theorem 4.6). (Note th
here p plays the role of b, and R' plays the role of A.) Therefore,
Farkas' lemma, the absence of arbitrage condition holds if and only if the
exists some nonnegative vector q such that R'q = p, which is the same
the condition in the theorem's statement.

Theorem 4.8 asserts that whenever the market works efficiently
to eliminate the possibility of arbitrage, there must exist "state prices"
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From separating hyperplanes to duality*

Consider the polyhedron P = {x E ~n I Ax ~ b}. Suppose that
x 2 , ... is a sequence of elements of P that converges to some x*. We have

we proceed any further, we need to develop some background ma­
A set S C ~n is called closed if it has the following property: if

, ... is a sequence of elements of S that converges to some x E ~n,

xES. In other words, S contains the limit of any sequence of elements
Intuitively, the set S contains its boundary.

:lm;ed sets and Weierstrass' theorem

us review the path followed in our development of duality theory. We
from the fact that the simplex method, in conjunction with an anti­
rule, is guaranteed to terminate. We then exploited the termination

nditions of the simplex method to derive the strong duality theorem. We
used the duality theorem to derive Farkas' lemma, which we inter­
in terms of a hyperplane that separates b from the columns of A. In

section, we show that the reverse line of argument is also possible. We
art from first principles and prove a general result on separating hyper­

lanes. We then establish Farkas' lemma, and conclude by showing that the
ality theorem follows from Farkas' lemma. This line of argument is more

egant and fundamental because instead of relying on the rather compli­
ted development of the simplex method, it only involves a small number

geometric concepts. Furthermore, it can be naturally generalized
nonlinear optimization problems.

can be used to value the existing assets. Intuitively, it establishes
nonnegative price qs for an elementary asset that pays one dollar if the

of nature is s, and nothing otherwise. It then requires that every asset
be consistently priced, its total value being the sum of the values of

elementary assets from which it is composed. There is an alternative
illteq)re-tation of the variables qs as being (unnormalized) probabilities of

different states s, which, however, we will not pursue. In general, the
price vector q will not be unique, unless the number of assets equals

exc:eecls the number of states.
The no arbitrage condition is very simple, and yet very powerful. It
key element behind many important results in financial economics,

these lie beyond the scope of this text. (See, however, Exercise 4.33 for
application in options pricing.)



separating hyperplane theorem

and D = S n B [Figure 4.9(a)]. The set D is nonempty, because w E

Proof. Let II· II be the Euclidean norm defined by [Ixll = (x'x)I/2. Let
fix some element w of S, and let
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B = {x [llx x*ll:::; Ilw - x*II},

to show that x* E P. For each k, we have x k E P and, therefore, Axk ~ b.
Taking the limit, we obtain Ax* = A(limk-+oo x k ) limk-+oo (Axk

) ~ b,
and x* belongs to P. 0

The following is a fundamental result from real analysis that provides
us with conditions for the existence of an optimal solution to an optimiza­
tion problem. The proof lies beyond the scope of this book and is omitted.

Weierstrass' theorem is not valid if the set S is not closed. Consider,
for example, the set S {x E ~ I x > O}. This set is not closed because
can form a sequence of elements of S that converge to zero, but x = °
not belong to S. We then observe that the cost function f(x) = x is
minimized at any point in S; for every x > 0, there exists another posItIve
number with smaller cost, and no feasible x can be optimaL Ultimately,
the reason that S is not closed is that the feasible set was defined by
of strict inequalities. The definition of polyhedra and linear pn)grarrlming
problems does not allow for strict inequalities in order to avoid situat;iOllS
of this type.

The result that follows is "geometrically obvious" but nevertheless
tremely important in the study of convex sets and functions. It states
if we are given a closed and nonempty convex set S and a point x* if.
then we can find a hyperplane, called a separating hyperplane, such that
and x* lie in different halfspaces (Figure 4.8).



(y-x*)'(x Y)2:0.

by ..\ and then take the limit as ..\ decreases to zero. We obtain
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VXED.Ily x*ll:::: Ilx x*ll,

2..\(y x*)'(x - y) + ..\211x - yl12 2: O.

(y - x*)'x 2: (y - x*)'y

From separating hyperplanes to duality*

Figure 4.8: A hyperplane that separates the point x* from the
convex set S.

Ily - x*11 2 < Ily + ..\(x y) - x*11 2

lIy x*11 2 + 2..\(y - x*)'(x y) + ..\211x Y112,

r any XES that does not belong to D, we have Ilx - x* II > Ilw x* II 2:
x* II. We conclude that y minimizes Ilx - x* II over all xES.
We have so far established that there exists an element y of S which

closest to x*. We now show that the vector c y - x* has the desired
perty [see Figure 4.9(b)].

Let xES. For any..\ satisfying 0 <..\:::: 1, we have y+..\(x-y) E S,
S is convex. Since y minimizes Ilx - x* II over all XES, we obtain

inequality states that the angle e in Figure 4.9(b) is no larger than
del~reles.1 Thus,

!'urthEJrrrlOre, D is the intersection of the closed set S with the closed set
and is also closed. Finally, D is a bounded set because B is bounded.
nsider the quantity Ilx - x* II, where x ranges over the set D. This is

continuous function of x. Since D is nonempty, closed, and bounded,
.eierstrass' theorem implies that there exists some y E D such that



Farkas' lemma revisited

Setting c y x* proves the theorem.
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(y - x*)'x* + (y - x*)'(y - x*)

> (y x*)'x*.

Figure 4.9: Illustration of the proof of the separating hyperplane
theorem.
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S {Ax I x;::::O}

{y I there exists x such that y = Ax, x;:::: o},

We now show that Farkas' lemma is a consequence of the separating
perplane theorem.

We will only be concerned with the difficult half of Farkas' lemma.
particular, we will prove that if the system Ax = b, x;:::: 0, does not
a solution, then there exists a vector p such that p'A ;:::: 0' and p'b <

Let

and suppose that the vector b does not belong to S. The set Sis
convex; it is also nonempty because 0 E S. Finally, the set S is closed;
may seem obvious, but is not easy to prove. For one possible proof, no
that S is the projection of the polyhedron {(x, y) I y = Ax, x ;:::: O} on
the y coordinates, is itself a polyhedron (see Section 2.8), and is therefo.).'
closed. An alternative proof is outlined in Exercise 4.37.

We now invoke the separating hyperplane theorem to separate b fro
S and conclude that there exists a vector p such that p'b < p'y for ever



duality theorem revisited

173

(4.3)

p'b
piA c'
p;::: 0,

c'x*,

maximize
subject to

c'x
Ax;:::b,

p'b = LPibi
iEI

From separating hyperplanes to duality*

minimize
subject to

shows that the cost of this dual feasible solution p is the same as the
primal cost. The duality theorem now follows from Corollary 4.2.

i rI: I, we define Pi = O. We then have p ;::: 0 and Eq. (4.3) shows that
vector p satisfies the dual constraint c'. In addition,

E S. Since 0 E S, we must have p'b < O. Furthermore, for every column
i of A and every A > 0, we have AAi E Sand p'b < AP'Ai. We divide

sides of the latter inequality by A and then take the limit as A tends
infinity, to conclude that p'Ai ;::: O. Since this is true for every i, we

p'A ;::: 0' and the proof is complete.

e will now derive the duality theorem as a corollary of Farkas' lemma.
only provide the proof for the case where the primal constraints are of
form Ax ;::: b. The proof for the general case can be constructed along

lines at the expense of more notation (Exercise 4.38). We also
that the proof given here is very similar to the line of argument used

heuristic explanation of the duality theorem in Example 4.4.
We consider the following pair of primal and dual problems

we assume that the primal has an optimal solution x*. We will show
the dual problem also has a feasible solution with the same cost. Once

is done, the strong duality theorem follows from weak duality (cf. Oorol­
4.2).
Let I = {i I a~x* bi } be the set of indices of the constraints that

active at x*. We will first show that any vector d that satisfies a~d ;::: 0
every i E I, must also satisfy c'd ;::: O. Consider such a vector d and let

a positive scalar. We then have a~(x* + Ed) ;::: aix* = bi for all i E I.
addition, if i rI: I and if E is sufficiently small, the inequality a~x* > bi

plies that a~(x*+Ed) > bi . We conclude that when Eis sufficiently small,
Ed is a feasible solution. By the optimality of x*, we obtain c'd ;::: 0,

establishes our claim. By Farkas' lemma (d. Corollary 4.3), c can
expressed as a nonnegative linear combination of the vectors ai, i E I,

there exist nonnegative scalars Pi, i E I, such that



The first step in our development is to introduce the concept of a cone.
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extreme rays

Figure 4.10: Examples of cones.

Cones
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In conclusion, we have accomplished the goals that were set out in
beginning of this section. We proved the separating hyperplane thEloHlill,
which is a very intuitive and seemingly simple result, but with many
portant ramifications in optimization and other areas in mathematics.
used the separating hyperplane theorem to establish Farkas' lemma,
finally showed that the strong duality theorem is an easy cOllsequen<~e

Farkas'lemma.

4.8

Cones

We have seen in Chapter 2, that if the optimal cost in a linear program
problem is finite, then our search for an optimal solution can be restric
to finitely many points, namely, the basic feasible solutions, assuming 0

exists. In this section, we wish to develop a similar result for the case whe
the optimal cost is -00. In particular, we will show that the optimal c
is -00 if and only if there exists a cost reducing direction along which
can move without ever leaving the feasible set. Furthermore, our search
such a direction can be restricted to a finite set of suitably defined "e}~tnmn

rays."



Ad=O,
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This result is a special case of Theorem 2.6 in Section 2.5.

let us fix some YEP. We define the recession cone at y as the set of
directions d along which we can move indefinitely away from y, without
ving the set P. More formally, the recession cone is defined as the set

{d E lRn IA(y + Ad) ?: b, for all A ?: OJ.

is easily seen that this set is the same as

ays and recession cones

onsider a nonempty polyhedron

d is a polyhedral cone. This shows that the recession cone is independent
the starting point y; see Figure 4.11. The nonzero elements of the

cession cone are called the rays of the polyhedron P.
For the case of a nonempty polyhedron P {x E lRn IAx = x ?:

in standard form, the recession cone is seen to be the set of all vectors
satisfy

Notice that if C is a nonempty cone, then 0 E C. To see this, consider
an arbitrary element x of C and set A = 0 in the definition of a cone; see
also Figure 4.10. A polyhedron of the form P = {x E lRn I Ax ?: O} is
easily seen to be a nonempty cone and is called a polyhedral cone.

Let x be a nonzero element of a polyhedral cone C. We then have
3x/2 E C and x/2 E C. Since x is the average of 3x/2 and x/2, it is not
an extreme point and, therefore, the only possible extreme point is the zero
vector. If the zero vector is indeed an extreme point, we say that the cone

pointed. Whether this will be the case or not is determined by the criteria
nrr)1Jjrjpn by our next result.



Figure 4.11: The recession cone at different elements of a polyhedron.

Extreme rays
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We now define the extreme rays of a polyhedron. Intuitively, these are
directions associated with "edges" of the polyhedron that extend to infini
see Figure 4.12 for an illustration.

Note that a positive multiple of an extreme ray is also an extreme
We say that two extreme rays are equivalent if one is a positive multiple
the other. Note that for this to happen, they must correspond to the sa
n-1linearly independent active constraints. Any n-llinearly independ
constraints define a line and can lead to at most two nonequivalent extre
rays (one being the negative of the other). Given that there is a fi
number of ways that we can choose n - 1 constraints to become act'
and as long as we do not distinguish between equivalent extreme rays,
conclude that the number of extreme rays of a polyhedron is finite. A fi
collection of extreme rays will be said to be a complete set of extreme
if it contains exactly one representative from each equivalence class.
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Figure 4.12: Extreme rays of polyhedral cones. (a) The vector
y is an extreme ray because n = 2 and the constraint a~x 0
is active at y. (b) A polyhedral cone defined by three linearly
independent constraints of the form a~x 2: O. The vector z is
an extreme ray because n = 3 and the two linearly independent
constraints a~x 2: 0 and a~x 2: 0 are active at z.

The definition of extreme rays mimics the definition of basic feasible
An alternative and equivalent definition, resembling the defini­

of extreme points of polyhedra, is explored in Exercise 4.39.

One direction of the result is trivial because if some extreme ray
nel~ative cost, then the cost becomes arbitrarily negative by moving

this ray.

For the converse, suppose that the optimal cost is -00. In particular,
exists some x E C whose cost is negative and, by suitably scaling x,

e now derive conditions under which the optimal cost in a linear pro­
amming problem is equal to -00, first for the case where the feasible set

and then for the general case.

lh2lra.ctlerizaticln of unbounded linear programming



we can assume that c'x -1. In particular, the polyhedron

p ==:. {x E Rn I a~x 2: 0, ... ,a~x 2: 0, c'x = -I}

If the primal problem is unbounded, the dual problem is infeasible.
the related problem
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minimize c'x

subject to Ax 2: 0,

maximize p'b

subject to p'A = c'

p 2: 0.

is nonempty. Since C is pointed, the vectors al, ... ,am span Rn and this
implies that P has at least one extreme point; let d be one of them. At d,
we have n linearly independent active constraints, which means that n - 1
linearly independent constraints of the form a~x 2: °must be active. It
follows that d is an extreme ray of C. 0

By exploiting duality, Theorem 4.13 leads to a criterion for unbound­
edness in general linear programming problems. Interestingly enough,
criterion does not involve the right-hand side vector b.

Proof. One direction of the result is trivial because if an extreme ray
negative cost, then the cost becomes arbitrarily negative by starting at
feasible solution and moving along the direction of this ray.

For the proof of the reverse direction, we consider the dual nr,,,hl"lln'

maximize p'°
subject to p'A = c'

p 2: 0,

is also infeasible. This implies that the associated primal problem

is either unbounded or infeasible. Since x = °is one feasible solutIon,
must be unbounded. Since the primal feasible set has at least one extre
point, the rows of A span Rn, where n is the dimension of x. It foIl
that the recession cone {x I Ax 2: o} is pointed and, by Theorem
there exists an extreme ray d of the recession cone satisfying c'd < 0.
definition, this is an extreme ray of the feasible set.



unboundedness criterion in the simplex method

Representation of polyhedra
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this section, we establish one of the fundamental results of linear pro­
ranr:tming theory. In particular, we show that any element of a polyhedron
at has at least one extreme point can be represented as a convex combi­
ion of extreme points plus a nonnegative linear combination of extreme

A precise statement is given by our next result. A generalization to
case of general polyhedra is developed in Exercise 4.47.

end this section by pointing out that if we have a standard form prob­
in which the optimal cost is -00, the simplex method provides us at

terminatIOn with an extreme ray.

Indeed, consider what happens when the simplex method terminates
an indication that the optimal cost is -00. At that point, we have

matrix B, a nonbasic variable Xj with negative reduced cost, and
column B-1A j of the tableau has no positive elements. Consider

jth basic direction d, which is the vector that satisfies dB = -B-1A j ,

1, and di 0 for every nonbasic index i other than j. Then, the
d satisfies Ad = 0 and d 2: 0, and belongs to the recession cone. It
a direction of cost decrease, since the reduced cost Cj of the entering

vana01e is negative.

Out of the constraints defining the recession cone, the jth basic di­
d satisfies n 1 linearly independent such constraints with equality:

are the constraints Ad 0 (m of them) and the constraints di = 0
i nonbasic and different than j (n m - 1 of them). We conclude that

is an extreme ray.
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i = 1, ,k,

j 1, ,r.

i = 1, ,k,

j = 1, ,r,

k r

X = LAiXi + LBjw
j

i=l j=l

k r

maximize LOAi + L OBj
i=l j=l

k r

subject to LAiXi + L Bjwj
Z

i=l j=l
k

LAi = 1
i=l
Ai 2: 0,

Bj 2: 0,

minimize p'z + q

subject to p'xi + q 2: 0,

p'wj 2: 0,

Proof. We first prove that Q c P. Let

180

be an element of Q, where the coefficients Ai and Bj are nonnegative, and

2:::7=1 Ai = 1. The vector y 2:::7=1 AiXi is a convex combination of
ments of P. It therefore belongs to P and satisfies Ay 2: b. We also have
Awj 2: 0 for every j, which implies that the vector z = 2:::j=l Bjwj sa1;isties
Az 2: O. It then follows that the vector x = y + z satisfies Ax 2: b
belongs to P.

For the reverse inclusion, we assume that P is not a subset of Q
we will derive a contradiction. Let z be an element of P that does
belong to Q. Consider the linear programming problem

which is infeasible because z f:- Q. This problem is the dual of the nr<.hIA1'Y1

Because the latter problem has a feasible solution,namely, p
the optimal cost is -00, and there exists a feasible solution (p, q)
cost p'z + q is negative. On the other hand, p'xi + q 2: 0 for all i and t
implies that p'z < p'xi for all i. We also have p'w j 2: 0 for all j. 1

Having fixed p as above, we now consider the linear programm'
problem

1For an intuitive view of this proof, the purpose of this paragraph was to COIlstJ:uc1
hyperplane that separates z from Q.

minimize p'x

subject to Ax 2: b.

If the optimal cost is finite, there exists an extreme point xi which is
timal. Since z is a feasible solution, we obtain p'xi ::::: p'z, which



Consider the unbounded polyhedron defined by the constraints
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Xl - X2 > -2

Xl +X2 2 1

Xl,X2 2 °

Representation of polyhedra

We note that the set Q in Theorem 4.15 is the image of the polyhedron

H={CA1, ... ,Ak,Ol, ... ,Or) I t,Ai 1, Ai20, Oj2 0},

Figure 4.13: The polyhedron of Example 4.10.

[2] 1[0] 1[1] 3[1] 1 2 1 3 3 1
Y = 2 = 2" 1 + 2 ° + 2" 1 = 2"X + 2"X + 2"w .

contradiction. If the optimal cost is -00, Theorem 4.14 implies that there
exists an extreme ray w j such that p'wj < 0, which is again a contradiction.

o

(see Figure 4.13). This polyhedron has three extreme points, namely, Xl = (0,2),
x 2 = (0,1), and x 3 = (1,0). The recession cone C is described by the inequalities
d l - d2 20, dl + d2 20, and d l , d2 20. We conclude that C = {(dl , d2) I°:::::

::::: dl }. This cone has two extreme rays, namely, w l = (1,1) and w 2 = (1,0).
vector y = (2,2) is an element of the polyhedron and can be represented as

However, this representation is not unique; for example, we also have



Let us say that a set Q is finitely generated if it is specified in the
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under the linear mapping
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Thus, one corollary of the resolution theorem is that every polyhedron
the image, under a linear mapping, of a polyhedron H with this nRlrtir'lll",.

structure.
We now specialize Theorem 4.15 to the case of bounded polvtledra.

to recover a result that was also proved in Section 2.7, using a different
of argument.

k r

(A1,"" Ak' 81 , ... , Br ) f-+ I:>iXi +L 8j w
j

•

i=l j=l

Proof. Let P = {x IAx 2: b} be a nonempty bounded polyhedron.
is a nonzero element of the cone C = {x IAx 2: O} and x is an element
P, we have x + Ad E P for all A 2: 0, contradicting the boundedness of
We conclude that C consists of only the zero vector and does not have
extreme rays. The result then follows from Theorem 4.15.

There is another corollary of Theorem 4.15 that deals with cones,
which is proved by noting that a cone can have no extreme points
than the zero vector.

Converse to the resolution theorem

where Xl, ... ,xk and w 1 , ... ,wr are some given elements of 1Rn
. The

olution theorem states that a polyhedron with at least one extreme
is a finitely generated set (this is also true for general polyhedra; see
cise 4.47). We now discuss a converse result, which states that every
generated set is a polyhedron.
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definition of the dual problem (Section 4.2), we associated a dual
iable Pi with each constraint of the form a~x =bi , a~x 2: bi , or a~x :::; bi .

As observed earlier, a finitely generated set Q can be viewed as the
age of the polyhedron

H= {(Al, ... ,Ak,fh, ... ,Or) I t,Ai 1, Ai 2:0, OJ 2: 0}

nder a certain linear mapping. Thus, the results of Section 2.8 apply and
tablish that a finitely generated set is indeed a polyhedron. We record
is result and also present a proof based on duality.

r each one of its finitely many extreme rays. Hence, z E Q if and only if
satisfies a finite collection of linear inequalities. This shows that Q is a
lyhedron. 0

In conclusion, we have two ways of representing a polyhedron:

in terms of a finite set of linear constraints;

as a finitely generated set, in terms of its extreme points and extreme
rays.

These two descriptions are mathematically equivalent, but can be
different from a practical viewpoint. For example, we may be able to

escribe a polyhedron in terms of a small number of linear constraints. If on
e other hand, this polyhedron has many extreme points, a description as a

nitely generated set can be much more complicated. Furthermore, passing
om one type of description to the other is, in general, a complicated
mputational task.

Consider the linear programming problem (4.4) that was used in
proof of Theorem 4.15. A given vector z belongs to a finitely generated
Q of the form (4.6) if and only if the problem (4.4) has a feasible

lution. Using duality, this is the case if and only if problem (4.5) has finite
ptimal cost. We convert problem (4.5) to standard form by introducing
onnegative variables p+,p-,q+,q-, such that p = p+ - p-, and q =

+-q-, as well as surplus variables. Since standard form polyhedra contain
110 lines, Theorem 4.13 shows that the optimal cost in the standard form
problem is finite if and only if

(p+)'z - (p-)'z + q+ q- 2: 0,



rem.

where P is the polyhedron

We also have the following generalization of the strong duality
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P = {x IDx 2': d}.

However, no dual variables were associated with constraints of the
Xi 2': 0 or Xi ::;: O. In the same spirit, and in a more general apprc>ach
to linear programming duality, we can choose arbitrarily which cOIlst:raiJllts
will be associated with price variables and which ones will not. In
section, we develop a general duality theorem that covers such a situation.

Consider the primal problem

We associate a dual vector p with the constraint Ax 2': b. The cOIlst:raiJllt
x E P is a generalization of constraints of the form Xi 2': 0 or Xi ::;: 0
dual variables are not associated with it.

As in Section 4.1, we define the dual objective g(p) by

g(p) = min [c'x + p'(b - Ax)].
xEP

minimize c'x

subject to Ax 2': b

XEP,

The dual problem is then defined as

maximize g(p)

subject to p 2': o.
We first provide a generalization of the weak duality theorem.

Proof. If x and p are primal and dual feasible, respectively, then
Ax) ::;: 0, which implies that

g(p) = min [c'Y + p'(b Ay)]
yEP

::;: c'x + p'(b Ax)

::;: c'x.



We conclude that the dual problem (4.8) has the same optimal cost as the
problem

By comparing with Eq. (4.7), we see that this is the same as maximizing
g(p) over all p ~ o. 0

must then have the same optimal cost. For any fixed p, the vector q should
be chosen optimally in the problem (4.8). Thus, the dual problem (4.8) can
also be written as
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(4.8)

(4.9)

-00.] Using the strong

min (c'x p'Ax).
Dx2':d

f(p)

subject to Ax ~ b

Dx~d,

minimize c'x

maximize p'b + q'd

subject to p'A + q'D = c'

p~o

q~ 0,

maximize q'd

subject to q'D = c' - p'A

q~ o.

General linear programming duality*Sec. 4.10

Proof. Since P = {x IDx ~ d}, the primal problem is of the form

and we assume that it has an optimal solution. Its dual, which is

maximize p'b + min (c'x - p'Ax)
Dx2':d

subject to p ~ o.

maximize p'b + f(p)
subject to p ~ 0,

where f(p) is the optimal cost in the problem

[If the latter problem is infeasible, we set f(p)
duality theorem for problem (4.9), we obtain

The idea of selectively assigning dual variables to some of the con­
straints is often used in order to treat "simpler" constraints differently
than more "complex" ones, and has numerous applications in large scale
optimization. (Applications to integer programming are discussed in Sec­

11.4.) Finally, let us point out that the approach in this section extends
certain nonlinear optimization problems. For example, if we replace the



g(p) = min [c(x) + pi (b - Ax)] .
xEP

It turns out that the strong duality theorem remains valid for such nonlinear
problems, under suitable technical conditions, but this lies beyond the scope
of this book.

linear cost function c'x by a general convex function c(x), and the poly­
hedron P by a general convex set, we can again define the dual objective
according to the formula
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4.11

We summarize here the main ideas that have been developed in this chapter
Given a (primal) linear programming problem, we can associate

it another (dual) linear programming problem, by following a set of mE:ch,an~
ical rules. The definition of the dual problem is consistent, in the sense
the duals of equivalent primal problems are themselves equivalent.

Each dual variable is associated with a particular primal COJt1st;raint
and can be viewed as a penalty for violating that constraint. By reI)laciulg
the primal constraints with penalty terms, we increase the set of av,aI1ab.le
options, and this allows us to construct primal solutions whose cost is
than the optimal cost. In particular, every dual feasible vector leads to
lower bound on the optimal cost of the primal problem (this is the essence
the weak duality theorem). The maximization in the dual problem is
a search for the tightest such lower bound. The strong duality th{,orem
asserts that the tightest such lower bound is equal to the optimal
cost.

An optimal dual variable can also be interpreted as a marginal
that is, as the rate of change of the optimal primal cost when we pe:rform
small perturbation of the right-hand side vector b, assuming nondeg{:mE~ra,cy.

A useful relation between optimal primal and dual solutions is
vided by the complementary slackness conditions. Intuitively, these
ditions require that any constraint that is inactive at an optimal soJutlOII
carries a zero price, which is compatible with the interpretation of
as marginal costs.

We saw that every basis matrix in a standard form problem
mines not only a primal basic solution, but also a basic dual solution.
observation is at the heart of the dual simplex method. This method
similar to the primal simplex method in that it generates a sequence
primal basic solutions, together with an associated sequence of dual bai3
solutions. It is different, however, in that the dual basic solutions are du
feasible, with ever improving costs, while the primal basic solutions are'
feasible (except for the last one). We developed the dual simplex method
simply describing its mechanics and by providing an algebraic ju:stific:atiQJ



Write down the corresponding dual problem.

Exercise 4.1 Consider the linear programming problem:

Exercise 4.2 Consider the primal problem
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minimize Xl X2

subject to 2Xl + 3X2 X3 + X4 :::: 0
3Xl + X2 + 4X3 2X4 ;::: 3
-Xl X2 + 2X3 + X4 6

Xl:::: 0
X2,X3;:::O.

Exercises

Exercises

Sec. 4.12

mmlmlze c'x
subject to Ax > b

x > o.

Nevertheless, the dual simplex method also has a geometric interpretation.
It keeps moving from one dual basic feasible solution to an adjacent one
and, in this respect, it is similar to the primal simplex method applied to
the dual problem.

All of duality theory can be developed by exploiting the termination
conditions of the simplex method, and this was our initial approach to the
subject. We also pursued an alternative line of development that proceeded
from first principles and used geometric arguments. This is a more direct
and more general approach, but requires more abstract reasoning.

Duality theory provided us with some powerful tools based on which
we were able to enhance our geometric understanding of polyhedra. We
derived a few theorems of the alternative (like Farkas' lemma), which are
surprisingly powerful and have applications in a wide variety of contexts.
In fact, Farkas' lemma can be viewed as the core of linear programming
duality theory. Another major result that we derived is the resolution
theorem, which allows us to express any element of a nonempty polyhedron
with at least one extreme point as a convex combination of its extreme
points plus a nonnegative linear combination of its extreme rays; in other
words, every polyhedron is "finitely generated." The converse is also true,
and every finitely generated set is a polyhedron (can be represented in
terms of linear inequality constraints). Results of this type play a key
role in confirming our intuitive geometric understanding of polyhedra and
linear programming. They allow us to develop alternative views of certain
situations and lead to deeper understanding. Many such results have an
"obvious" geometric content and are often taken for granted. Nevertheless,
as we have seen, rigorous proofs can be quite elaborate.

4.12

Form the dual problem and convert it into an equivalent minimization problem.
Derive a set of conditions on the matrix A and the vectors b, c, under which the



dual is identical to the primal, and construct an example in which these conditions
are satisfied.

Exercise 4.4 Let A be a symmetric square matrix. Consider the linear
gramming problem

Duality theoryChap. 4

minimize
subject to
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c'x
Ax ?: c

x ?: o.
Prove that if x* satisfies Ax* = c and x* ?: 0, then x* is an optimal soluUon.

Show that the optimal cost in this problem is equal to v.

Exercise 4.3 The purpose of this exercise is to show that solving linear pro­
gramming problems is no harder than solving systems of linear inequalities.

Suppose that we are given a subroutine whi.'::h, given a system of linear in­
equality constraints, either produces a solution or decides that no solution exists.
Construct a simple algorithm that uses a single call to this subroutine and which
finds an optimal solution to any linear programming problem that has an optimal
solution.

m

Llpil:':J: l.
i=1

maximize p'b

subject to p'A = 0'

Exercise 4.5 Consider a linear programming problem in standard form
assume that the rows of A are linearly independent. For each one of the follovvinlg
statements, provide either a proof or a counterexample.

(a) Let x* be a basic feasible solution. Suppose that for every basis co:rresp,ono:l­
ing to x*, the associated basic solution to the dual is infeasible.
optimal cost must be strictly less that c'x*.

(b) The dual of the auxiliary primal problem considered in Phase I of
simplex method is always feasible.

(c) Let Pi be the dual variable associated with the ith equality constraint
the primal. Eliminating the ith primal equality constraint is equivalent
introducing the additional constraint Pi = 0 in the dual problem.

(d) If the unboundedness criterion in the primal simplex algorithm is sa1cisjjecl,
then the dual problem is infeasible.

Exercise 4.6* (Duality in Chebychev approximation) Let A be an m
matrix and let b be a vector in Rm

. We consider the problem of minin:liziing
IIAx - bll oo over all x E Rn

. Here II . 1100 is the vector norm defined by Ilylloo
maxi Iy;j. Let v be the value of the optimal cost.

(a) Let p be any vector in Rm that satisfies .z::::::1 Ipil :':J: 1 and p'A = 0'.
that p'b:':J: v.

(b) In order to obtain the best possible lower bound of the form considered
part (a), we form the linear programming problem



Here, dT+l is the salvage prive for whatever inventory is left at the end of period
T. Furthermore, a is a discount factor, with °< a < 1, reflecting the fact that
future revenues are valued less than current ones.
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t = 1, ,T,

t = 1, ,T,
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Exercise 4.7 (Duality in piecewise linear convex optimization) Con­
sider the problem of minimizing maxi=l, ... ,m(a;x - bi ) over all x ERn. Let v
be the value of the optimal cost, assumed finite. Let A be the matrix with rows
aI, ... , am, and let b be the vector with components bl' ... , bm .

(a) Consider any vector pERm that satisfies piA = 0' , p 2': 0, and I:7:1 Pi =
1. Show that -p'b :::; v.

(b) In order to obtain the best possible lower bound of the form considered in
part (a), we form the linear programming problem

maximize -p'b
subject to piA 0'

pie 1
p > 0,

where e is the vector with all components equal to 1. Show that the optimal
cost in this problem is equal to v.

Exercise 4.8 Consider the linear programming problem of minimizing c'x sub­
ject to Ax = b, x 2': O. Let x* be an optimal solution, assumed to exist, and let
p* be an optimal solution to the dual.

(a) Let x be an optimal solution to the primal, when c is replaced by some c.
Show that (c - c)'(x - x*) :::; 0.

(b) Let the cost vector be fixed at c, but suppose that we now change b to b,
and let x be a corresponding optimal solution to the primal. Prove that
(p*)'(b - b) :::; c'(x - x*).

Exercise 4.9 (Back-propagation of dual variables in a multiperiod
problem) A company makes a product that can be either sold or stored to
meet future demand. Let t = 1, ... ,T denote the periods of the planning hori­
zon. Let bt be the production volume during period t, which is assumed to be
known in advance. During each period t, a quantity Xt of the product is sold, at
a unit price of d t . Furthermore, a quantity Yt can be sent to long-term storage, at
a unit transportation cost of c. Alternatively, a quantity Wt can be retrieved from
storage, at zero cost. We assume that when the product is prepared for long-term
storage, it is partly damaged, and only a fraction f of the total survives. Demand
is assumed to be unlimited. The main question is whether it is profitable to store
some of the production, in anticipation of higher prices in the future. This leads
us to the following problem, where Zt stands for the amount kept in long-term
storage, at the end of period t:

T

maximize 2:::>lOt-l(dtXt - cYt) + o?dT+IZT

t=l

subject to Xt + Yt - Wt bt ,

Zt + Wt Zt-l fYt = 0,

Zo = 0,

Xt, Yt, Wt, Zt 2': 0.



Exercise 4.13 * (Degeneracy and uniqueness - II) Consider the followin
pair of problems that are duals of each other:

Duality theory

p'b
p'A < c'.

Chap. 4

v x 2:: 0, 'lip.

maximize
subject tob

L(x*,p):::: L(x*,p*):::: L(x,p*),

qT aTdT+I,

PT max {aT-IdT' fqT aT-Ic},

qt max {qt+l, at-Idt }, t 1, ... ,T-l,

Pt max {at-Idt , fqt - at-Ie}, t = 1, ... ,T 1.

x > 0,

minimize c'x
subject to Ax
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L(x,p)=c'x+p'(b Ax).

Consider the following "game": player 1 chooses some x 2:: 0, and player 2
some Pi then, player 1 pays to player 2 the amount L(x,p). Player 1 would
to minimize L(x, p), while player 2 would like to maximize it.

A pair (x*, p*), with x* 2:: 0, is called an equilibrium point
point, or a Nash equilibrium) if

Exercise 4.10 (Saddle points of the Lagrangean) Consider the stand,ard
form problem of minimizing c'x subject to Ax = b and x 2:: O. We define
Lagmngean by

(c) Explain how the result in part (b) can be used to compute an optlDlal
solution to the original problem. Primal and dual nondegeneracy can
assumed.

(a) Let Pt and qt be dual variables associated with the first and second equality
constraint, respectively. Write down the dual problem.

(b) Assume that 0 < f < 1, bt 2:: 0, and c 2:: O. Show that the following
formulae provide an optimal solution to the dual problem:

(Thus, we have an equilibrium if no player is able to improve her performance
unilaterally modifying her choice.)

Show that a pair (x*, p*) is an equilibrium if and only if x* and p*
optimal solutions to the standard form problem under consideration and its
respectively.

Exercise 4.11 Consider a linear programming problem in standard form
is infeasible, but which becomes feasible and has finite optimal cost when the
equality constraint is omitted. Show that the dual of the original (intea.sib1le)
problem is feasible and the optimal cost is infinite.

Exercise 4.12* (Degeneracy and uniqueness - I) Consider a general line
programming problem and suppose that we have a nondegenerate basic feasib
solution to the primal. Show that the complementary slackness conditions lea
to a system of equations for the dual vector that has a unique solution.



Exercise 4.15 (Degeneracy and uniqueness IV) Consider the problem

Exercise 4.16 Give an example of a pair (primal and dual) of linear program­
ming problems, both of which have multiple optimal solutions.

Exercise 4.14 (Degeneracy and uniqueness - HI) Give an example in
which the primal problem has a degenerate optimal basic feasible solution, but
the dual has a unique optimal solution. (The example need not be in standard
form.)
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Write down its dual. For both the primal and the dual problem determine whether
they have unique optimal solutions and whether they have nondegenerate optimal
solutions. Is this example in agreement with the statement that nondegeneracy
of an optimal basic feasible solution in one problem implies uniqueness of optimal
solutions for the other? Explain.

(a) Prove that if one problem has a nondegenerate and unique optimal solution,
so does the other.

(b) Suppose that we have a nondegenerate optimal basis for the primal and
that the reduced cost for one of the nonbasic variables is zero. What does
the result of part (a) imply? Is it true that there must exist another optimal
basis?

minimize X2

subject to X2 = 1

Xl 2: 0

X2 2: O.

Exercise 4.17 This exercise is meant to demonstrate that knowledge of a pri­
mal optimal solution does not necessarily contain information that can be ex­
ploited to determine a dual optimal solution. In particular, determining an opti­
mal solution to the dual is as hard as solving a system of linear inequalities, even
if an optimal solution to the primal is available.

Consider the problem of minimizing c'x subject to Ax 2: 0, and suppose
that we are told that the zero vector is optimal. Let the dimensions of A be
m x n, and suppose that we have an algorithm that determines a dual optimal
solution and whose running time o((m+n)k), for some constant k. (Note that if
x = 0 is not an optimal primal solution, the dual has no feasible solution, and we
assume that in this case our algorithm exits with an error message.) Assuming
the availability of the above algorithm, construct a new algorithm that takes as
input a system of m linear inequalities in n variables, runs for 0 ( (m +n) k) time,
and either finds a feasible solution or determines that no feasible solution exists.

Exercise 4.18 Consider a problem in standard form. Suppose that the matrix
A has dimensions m x n and its rows are linearly independent. Suppose that
all basic solutions to the primal and to the dual are nondegenerate. Let x be a
feasible solution to the primal and let p be a dual vector (not necessarily feasible),
such that the pair (x, p) satisfies complementary slackness.

(a) Show that there exist m columns of A that are linearly independent and
such that the corresponding components of x are all positive.



Exercise 4.20 * (Strict complementary slackness)

(a) Consider the following linear programming problem and its dual

(b) Show that x and p are basic solutions to the primal and the dual, respec­
tively.

(c) Show that the result of part (a) is false if the nondegeneracy assumption is
removed.

Duality theory

p'b
p'A :S c',

p'b
p'A :S c'
p 2': O.

Chap. 4

maximize
subject to

maximize
subject to

b

c'x
Ax > b

x > 0,

x 2': 0,

minimize c'x
subject to Ax

minimize
subject to
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Assume that both problems have an optimal solution. Show that
exist optimal solutions to the primal and to the dual, respectively,
satisfy strict complementary slackness, that is:

(i) For every j we have either Xj > 0 or p'A j < Cj.

(ii) For every i, we have either a~x > bi or Pi > O. (Here, a~ is the it
row of A.) Hint: Convert the primal to standard form and
part (b).

Exercise 4.19 Let P = {x E iRn IAx = b, x 2': O} be a nonempty polyhedron,
and let m be the dimension of the vector b. We call Xj a null variable if Xj = 0
whenever x E P.

(a) Suppose that there exists some p E iRffi for which p'A 2': 0', p'b 0, and
such that the jth component of p'A is positive. Prove that Xj is a
variable.

(b) Prove the converse of (a): if Xj is a null variable, then there exists
p E iRffi with the properties stated in part (a).

(c) If x j is not a null variable, then by definition, there exists some yEP
which Yj > O. Use the results in parts (a) and (b) to prove that there
x E P and p E iRffi such that:

p'A 2': 0', p'b = 0, x+A'p> O.

and assume that both problems have an optimal solution. Fix some
Suppose that every optimal solution to the primal satisfies Xj = O.
that there exists an optimal solution p to the dual such that p'Aj
(Here, A j is the jth column of A.) Hint: Let d be the optimal
Consider the problem of minimizing -Xj subject to Ax = b, x 2': 0,
-c'x 2': -d, and form its dual.

(b) Show that there exist optimal solutions x and p to the primal and to
dual, respectively, such that for every j we have either Xj > 0 or p'A j <
Hint: Use part (a) for each j, and then take the average of the
obtained.

(c) Consider now the following linear programming problem and its dual:



Exercise 4.21 * (Clark's theorem) Consider the following pair of linear pro­
gramming problems:

Exercise 4.23 Describe in detail the mechanics of a revised dual simplex meth­
od that works in terms of the inverse basis matrix B-1 instead of the full simplex
tableau.

Here, there is only one possible basis and the dual simplex method must terminate
immediately. Show that if the dual problem is converted into standard form and
the primal simplex method is applied to it, one or more changes of basis may be
required.
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PI +P2
PI ~ 1
P2 ~ 1.

p'b
p'A < c'
p?: o.

maximize
subject to

maximize
subject to

minimize 5Xl + 5X2

subject to Xl + X2 ?: 2
2Xl X2 ?: 0

Xl, X2 ?: O.

c'x
Ax> b

x > 0,

Xl + X2

Xl = 1
X2 = 1
Xl, X2 ?: 0

Exercises

minimize
subject to

minimize
subject to

(d) Consider the linear programming problem

Sec. 4.12

Suppose that at least one of these two problems has a feasible solution. Prove
that the set of feasible solutions to at least one of the two problems is unbounded.
Hint: Interpret boundedness of a set in terms of the finiteness of the optimal cost
of some linear programming problem.

Does the optimal primal solution (2/3,4/3), together with the correspond­
ing dual optimal solution, satisfy strict complementary slackness? Deter­
mine all primal and dual optimal solutions and identify the set of all strictly
complementary pairs.

Exercise 4.22 Consider the dual simplex method applied to a standard form
problem with linearly independent rows. Suppose that we have a basis which is
primal infeasible, but dual feasible, and let i be such that XB(i) < O. Suppose
that all entries in the ith row in the tableau (other than XB(i») are nonnegative.
Show that the optimal dual cost is +00.

Exercise 4.24 Consider the lexicographic pivoting rule for the dual simplex
method and suppose that the algorithm is initialized with each column of the
tableau being lexicographically positive. Prove that the dual simplex method
does not cycle.

Exercise 4.25 This exercise shows that if we bring the dual problem into stan­
dard form and then apply the primal simplex method, the resulting algorithm is
not identical to the dual simplex method.

Consider the following standard form problem and its dual.
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p;:: 0,p'P=p',
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I:>ij = 1, Vi,
j=l

n

Exercise 4.30 (Helly's theorem)

(a) Let F be a finite family of polyhedra in Rn such that every n+ 1 poJlyhedf
in F have a point in common. Prove that all polyhedra in F have a poi
in common. Hint: Use the result in Exercise 4.29.

(b) For n = 2, part (a) asserts that the polyhedra Pi, P2 , ... ,PK (K ;::
the plane have a point in common if and only if every three of them
point in common. Is the result still true with "three" replaced by

Exercise 4.28 Let a and ai, ... ,am be given vectors in Rn
. Prove that

following two statements are equivalent:

(a) For all x ;:: 0, we have a'x::;: maXi ~x.

(b) There exist nonnegative coefficients Ai that sum to 1 and such that a
:Z=7:1 Aiai.

Exercise 4.26 Let A be a given matrix. Show that exactly one of the follm'liIJlg
alternatives must hold.

(a) There exists some x #c 0 such that Ax = 0, x;:: O.

(b) There exists some p such that p'A > 0'.

Exercise 4.27 Let A be a given matrix. Show that the following two
ments are equivalent.

(a) Every vector such that Ax ;:: 0 and x ;:: 0 must satisfy Xl = O.

(b) There exists some p such that p'A ::;: 0, p ;:: 0, and p'Ai < 0, where
is the first column of A.

Exercise 4.29 (Inconsistent systems of linear inequalities) Let al, ... ,
be some vectors in Rn

, with m > n + 1. Suppose that the system of lIltlqulaUj;l(:).i
a~x ;:: bi, i 1, ... ,m, does IlOt have any solutions. Show that we can
n + 1 of these inequalities, so that the resulting system of inequalities has
solutioIls.

Exercise 4.31 (Unit eigenvectors of stochastic matrices) We say that
n x n matrix P, with entries Pij, is stochastic if all of its entries are nonnegati
and

that is, the sum of the entries of each row is equal to 1.
Use duality to show that if P is a stochastic matrix, then the system

equations

has a nonzero solution. (Note that the vector p can be normalized so thati
components sum to one. Then, the result in this exercise establishes that
finite state Markov chain has an invariant probability distribution.)



Exercise 4.33 (Options pricing) Consider a market that operates for a single
period, and which involves three assets: a stock, a bond, and an option. Let 3
be the price of the stock, in the beginning of the period. Its price S at the end of
the period is random and is assumed to be equal to either 3u, with probability
{J, or 3d, with probability 1 - {J. Here u and d are scalars that satisfy d < 1 < u.
Bonds are assumed riskless. Investing one dollar in a bond results in a payoff
of r, at the end of the period. (Here, r is a scalar greater than 1.) Finally, the
option gives us the right to purchase, at the end of the period, one stock at a fixed
price of K. If the realized price S of the stock is greater than K, we exercise the
option and then immediately sell the stock in the stock market, for a payoff of
S - K. If on the other hand we have S < K, there is no advantage in exercising
the option, and we receive zero payoff. Thus, the value of the option at the end
of the period is equal to max{O, S K}. Since the option is itself an asset, it

Exercise 4.32 * (Leontief systems and Samuelson's substitution the­
orem) A Leontief matrix is an m x n matrix A in which every column has at
most one positive element. For an interpretation, each column A j corresponds
to a production process. If aij is negative, laijl represents the amount of goods
of type i consumed by the process. If aij is positive, it represents the amount of
goods of type i produced by the process. If Xj is the intensity with which process
j is used, then Ax represents the net output of the different goods. The matrix
A is called productive if there exists some x :::: 0 such that Ax > O.

(a) Let A be a square productive Leontief matrix (m = n). Show that every
vector z that satisfies Az :::: 0 must be nonnegative. Hint: If z satisfies
Az :::: 0 but has a negative component, consider the smallest nonnega­
tive () such that some component of x + (}z becomes zero, and derive a
contradiction.

(b) Show that every square productive Leontief matrix is invertible and that
all entries of the inverse matrix are nonnegative. Hint: Use the result in
part (a).

(c) We now consider the general case where n :::: m, and we introduce a con­
straint of the form e'x :::; 1, where e = (1, ... ,1). (Such a constraint could
capture, for example, a bottleneck due to the finiteness of the labor force.)
An "output" vector y E iRm is said to be achievable if y :::: 0 and there
exists some x :::: 0 such that Ax = y and e'y:::; 1. An achievable vector y
is said to be efficient if there exists no achievable vector z such that z :::: y
and z =!= y. (Intuitively, an output vector y which is not efficient can be im­
proved upon and is therefore uninteresting.) Suppose that A is productive.
Show that there exists a positive efficient vector y. Hint: Given a positive
achievable vector y*, consider maximizing 2:i Yi over all achievable vectors
y that are larger than y* .

(d) Suppose that A is productive. Show that there exists a set of m production
processes that are capable of generating all possible efficient output vectors
y. That is, there exist indices B(1), . .. ,B(m), such that every efficient
output vector y can be expressed in the form y = 2:::1 AB(i)XB(i)' for
some nonnegative coefficients XB(i) whose sum is bounded by 1. Hint:
Consider the problem of minimizing e'x subject to Ax = y, x :::: 0, and
show that we can use the same optimal basis for all efficient vectors y.

Sec. 4.12 Exercises 195



where 'I and ti are a solution to the following system of linear equations:

Hint: Write down the payoff matrix R and use Theorem 4.8.

'I max{O, Su K} + ti max{O, Sd - K},

Duality theoryChap. 4

r

1

1
u'l + dti

'I + ti
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Exercise 4.34 (Finding separating hyperplanes) Consider a pdlyhedJron
P that has at least one extreme point.

(a) Suppose that we are given the extreme points Xi and a complete set
extreme rays w j of P. Create a linear programming problem whose soJutiion
provides us with a separating hyperplane that separates P from the
or allows us to conclude that none exists.

(b) Suppose now that P is given to us in the form P = {x I a;x 2: bi , i
1, ... ,m}. Suppose that 0 tic P. Explain how a separating hyperplane
be found.

Exercise 4.36 (Containment of polyhedra)

(a) Let P and Q be two polyhedra in Rn described in terms of linear im~qllaJ:ity

constraints. Devise an algorithm that decides whether P is a subset

(b) Repeat part (a) if the polyhedra are described in terms of their exi;re:m¢!
points and extreme rays.

should have a value in the beginning of the time period. Show that under the
absence of arbitrage condition, the value of the option must be equal to

Exercise 4.35 (Separation of disjoint polyhedra) Consider two nOJnernpi;y
polyhedra P {x E Rn I Ax ::; b} and Q = {x E Rn I Dx ::; d}. We
interested in finding out whether the two polyhedra have a point in common.

(a) Devise a linear programming problem such that: if P n Q is nonempty,
returns a point in pnQ; if pnQ is empty, the linear programming pr<)bIem
is infeasible.

(b) Suppose that P n Q is empty. Use the dual of the problem you
constructed in part (a) to show that there exists a vector e such
e/x < e'y for all x E P and y E Q.

Exercise 4.37 (Closedness of finitely generated cones) Let Al, ... ,
be given vectors in Rm

. Consider the cone C = {:L~=l Aixi I Xi 2: O} and
yk, k = 1, 2, ... , be a sequence of elements of C that converges to some y. Sho
that y E C (and hence C is closed), using the following argument. With y fix
as above, consider the problem of minimizing lIy - :L~=l Aixilloo, subject to t
constraints Xl, ... ,Xn 2: o. Here 11·1100 stands for the maximum norm, defined
Ilxll oo = maxi IXil. Explain why the above minimization problem has an
solution, find the value of the optimal cost, and prove that y E C.



Exercise 4.43

(a) Consider the minimization of CIXI + czxz subject to the constraints
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Exercise 4.41 (Caratheodory's theorem) Show that every element x of a
bOl11nc!ed polyhedron P C Rn can be expressed as a convex combination of at

n + 1 extreme points of P. Hint: Consider an extreme point of the set of
possible representations of x.

(a) Show that the polyhedron Pr is bounded for every r 2': O.

(b) Let r > O. Show that a vector x E Pr is an extreme point of Pr if and only
if x is an extreme ray of the cone C.

EJ<:erciE,e 4.38 (From Farkas' lemma to duality) Use Farkas' lemma to
the duality theorem for a linear programming problem involving constraints
form ~x = bi, a;x 2': bi, and nonnegativity constraints for some of the

variables x j. Hint: Start by deriving the form of the set of feasible directions at
optimal solution.

EJi{eJrcilse 4.40 (Extreme rays of a cone are extreme points of its sec­
Consider the cone C = {x E Rn I a;x 2': 0, i = 1, ... , m} and assume

the first n constraint vectors aI, ... ,an are linearly independent. For any
nOlrrw"ga,tiv'e scalar r, we define the polyhedron Pr by

Find necessary and sufficient conditions on (Cl, cz) for the optimal cost to
be finite.

(b) For a general feasible linear programming problem, consider the set of all
cost vectors for which the optimal cost is finite. Is it a polyhedron? Prove
your answer.

EJ{eJrcilse 4.39 (Extreme rays of cones) Let us define a nonzero element d of
polyhedral cone C to be an extreme ray if it has the following property:

if there exist vectors fEe and gEe satisfying d = f + g, then both f and g
scalar multiples of d. Prove that this definition of extreme rays is equivalent

Definition 4.2.

Exercise 4.42 (Problems with side constraints) Consider the linear pro­
gntmming problem of minimizing c'x over a bounded polyhedron P C R n and

to additional constraints a;x = bi, i 1, ... , L. Assume that the prob­
lem has a feasible solution. Show that there exists an optimal solution which is

convex combination of L + 1 extreme points of P. Hint: Use the resolution
theorem to represent P.



DualityChap. 4198

C1- {p I piX ~ 0, for all x E c}.

(a) Let F be a finitely generated cone, of the form

Show that F1- = {p Ip'wi ~ 0, i = 1, ... , r}, which is a polyhedral

(b) Show that the polar of F1- is F and conclude that the polar of a poJyhedt
cone is finitely generated. Hint: Use Farkas' lemma.

Exercise 4.46 (Resolution theorem for polyhedral cones) Let C
nonempty polyhedral cone.

(a) Show that C can be expressed as the union of a finite number C l , ... ,
of pointed polyhedral cones. Hint: Intersect with orthants.

(b) Show that an extreme ray of C must be an extreme ray of one of the
C l , .. . ,Ck .

(c) Show that there exists a finite number of elements WI, ... , w T of C
that

Exercise 4.45 Let P be a polyhedron with at least one extreme point.
possible to express an arbitrary element of P as a convex combination
extreme points plus a nonnegative multiple of a single extreme ray?

Exercise 4.44

(a) Let P = {(Xl,X2) I Xl - X2 = 0, Xl + X2 = O}. What are the extrerrle
points and the extreme rays of P?

(b) Let P = {(Xl, X2) I 4Xl + 2X2 :::: 8, 2Xl + X2 ~ 8}. What are the extrerrll:)
points and the extreme rays of P?

(c) For the polyhedron of part (b), is it possible to express each one of
elements as a convex combination of its extreme points plus a nonneg,:l..
tive linear combination of its extreme rays? Is this compatible with
resolution theorem?

Exercise 4.47 (Resolution theorem for general polyhedra) Let P
polyhedron. Show that there exist vectors Xl, ... ,xk and wI, ... , w T such

Hint: Generalize the steps in the preceding exercise.

Exercise 4.48 * (Polar, finitely generated, and polyhedral cones)
any cone C, we define its polar C1- by



We are interested in the problem of deciding whether a polyhe-

Notes and sources

g(p) = -p'd + maxp'Dx.
xEP
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Show that a finitely generated pointed cone F is a polyhedron. Hint: Con­
sider the polar of the polar.

(Polar cone theorem) Let C be a closed, nonempty, and convex cone.
Show that (C1.)1. C. Hint: Mimic the derivation of Farkas' lemma using
the separating hyperplane theorem (Section 4.7).

Is the polar cone theorem true when C is the empty set?

Show that if Q is nonempty, then g(p) :::: 0 for all p :::: o.
Show that if Q is empty, then there exists some p :::: 0, such that g(p) < O.

If Q is empty, what is the minimum of g(p) over all p :::: O?

The duality theorem is due to von Neumann (1947), and Gale, Kuhn,
and Tucker (1951).

Farkas' lemma is due to Farkas (1894) and Minkowski (1896). See
Schrijver (1986) for a comprehensive presentation of related results.
The connection between duality theory and arbitrage was developed
by Ross (1976, 1978).

WElieI'stJ~ass; Theorem and its proof can be found in most texts on real
analysis; see, for example, Rudin (1976). While the simplex method is
only relevant to linear programming problems with a finite number of
variables, the approach based on the separating hyperplane theorem
leads to a generalization of duality theory that covers more general
convex optimization problems, as well as infinite-dimensional linear
programming problems, that is, linear programming problems with
infinitely many variables and constraints; see, e.g., Luenberger (1969)
and Rockafellar (1970).

The resolution theorem and its converse are usually attributed to
Farkas, Minkowski, and Weyl.

4.49 Consider a polyhedron, and let x, y be two basic feasible solu­
s. If we are only allowed to make moves from any basic feasible solution to

adjacent one, show that we can go from x to y in a finite number of steps.
Generalize the simplex method to nonstandard form problems: starting
nonoptimal basic feasible solution, move along an extreme ray of the cone

directions.

Q {x E Rn I Ax :::: b, Dx:::: d, x:::: O}

nOllenlpty. We assume that the polyhedron P = {x E Rn I Ax:::: b, x:::: O} is
me:mI)ty and bounded. For any vector p, of the same dimension as d, we define
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4.10. For extensions of duality theory to problems involving general convex
functions and constraint sets, see Rockafellar (1970) and Bertsekas
(1995b).

4.12. Exercises 4.6 and 4.7 are adapted from Boyd and Vandenberghe
The result on strict complementary slackness (Exercise 4.20)
proved by Tucker (1956). The result in Exercise 4.21 is due to
(1961). The result in Exercise 4.30 is due to Helly (1923).
output macroeconomic models of the form considered in Exercise
have been introduced by Leontief, who was awarded the 1973
prize in economics. The result in Exercise 4.41 is due to LJarat,he,od()ry
(1907).
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(feasibility)

Chap. 5

minimize c'x
subject to Ax b

x > 0,

202

Consider the standard form problem

and its dual

5.1 Local sensitivity analysis

maximize p'b

subject to p'A::; c'.

In this chapter, we study the dependence of the optimal cost and the
mal solution on the coefficient matrix A, the requirement vector b,
cost vector c. This is an important issue in practice because we often
incomplete knowledge of the problem data and we may wish to predict
effects of certain parameter changes.

In the first section of this chapter, we develop conditions under whi
the optimal basis remains the same despite a change in the problem dat
and we examine the consequences on the optimal cost. We also discu
how to obtain an optimal solution if we add or delete some constraints. I
subsequent sections, we allow larger changes in the problem data, resultin
in a new optimal basis, and we develop a global perspective of the depe
dence of the optimal cost on the vectors band c. The chapter ends
a brief discussion of parametric programming, which is an extension of
simplex method tailored to the case where there is a single scalar Ull.I'-lHJWJ

parameter.
Many of the results in this chapter can be extended to cover

linear programming problems. Nevertheless, and in order to sinapJify
presentation, our standing assumption throughout this chapter will be
we are dealing with a standard form problem and that the rows of the
matrix A are linearly independent.

In this section, we develop a methodology for performing sensitivity
ysis. We consider a linear programming problem, and we assume
already have an optimal basis B and the associated optimal solution
We then assume that some entry of A, b, or c has been changed, or th
a new constraint is added, or that a new variable is added. We first 10
for conditions under which the current basis is still optimal. If these co
ditions are violated, we look for an algorithm that finds a new optim
solution without having to solve the new problem from scratch. We
see that the simplex method can be quite useful in this respect.

Having assumed that B is an optimal basis for the original pfl)bJlerr
the following two conditions are satisfied:



A new variable is added

Suppose that we introduce a new variable xn+l, together with a corre­
sponding column A n +1 , and obtain the new problem

203

10
16

(2,2,0,0) and the corre--

(optimality) .

Xl X2 X3 X4

12 0 0 2 7

2 1 0 -3 2

2 0 1 5 -3

-5XI X2 + 12x3

3XI + 2X2 + X3

5XI + 3X2 + X4

Xl, ... ,X4 2: O.

Xl =

X2 =

minimize
subject to

Local sensitivity analysisSec. 5.1

When the problem is changed, we check to see how these conditions are
affected. By insisting that both conditions (feasibility and optimality) hold
for the modified problem, we obtain the conditions under which the basis
matrix B remains optimal for the modified problem. In what follows, we
apply this approach to several examples.

minimize c'x + Cn+lXn+l

subject to Ax + An+1xn+l b

x 2: 0, Xn+l 2: o.

We wish to determine whether the current basis B is still optimal.
We note that (x, Xn+l) = (x*, 0) is a basic feasible solution to the

new problem associated with the basis B, and we only need to examine the
optimality conditions. For the basis B to remain optimal, it is necessary
and sufficient that the reduced cost of Xn+l be nonnegative, that is,

Cn+l = Cn+l - C~B-lAn+l 2: O.

If this condition is satisfied, (x*, 0) is an optimal solution to the new prob­
lem. If, however, cn +1 < 0, then (x*, 0) is not necessarily optimal. In
order to find an optimal solution, we add a column to the simplex tableau,
associated with the new variable, and apply the primal simplex algorithm
starting from the current basis B. Typically, an optimal solution to the new
problem is obtained with a small number of iterations, and this approach
is usually much faster than solving the new problem from scratch.

Example 5.1 Consider the problem

An optimal solution to this problem is given by x
sponding simplex tableau is given by



A new inequality constraint is added

Sensitivityan;'11ysiSChap. 5

Xl X2 X3 X4 Xs

12 0 0 2 7 -4

2 1 0 -3 2 -1

2 0 1 5 -3 2

Xl X2 X3 X4 Xs

16 0 2 12 1 0

3 1 0.5 -0.5 0.5 0

1 0 0.5 2.5 -1.5 1

minimize -5Xl X2 + 12x3 Xs

subject to 3Xl + 2X2 + X3 + Xs 10
5Xl + 3X2 + X4 + Xs 16

Xl, ... ,Xs ?:: o.
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X2 =

Since (;s is negative, introducing the new variable to the basis can be belletici~LL

We observe that B- 1As = (-1, 2) and augment the tableau by introducing
column associated with Xs:

We have As = (1,1) and

Xl =

We then bring Xs into the basis; X2 exits and we obtain the following
which happens to be optimal:

Note that B-1 is given by the last two columns of the tableau.
Let us now introduce a variable Xs and consider the new problem

An optimal solution is given by x = (3,0,0,0,1).

Let us now introduce a new constraint ~+lX ?:: bm +1 , where a m +1
bm +1 are given. If the optimal solution x* to the original problem
this constraint, then x* is an optimal solution to the new problem as
If the new constraint is violated, we introduce a nonnegative slack
X n +l, and rewrite the new constraint in the form ~+lX - X n +l =
We obtain a problem in standard form, in which the matrix A is rel)lac~(

by



0]'
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Xl X2 X3 X4

12 0 0 2 7

2 1 0 -3 2

2 0 1 5 -3

-5XI X2 + 12x3

3XI + 2X2 + X3

5XI + 3X2 + X4

Xl,.·. ,X4 2': 0,

Xl =

X2 =

minimize
subject to

Local sensitivity analysis

recall the optimal simplex tableau:

xample 5.2 Consider again the problem in Example 5.1:

Sec. 5.1

Let B be an optimal basis for the original problem. We form a basis
for the new problem by selecting the original basic variables together with
Xn+l' The new basis matrix B is of the form

where the row vector a' contains those components of a~+l associated with
the original basic columns. (The determinant of this matrix is the negative
of the determinant of B, hence nonzero, and we therefore have a true basis
matrix.) The basic solution associated with this basis is (x*, a~+lx*
bm+l), and is infeasible because of our assumption that x* violates the
new constraint. Note that the new inverse basis matrix is readily available
because

--1 [ B-1 0 ]
B = a'B-1 -1 .

(To see this, note that the product B-
1
B is equal to the identity matrix.)

Let CB be the m-dimensional vector with the costs of the basic vari­
in the original problem. Then, the vector of reduced costs associated
the basis B for the new problem, is given by

is nonnegative due to the optimality of B for the original problem.
B is a dual feasible basis and we are in a position to apply the dual

sirrlP1E~x method to the new problem. Note that an initial simplex tableau
the new problem is readily constructed. For example, we have

--1 [A 0 ] [ B-
1
A

B , 1 = 'B-1A 'a m +1 - a am +1

B-1A is available from the final simplex tableau for the original



The tableau for the new problem is of the form

A new equality constraint is added

Sensitivity analV'SlSChap. 5

_~ ] - [1 1 0 0] = [0 0 2 -
-3

5
o
1

Xl X2 X3 X4 X5

12 0 0 2 7 0

2 1 0 -3 2 0

2 0 1 5 -3 0

-1 0 0 2 -1 1

minimize -5X1 X2 + 12x3

subject to 3X1 + 2X2 + X3 10
5X1 + 3X2 + X4 16

Xl + X2 - X5 5
X1, ... ,X5~0.
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I -1 I [] [ 1a B A - am+! = 1 1 0

Xl =

Let a consist of the components of a m +1 associated with the basic vm·ia!)lei'.
We then have a = (1,1) and

maximize p'b +Pm+1 bm+1

subject to [pi Pm+l] [alA ]::; e' ,
m+l

We now have all the information necessary to apply the dual simplex H""OH'-""

the new problem.

We introduce the additional constraint Xl + X2 ~ 5, which is violated by
optimal solution x* = (2,2,0,0). We have am+! = (1,1,0,0), bm +1 5,
~+lX* < bm +1. We form the standard form problem

Our discussion has been focused on the case where an inequality
straint is added to the primal problem. Suppose now that we int,roeju<
a new constraint piA n+1 ::; Cn+l in the dual. This is equivalent to
dueing a new variable in the primal, and we are back to the case that
considered in the preceding subsection.

We now consider the case where the new constraint is of the form
bm +1 , and we assume that this new constraint is violated by the opt"
solution x* to the original problem. The dual of the new problem is

where Pm+1 is a dual variable associated with the new constraint.
be an optimal basic feasible solution to the original dual problem.
(p*,O) is a feasible solution to the new dual problem.



207

= b

j = 1, ... ,m.

c'x + MXn +1

Ax

a~+lx X n +1 = bm + 1

x 2: 0, Xn+l 2: 0,

XB + 8g 2: 0,

mm1mlze

subject to

Local sensitivity analysis

in the requirement vector b

Sec. 5.1

Let m be the dimension of p, which is the same as the original num­
ber of constraints. Since p* is a basic feasible solution to the original dual
problem, m of the constraints in (p*),A :::; c' are linearly independent and
active. However, there is no guarantee that at (p*, 0) we will have m+ 1 lin­
early independent active constraints of the new dual problem. In particular,
(p*,O) need not be a basic feasible solution to the new dual problem and
may not provide a convenient starting point for the dual simplex method
on the new problem. While it may be possible to obtain a dual basic feasi­
ble solution by setting Pm+l to a suitably chosen nonzero value, we present
here an alternative approach.

Let us assume, without loss of generality, that a~+1x* > bm+l' We
introduce the auxiliary primal problem

M is a large positive constant. A primal feasible basis for the aux­
problem is obtained by picking the basic variables of the optimal

solution to the original problem, together with the variable Xn+l. The re­
basis matrix is the same as the matrix B of the preceding subsection.

is a difference, however. In the preceding subsection, B was a dual
teaLsll)le basis, whereas here B is a primal feasible basis. For this reason,

primal simplex method can now be used to solve the auxiliary problem
optimality.

Suppose that an optimal solution to the auxiliary problem satisfies
= 0; this will be the case if the new problem is feasible and the

coefficient M is large enough. Then, the additional constraint a~+lx =

has been satisfied and we have an optimal solution to the new problem.

~U1Pp()se that some component bi of the requirement vector b is changed
+ 8. Equivalently, the vector b is changed to b + 8ei, where ei is the

unit vector. We wish to determine the range of values of 8 under which
current basis remains optimal. Note that the optimality conditions are
affected by the change in b. We therefore need to examine only the

,c;aNU'llll,.y condition
B-1(b+8ei) 2:0. (5.1)

Let g = (f31i, f32i' ... ,f3mi) be the ith column of B-1. Equation (5.1)



Example 5.3 Consider the optimal tableau
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Xl X2 Xs X4

12 0 0 2 7

2 1 0 -3 2

2 0 1 5 -3

(
X B( ') ) ( X B( ') )max J_ < 8 < min J_.

{jl,Bji>O} (3ji - - {j1,Bji<O} (3ji
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Equivalently,

Xl =

For 8 in this range, the optimal cost, as a function of 8, is given
c~B-l(b + 8ei) = p/b + 8Pi, where p/ = C~B-l is the (optimal)
solution associated with the current basis B.

If 8 is outside the allowed range, the current solution satisfies
optimality (or dual feasibility) conditions, but is primal infeasible. In that
case, we can apply the dual simplex algorithm starting from the current
basis.

from Example 5.1.
Let us contemplate adding 8 to bl . We look at the first column of

which is (-3,5). The basic variables under the same basis are Xl = 2 - 38
2 + 58. This basis will remain feasible as long as 2 38 2: 0 and 2 + 58 2: 0,
is, if -2/5 :s: 8 :s: 2/3. The rate of change of the optimal cost per unit change
8 is given by C'sB-lel = (-5, -1)'(-3,5) = 10.

If 8 is increased beyond 2/3, then Xl becomes negative. At this point,
can perform an iteration of the dual simplex method to remove Xl from the
and Xs enters the basis.

Changes in the cost vector c

Suppose now that some cost coefficient Cj becomes Cj + 8. The prima
feasibility condition is not affected. We therefore need to focus on th
optimality condition

C~B-IA:::; c/o

If Cj is the cost coefficient of a nonbasic variable xj, then CB does no
change, and the only inequality that is affected is the one for the rec[uce(
cost of x j; we need

or



Consider now adding 01 to C1. From the simplex tableau, we obtain q12 0,
= -3, q14 2, and we are led to the conditions

209

'I i #j.

'Ii #j,

01 2: -2/3,

01 ::; 7/2.

63 2: -C3 -2,

64 > -C4 = -7.

Local sensitivity analysis

in a nonbasic column of A

Cj I5Pi 2: 0,

re p' C~B-1. If this condition is violated, the nonbasic column A j

be brought into the basis, and we can continue with the primal simplex

qei is the £th entry of B-1Ai, which can be obtained from the simplex
These inequalities determine the range of 15 for which the same

remains optimal.

ppose that some entry aij in the jth column A j of the matrix A is
anged to aij + 15. We wish to determine the range of values of 15 for which

old optimal basis remains optimal.
If the column A j is nonbasic, the basis matrix B does not change,

d the primal feasibility condition is unaffected. Furthermore, only the
cost of the jth column is affected, leading to the condition

Sec. 5.1

this condition holds, the current basis remains optimal; otherwise, we can
apply the primal simplex method starting from the current basic feasible
solution.

If Cj is the cost coefficient of the £th basic variable, that is, if j = B (£),
then CB becomes CB + 15ee and all of the optimality conditions will be

The optimality conditions for the new problem are

E)caIllI)le 5.4 We consider once more the problem in Example 5.1 and deter­
the range of changes 6i of Ci, under which the same basis remains optimal.
X3 and X4 are nonbasic variables, we obtain the conditions

Xj is a basic variable, its reduced cost stays at zero and need not be
eXl1mim:d.) Equivalently,
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Changes in a basic column of A
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For an intuitive interpretation of this equation, let us consider the
problem and recall that aij corresponds to the amount of the ith nutril?Ilt
in the jth food. Given an optimal solution x* to the original problern,
an increase of aij by 8 means that we are getting "for free" an adlditioIJl(),
amount 8x; of the ith nutrient. Since the dual variable Pi is the m~trgma

cost per unit of the ith nutrient, we are getting for free something that
normally worth 8PiX;, and this allows us to reduce our costs by that
amount.

Production planning revisited

In Section 1.2, we introduced a production planning problem that DEC h
faced in the end of 1988. In this section, we answer some of the questio
that we posed. Recall that there were two important choices, whether t
use the constrained or the unconstrained mode of production for disk drive
and whether to use alternative memory boards. As discussed in Section l.
these four combinations of choices led to four different linear programmi
problems. We report the solution to these problems, as obtained frorn
linear programming package, in Table 5.l.

Table 5.1 indicates that revenues can substantially increase by usi
alternative memory boards, and the company should definitely do so. T
decision of whether to use the constrained or the unconstrained mode
production for disk drives is less clear. In the constrained mode, the reven
is 248 million versus 213 million in the unconstrained mode. Howev
customer satisfaction and, therefore, future revenues might be affecte
since in the constrained mode some customers will get a product differen
than the desired one. Moreover, these results are obtained assuming tha
the number of available 256K memory boards and disk drives were 8,0
and 3,000, respectively, which is the lowest value in the range that w
estimated. We should therefore examine the sensitivity of the solution
the number of available 256K memory boards and disk drives inc:re;lses.

If one of the entries of a basic column A j changes, then both the Ie8cSHHb
ity and optimality conditions are affected. This case is more COmI)!ic;ated
and we leave the full development for the exercises. As it turns out,
range of values of 8 for which the same basis is optimal is again an lTItcpr""", I

(Exercise 5.3).
Suppose that the basic column A j is changed to A j + 8ei, where

is the ith unit vector. Assume that both the original problem and its
have unique and nondegenerate optimal solutions x* and p, reilp{)ctivEdyi
Let x* (8) be an optimal solution to the modified problem, as a tUIlctlon
8. It can be shown (Exercise 5.2) that for small 8 we have

c'x*(8) = c'x* 8X;Pi + 0(82
).
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Alt. boards Mode Revenue Xl X2 X3 X4 X5

no constr. 145 0 2.5 0 0.5 2

yes constr. 248 1.8 2 0 1 2

no unconstr. 133 0.272 1.304 0.3 0.5 2.7

yes unconstr. 213 1.8 1.035 0.3 0.5 2.7

Table 5.1: Optimal solutions to the four variants of the produc­
tion planning problem. Revenue is in millions of dollars and the
quantities Xi are in thousands.

With most linear programming packages, the output includes the val­
ues of the dual variables, as well as the range of parameter variations under
which local sensitivity analysis is valid. Table 5.2 presents the values of

dual variables associated with the constraints on available disk drives
256K memory boards. In addition, it provides the range of allowed

Chlln!~eS on the number of disk drives and memory boards that would leave
dual variables unchanged. This information is provided for the two lin­
programming problems corresponding to constrained and unconstrained

of production for disk drives, respectively, under the assumption that
alterrlative memory boards will be used.

Mode Constrained Unconstrained

Revenue 248 213

Dual variable
15 0

for 256K boards

Range
[-1.5,0.2] [-1.62,00]

for 256K boards

Dual variable
0 23.52

for disk drives

Range
[-0.2, 0.75] [-0.91,1.13]

for disk drives

Table 5.2: Dual prices and ranges for the constraints correspond­
ing to the availability of the number of 256K memory boards and
disk drives.



in particular, S is a convex set. For any b E S, we define

be the feasible set, and note that our notation makes the dependence
explicit. Let

5.2 Global dependence on the right-hand
vector
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F(b) = min e'x,
XEP(b)

S {Axlx~o};

S = {b IP(b) is nonempty},

P(b) = {x IAx = b, x ~ O}

In the constrained mode, increasing the number of available
boards by 0.2 thousand (the largest number in the allowed range)
in a revenue increase of 15 x 0.2 3 million. In the unconstrained
increasing the number of available 256K boards has no effect on rmreUlues,
because the dual variable is zero and the range extends upwards to mti.nity.
In the constrained mode, increasing the number of available disk drives
up to 0.75 thousand (the largest number in the allowed range) has no
on revenue. Finally, in the unconstrained mode, increasing the numl)er
of available disk drives by 1.13 thousand results in a revenue increase
23.52 x 1.13 26.57 million.

In conclusion, in the constrained mode of production, it is import£mt
to aim at an increase of the number of available 256K memory UU':UU15.

while in the unconstrained mode, increasing the number of disk drives
more important.

This example demonstrates that even a small linear pn)grarrlm:ing
problem (with five variables, in this case) can have an impact on a
pany's planning process. Moreover, the information provided by linear
gramming solvers (dual variables, ranges, etc.) can offer significant imligJrrt$
and can be a very useful aid to decision makers.

In this section, we take a global view of the dependence of the optimal
on the requirement vector b.

Let

and observe that

which is the optimal cost as a function of b.
Throughout this section, we assume that the dual feasible set

piA ~ e' } is nonempty. Then, duality theory implies that the
primal cost F(b) is finite for every b E S. Our goal is to understand
structure of the function F (b), for b E S.
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for b close to b*,

maximize p'b

subject to p'A :::; c',

c' B-1b - p'bB -,F(b)

Global dependence on the right-hand side vector5.2

has been assumed feasible. For any b E S, F(b) is finite and, by
duality, is equal to the optimal value of the dual objective. Let

, ... ,pN be the extreme points of the dual feasible set. (Our standing
umption is that the matrix A has linearly independent rows; hence its
umns span ~m. Equivalently, the rows of A' span ~m and Theorem 2.6
~e(;tioln 2.5 implies that the dual feasible set must have at least one

We now corroborate Theorem 5.1 by taking a different approach,
LVoJ.viUlg the dual problem

~§t(tbljlshjlng the convexity of F.

Let b 1 and b 2 be two elements of S. For i = 1,2, let xi be an
solution to the problem of minimizing c'x subject to x 2: 0 and

bi. Thus, F(b1) = c'x1 and F(b2 ) = c'x2 . Fix a scalar .\ E [0,1],
note that the vector y = .\x1+ (1 - .\)x2 is nonnegative and satisfies
= .\b1 + (1 - .\)b2 . In particular, y is a feasible solution to the linear

pr()grarrlmimg problem obtained when the requirement vector b is set to
.\)b 2 . Therefore,

p' = c'sB-1 is the optimal solution to the dual problem. This
establislleS that in the vicinity of b*, F(b) is a linear function of b and its
f!p1dl:ent is given by p.

We now turn to the global properties of F(b).

Let us fix a particular element b* of S. Suppose that there exists a
nond'8gEme:ra1~e primal optimal basic feasible solution, and let B be the cor­
res:pondJmg optimal basis matrix. The vector XB of basic variables at that
optlDlal solution is given by XB = B-1b*, and is positive by nondegeneracy.

addition, the vector of reduced costs is nonnegative. Ifwe change b* to b
if the difference b b* is sufficiently small, B-1b remains positive and

still have a basic feasible solution. The reduced costs are not affected
the change from b* to b and remain nonnegative. Therefore, B is an

'QT)tlrnal basis for the new problem as well. The optimal cost F(b) for the
problem is given by



extreme point.) Since the optimum of the dual must be attained at
extreme point, we obtain

Sensitivity analysis

bE S.

b* + Od E S.

Chap. 5

. max (pi)'b,
~=l,... ,N

F(b)

j(O) = . max (pi)'(b* + Od),
1,=l, ... ,N

Figure 5.1: The optimal cost when the vector b is a function
of a scalar parameter. Each linear piece is of the form (pi)' (b* +
Bd), where pi is the ith extreme point of the dual feasible set.
In each one of the intervals B < BI , BI < B < B2 , and B > B2 ,

we have different dual optimal solutions, namely, pI, p2, and p3,

respectively. For B BI or B = B2 , the dual problem has multiple
optimal solutions.
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In particular, F is equal to the maximum of a finite collection of
functions. It is therefore a piecewise linear convex function, and we have
new proof of Theorem 5.1. In addition, within a region where F is
we have F(b) (pi)'b, where pi is a corresponding dual optimal solutIon,
in agreement with our earlier discussion.

For those values of b for which F is not differentiable, that is, at
junction of two or more linear pieces, the dual problem does not
unique optimal solution and this implies that every optimal basic
solution to the primal is degenerate. (This is because, as shown earlier
this section, the existence of a nondegenerate optimal basic feasible SOJ.utlOIJ
to the primal implies that F is locally linear.)

We now restrict attention to changes in b of a particular type,
b = b* + Od, where b* and d are fixed vectors and 0 is a scalar.
j(0) = F(b* +Od) be the optimal cost as a function of the scalar pararnet
O. Using Eq. (5.2), we obtain



5.3 The set of all dual optimal solutions*

Note that if b* is a breakpoint of the function F, then there are
several subgradients. On the other hand, if F is linear near b*, there is a
unique subgradient, equal to the gradient of F.

215The set of all dual optimal solutions*

Figure 5.2: Illustration of subgradients of a function F at a
point b*. A subgradient p is the gradient of a linear function
FCb*) + p/Cb b*) that lies below the function FCb) and agrees
with it for b = b*.

Sec. 5.3

This is essentially a "section" of the function F; it is again a piecewise linear
convex function; see Figure 5.1. Once more, at breakpoints of this function,
every optimal basic feasible solution to the primal must be degenerate.

have seen that if the function F is defined, finite, and linear in the
vicinity of a certain vector b*, then there is a unique optimal dual solution,
equal to the gradient of F at that point, which leads to the interpretation
of dual optimal solutions as marginal costs. We would like to extend this
interpretation so that it remains valid at the breakpoints of F. This is
indeed possible: we will show shortly that any dual optimal solution can
be viewed as a "generalized gradient" of F. We first need the fo~lowing

definition, which is illustrated in Figure 5.2.



and let

is,

Q(c) = {p Ip'A:::; c'},
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Proof. Recall that the function F is defined on the set S, which is
set of vectors b for which the set P(b) of feasible solutions to the
problem is nonempty. Suppose that p is an optimal solution to the
problem. Then, strong duality implies that p'b* = F(b*). Consider
some arbitrary b E S. For any feasible solution x E P(b), weak
yields p'b :::; c'x. Taking the minimum over all x E P(b), we
p'b :::; F(b). Hence, p'b p'b*:::; F(b) - F(b*), and we conclude that
is a subgradient of F at b*.

We now prove the converse. Let p be a subgradient of F at b*;

5.4 Global dependence on the cost vector

F(b*) + p'(b b*):::; F(b), \:j b E S.

Pick some x 2: 0, let b = Ax, and note that x E P(b). In pa:rtic;uhil',
F(b) :::; c'x. Using Eq. (5.3), we obtain

p'Ax = p'b:::; F(b) - F(b*) + p'b* :::; c'x - F(b*) + p'b*.

Since this is true for all x 2: 0, we must have p'A :::; c', which shows
is a dual feasible solution. Also, by letting x 0, we obtain F(b*) :::;
Using weak duality, every dual feasible solution q must satisfy
F(b*) :::; p'b*, which shows that p is a dual optimal solution.

In the last two sections, we fixed the matrix A and the vector c,
considered the effect of changing the vector b. The key to our ne1ve!()nrnE
was the fact that the set of dual feasible solutions remains the same
varies. In this section, we study the case where A and b are fixed,
vector c varies. In this case, the primal feasible set remains unaff'8cted;
standing assumption will be that it is nonempty.

We define the dual feasible set

T = {c IQ(c) is nonempty}.

If cl E T and c2 E T, then there exist pI and p2 such that (pI)'A :::;
and (p2)'A :::; (c2)'. For any scalar ,X E [0,1], we have

(,X(pl)' + (1- ,X)(p2)')A:::; 'x(cl )' + (1- 'x)(c2)',



Parametric programming

let g(O) be the optimal cost as a function of O. Naturally, we assume
the feasible set is nonempty. For those values of 0 for which the optimal
is finite, we have
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min c'xi
.

i=l, ... ,N

. min (c + Od)'xi
,

~=l, ... ,N

G(c)

g(O)

Parametric programmingSec. 5.5

and this establishes that AC l + (1 - A)C2 E T. We have therefore shown
that T is a convex set.

If c tJ- T, the infeasibility of the dual problem implies that the optimal
primal cost is -00. On the other hand, if c E T, the optimal primal cost
must be finite. Thus, the optimal primal cost, which we will denote by
G(c), is finite if and only if c E T.

Let xl, x 2, ... , x N be the basic feasible solutions in the primal feasible
set; clearly, these do not depend on c. Since an optimal solution to a
standard form problem can always be found at an extreme point, we have

Thus, G(c) is the minimum of a finite collection of linear functions and is
a piecewise linear concave function. If for some value c* of c, the primal
has a unique optimal solution xi, we have (c*)'xi < (c*)'xj , for all j i:: i.
For c very close to c*, the inequalities c'xi < c'xj , j i:: i, continue to hold,
implying that xi is still a unique primal optimal solution with cost c'xi.
We conclude that, locally, G(c) = c'xi . On the other hand, at those values
of c that lead to multiple primal optimal solutions, the function G has a
breakpoint.

We summarize the main points of the preceding discussion.

us fix A, b, c, and a vector d of the same dimension as c. For any
scalar 0, we consider the problem

minimize (c + Od)'x
subject to Ax b

x > 0,



Example 5.5 Consider the problem

Figure 5.3: The optimal cost g(()) as a function of ().

Sensitivity C..,LCHYOi0Chap. 5

if ~ < () < 3.2 - -g(()) = 0,

Xl X2 X3 X4 Xs

0 -3+2() 3-() 1 0 0

5 1 2 -3 1 0

7 2 1 -4 0 1

minimize (-3 + 2())XI + (3 ())X2 + X3

subject to Xl + 2X2 3X3 ::: 5
2XI + X2 4X3 ::: 7

Xl, X2, X3 2': O.
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Xs =

where Xl, ... ,xN are the extreme points of the feasible set; see Figure
In particular, g(B) is a piecewise linear and concave function of the palran1"
eter B. In this section, we discuss a systematic procedure, based on
simplex method, for obtaining g(B) for all values of B. We start with
example.

We introduce slack variables in order to bring the problem into standard
and then let the slack variables be the basic variables. This determines a
feasible solution and leads to the following tableau.

If -3 + 2() 2': 0 and 3 - () 2': 0, all reduced costs are nonnegative and
have an optimal basic feasible solution. In particular,



If 8 is increased slightly above 3, the reduced cost of X2 becomes negative
and we no longer have an optimal basic feasible solution. We let X2 enter the
basis, X4 exits, and we obtain the new tableau:
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g(8) 7.5 - 2.58,

g(8) -10.5 + 78,

Xl X2 X3 X4 Xs

10.5 -78 0 4.5 28 -5 +48 0 1.5 8

1.5 0 1.5 -1 1 -0.5

3.5 1 0.5 -2 0 0.5

Parametric programming

X4 =

Xl X2 X3 X4 Xs

-7.5 + 2.58 -4.5 + 2.58 0 5.5 1.58 -1.5 + 0.58 0

2.5 0.5 1 -1.5 0.5 0

4.5 1.5 0 -2.5 -0.5 1

note that all reduced costs are nonnegative if and only if 3 ::::: 8 ::::: 5.5/1.5.
optimal cost for that range of values of 8 is

if 3 < 8 < 5.5
- - 1.5

that all of the reduced costs are nonnegative if and only if 5/4 ::::: 8 ::::: 3/2.
these values of 8, we have an optimal solution, with an optimal cost of

if ~<8<3.
4 - - 2

Xs =

X2 =

for 8 < 5/4, the reduced cost of X3 is negative, but the optimal cost is
to -00, because all entries in the third column of the tableau are negative.

the optimal cost in Figure 5.4.

We now generalize the steps in the preceding example, in order to
a broader methodology. The key observation is that once a basis

the reduced costs are affine (linear plus a constant) functions of
if we require that all reduced costs be nonnegative, we force (j to

long to some interval. (The interval could be empty but if it is nonempty,
endpoints are also included.) We conclude that for any given basis, the
of (j for which this basis is optimal is a closed interval.

Sec. 5.5

8 is increased beyond 5.5/1.5, the reduced cost of X3 becomes negative. If we
att;errlpt to bring X3 into the basis, we cannot find a positive pivot element in the

column of the tableau, and the problem is unbounded, with g(8) = -00.

Let us now go back to the original tableau and suppose that 8 is decreased
a value slightly below 3/2. Then, the reduced cost of Xl becomes negative, we

enter the basis, and Xs exits. The new tableau is:
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Figure 5.4: The optimal cost g(O) as a function of 0, in Example
5.5. For 0 outside the interval [5/4,11/3]' g(O) is equal to -00.
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Let us now assume that we have chosen a basic feasible solution
an associated basis matrix B, and suppose that this basis is optimal for
satisfying 01 ::::: 0 ::::: O2 . Let Xj be a variable whose reduced cost be(~o]Jnes

negative for 0 > O2 , Since this reduced cost is nonnegative for 01 ::::: 0 :::::
it must be equal to zero when 0 O2 . We now attempt to bring Xj

the basis and consider separately the different cases that may arise.

Suppose that no entry of the jth column B-1A j of the
tableau is positive. For 0 > O2 , the reduced cost of Xj is negative,
this implies that the optimal cost is -00 in that range.

If the jth column of the tableau has at least one positive element,
carry out a change of basis and obtain a new basis matrix B. For 0
the reduced cost of the entering variable is zero and, therefore, the
associated with the new basis is the same as the cost associated with
old basis. Since the old basis was optimal for 0 = O2 , the same must
true for the new basis. On the other hand, for 0 < O2 , the entering val~lalJIe

Xj had a positive reduced cost. According to the pivoting mechanics,
for 0 < O2 , a negative multiple of the pivot row is added to the
row, and this makes the reduced cost of the exiting variable negative.
implies that the new basis cannot be optimal for 0 < O2 . We conclude
the range of values of 0 for which the new basis is optimal is of the
O2 ::::: 0 ::::: 03 , for some 03 , By continuing similarly, we obtain a sequence
bases, with the ith basis being optimal for Oi ::::: 0 ::::: 0i+l.

Note that a basis which is optimal for 0 E [Oi, Oi+l] cannot be
for values of 0 greater than 0i+l. Thus, if 0i+l > Oi for all i, the same ba
cannot be encountered more than once and the entire range of values of
will be traced in a finite number of iterations, with each iteration leadin
to a new breakpoint of the optimal cost function g(O). (The number
breakpoints may increase exponentially with the dimension of the problem.



5.6 Summary

The situation is more complicated iffor some basis we have ei = ei+l.

In this case, it is possible that the algorithm keeps cycling between a finite
number of different bases, all of which are optimal only for e= ei = ei+l'

Such cycling can only happen in the presence of degeneracy in the primal
problem (Exercise 5.17), but can be avoided if an appropriate anticycling
rule is followed. In conclusion, the procedure we have outlined, together
with an anticycling rule, partitions the range of possible values of e into
consecutive intervals and, for each interval, provides us with an optimal
basis and the optimal cost function as a function of e.

There is another variant of parametric programming that can be used
when c is kept fixed but b is replaced by b + ed, where d is a given vector
and e is a scalar. In this case, the zeroth column of the tableau depends
on e. Whenever e reaches a value at which some basic variable becomes
negative, we apply the dual simplex method in order to recover primal
feasibility.

In this chapter, we have studied the dependence of optimal solutions and of
the optimal cost on the problem data, that is, on the entries of A, b, and
c. For many of the cases that we have examined, a common methodology
was used. Subsequent to a change in the problem data, we first examine its
effects on the feasibility and optimality conditions. If we wish the same basis
to remain optimal, this leads us to certain limitations on the magnitude of
the changes in the problem data. For larger changes, we no longer have
an optimal basis and some remedial action (involving the primal or dual
simplex method) is typically needed.

We close with a summary of our main results.

(a) If a new variable is added, we check its reduced cost and if it is
negative, we add a new column to the tableau and proceed from
there.

(b) If a new constraint is added, we check whether it is violated and if
so, we form an auxiliary problem and its tableau, and proceed from
there.

(c) If an entry of b or c is changed by 0, we obtain an interval of values
of 0 for which the same basis remains optimal.

(d) If an entry of A is changed by 0, a similar analysis is possible. How­
ever, this case is somewhat complicated if the change affects an entry
of a basic column.

(e) Assuming that the dual problem is feasible, the optimal cost is a
piecewise linear convex function of the vector b (for those b for which
the primal is feasible). Furthermore, subgradients ofthe optimal cost
function correspond to optimal solutions to the dual problem.

221SummarySec. 5.6



5.7 Exercises
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Exercise 5.1 Consider the same problem as in Example 5.1, for which we al"
ready have an optimal basis. Let us introduce the additional constraint Xl +X2 =
3. Form the auxiliary problem described in the text, and solve it using the
mal simplex method. Whenever the "large" constant M is compared to >1.nnt.tlpr

number, M should be treated as being the larger one.

Exercise 5.2 (Sensitivity with respect to changes in a basic colurnn
of A) In this problem (and the next two) we study the change in the
of the optimal cost when an entry of the matrix A is perturbed by a
amount. We consider a linear programming problem in standard form, under
usual assumption that A has linearly independent rows. Suppose that we
an optimal basis B that leads to a nondegenerate optimal solution x', and
nondegenerate dual optimal solution p. We assume that the first column is
We will now change the first entry of Al from all to all + t5, where t5 is a
scalar. Let E be a matrix of dimensions m x m (where m is the number of
of A), whose entries are all zero except for the top left entry ell, which is
to l.

(a) Show that if t5 is small enough, B+t5E is a basis matrix for the new pr,oblenl.

(b) Show that under the basis B + t5E, the vector Xs of basic variables in
new problem is equal to (I + t5B- I E)-lB- l b.

(c) Show that if t5 is sufficiently small, B + t5E is an optimal basis for the
problem.

(d) We use the symbol f';::; to denote equality when second order terms in t5 are
nored. The following approximation is known to be true: (1+t5B- I E)-l
1 - t5B- I E. Using this approximation, show that

where xi (respectively, PI) is the first component of the optimal solution
the original primal (respectively, dual) problem, and Xs has been
in part (b).

(f) Assuming that the primal problem is feasible, the optimal cost is a
piecewise linear concave function of the vector c (for those c for which
the primal has finite cost).

(g) If the cost vector is an affine function of a scalar parameter e, there
is a systematic procedure (parametric programming) for solving the
problem for all values of e. A similar procedure is possible if the
vector b is an affine function of a scalar parameter.

Exercise 5.3 (Sensitivity with respect to changes in a basic colurnn
of A) Consider a linear programming problem in standard form under the
assumption that the rows of the matrix A are linearly independent.
that the columns AI, ... , Am form an optimal basis. Let A o be some vector
suppose that we change Al to Al + t5Ao. Consider the matrix B(t5) consisting



Company A can produce a maximum of 160 lamps per month at a cost of $35
per unit. Additional lamps can be purchased from Company C at a cost of $50

Exercise 5.5 While solving a standard form linear programming problem using
the simplex method, we arrive at the following tableau:

Exercise 5.6 Company A has agreed to supply the following quantities of spe­
cial lamps to Company B during the next 4 months:

223

Xl X2 Xs X4 X5

0 0 Cs 0 C5

1 0 1 -1 0 (3

2 0 0 2 1 "f

3 1 0 4 0 8

Exercises

Month January February March April

Units 150 160 225 180

Sec. 5.7

X4 =

Exercise 5.4 Consider the problem in Example 5.1, with an changed from
3 to 3 + 8. Let us keep Xl and X2 as the basic variables and let B(8) be the
corresponding basis matrix, as a function of 8.

(a) Compute B(8)-lb. For which values of 8 is B(8) a feasible basis?

(b) Compute c'z,B(8)-1. For which values of 8 is B(8) an optimal basis?

(c) Determine the optimal cost, as a function of 8, when 8 is restricted to those
values for which B(8) is an optimal basis matrix.

the columns Ao + 8A1, A2, ... , Am. Let [81,82] be a closed interval of values of
8 that contains zero and in which the determinant of B(8) is nonzero. Show that
the subset of [81,82] for which B(8) is an optimal basis is also a closed interval.

X2 =

Suppose also that the last three columns of the matrix A form an identity matrix.

(a) Give necessary and sufficient conditions for the basis described by this
tableau to be optimal (in terms of the coefficients in the tableau).

(b) Assume that this basis is optimal and that Cs = O. Find an optimal basic
feasible solution, other than the one described by this tableau.

(c) Suppose that "f > O. Show that there exists an optimal basic feasible
solution, regardless of the values of Cs and C5.

(d) Assume that the basis associated with this tableau is optimal. Suppose
also that b1 in the original problem is replaced by b1 + E. Give upper and
lower bounds on E so that this basis remains optimal.

(e) Assume that the basis associated with this tableau is optimal. Suppose
also that C1 in the original problem is replaced by C1 + E. Give upper and
lower bounds on E so that this basis remains optimal.
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per lamp. Company A incurs an inventory holding cost of $5 per month for
lamp held in inventory.

(a) Formulate the problem that Company A is facing as a linear pf()gr'arrlming
problem.

(b) Solve the problem using a linear programming package.

(c) Company A is considering some preventive maintenance during one of
first three months. If maintenance is scheduled for January, the co:mr>alJlY
can manufacture only 151 units (instead of 160); similarly, the m,tXimllm
possible production if maintenance is scheduled for February or
153 and 155 units, respectively. What maintenance schedule would
recommend and why?

(d) Company D has offered to supply up to 50 lamps (total) to LJoJmp:any
during either January, February or March. Company D charges $45
lamp. Should Company A buy lamps from Company D? If yes, when
how many lamps should Company A purchase, and what is the impact
this decision on the total cost?

(e) Company C has offered to lower the price of units supplied to LJc'mj)arrv
A during February. What is the minimum decrease that would make
offer attractive to Company A?

(f) Because of anticipated increases in interest rates, the holding cost per
is expected to increase to $8 per unit in February. How does this
affect the total cost and the optimal solution?

(g) Company B has just informed Company A that it requires only 90
January (instead of 150 requested previously). Calculate upper and
bounds on the impact of this order on the optimal cost using inJ:orm,1ti,)ll
from the optimal solution to the original problem.

Exercise 5.7 A paper company manufactures three basic products:
paper, 5-packs of paper, and 20-packs of paper. The pad of paper cOltlsists
single pad of 25 sheets of lined paper. The 5-pack consists of 5 pads of
together with a small notebook. The 20-pack of paper consists of 20
paper, together with a large notebook. The small and large notebooks are
sold separately.

Production of each pad of paper requires 1 minute of paper-machine
1 minute of supervisory time, and $.10 in direct costs. Production of each
notebook takes 2 minutes of paper-machine time, 45 seconds of supervisory
and $.20 in direct cost. Production of each large notebook takes 3 mlnu-tes
paper machine time, 30 seconds of supervisory time and $.30 in direct costs.
package the 5-pack takes 1 minute of packager's time and 1 minute of superviso
time. To package the 20-pack takes 3 minutes of packager's time and 2 minu
of supervisory time. The amounts of available paper-machine time, supervis
time, and packager's time are constants bl, b2 , bs, respectively. Any of the
products can be sold to retailers in any quantity at the prices $.30, $1.60,
$7.00, respectively.

Provide a linear programming formulation of the problem of determin
an optimal mix of the three products. (You may ignore the constraint that 0

integer quantities can be produced.) Try to formulate the problem in



(a) What is the marginal value of an extra unit of supervisory time?

(c) Suppose that part-time supervisors can be hired at $8 per hour. Is it
worthwhile to hire any?

(d) Suppose that the direct cost of producing pads of paper increases from $.10
to $.12. What is the profit decrease?
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I E I C I P 1~ Total I

Exercises

Clay (lbs) 10 15 10 10 20 130

Enamel (lbs) 1 2 2 1 1 13

Dry room (hours) 3 1 6 6 3 45

Kiln (hours) 2 4 2 5 3 23

Profit 51 102 66 66 89

I Resources

Sec. 5.7

Table 5.3: The rightmost column in the table gives the manufac­
turer's resource availability for the remainder of the week. Notice
that Primrose can be made by two different methods. They both
use the same amount of clay (10 lbs.) and dry room time (6 hours).
But the second method uses one pound less of enamel and three
more hours in the kiln.

(b) What is the lowest price at which it is worthwhile to produce single pads
of paper for sale?

way that the following questions can be answered by looking at a single dual
variable or reduced cost in the final tableau. Also, for each question, give a brief
explanation of why it can be answered by looking at just one dual price or reduced
cost.

Exercise 5.8 A pottery manufacturer can make four different types of dining
room service sets: JJP English, Currier, Primrose, and Bluetail. Furthermore,
Primrose can be made by two different methods. Each set uses clay, enamel, dry
room time, and kiln time, and results in a profit shown in Table 5.3. (Here, lbs
is the abbreviation for pounds).

The manufacturer is currently committed to making the same amount of
Primrose using methods 1 and 2. The formulation of the profit maximization
pf()blem is given below. The decision variables E, C, H, P2, B are the number

sets of type English, Currier, Primrose Method 1, Primrose Method 2, and
.1Jll~t",Ctll, respectively. We assume, for the purposes of this problem, that the

of sets of each type can be fractional.



Exercise 5.9 Using the notation of Section 5.2, show that for any
scalar A and any b E S, we have F(Ab) = AF(b). Assume that the dual
set is nonempty, so that F(b) is finite.

Sensitivity analysisChap. 5

Table 5.4: The optimal primal solution and its sensitivity with
respect to changes in coefficients of the objective function. The
last two columns describe the allowed changes in these coefficients
for which the same solution remains optimal.
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(a) What is the optimal quantity of each service set, and what is the
profit?

(b) Give an economic (not mathematical) interpretation of the optimal
variables appearing in the sensitivity report, for each of the five cOllst:railtlts

(c) Should the manufacturer buy an additional 20 lbs. of Clay at $1.1
pound?

(d) Suppose that the number of hours available in the dry room decreases
30. Give a bound for the decrease in the total profit.

(e) In the current model, the number of Primrose produced using method 1
required to be the same as the number of Primrose produced by method
Consider a revision of the model in which this constraint is replaced by th
constraint H - P2 :::: O. In the reformulated problem would the amount
Primrose made by method 1 be positive?

maximize 51E + 102C + 66H + 66P2 + 89B
subject to lOE + 15C + 10H + 10P2 + 20B ~ 130

E+ 2C + 2PI + P2 + B ~ 13
3E + C+ 6PI + 6P2 + 3B ~ 45
2E + 4C + 2H + 5P2 + 3B ~ 23

PI P2 0
E,C,H,P2,B:::: O.

The optimal solution to the primal and the dual, respectively, together
sensitivity information, is given in Tables 5.4 and 5.5. Use this information
answer the questions that follow.

Optimal Reduced Objective Allowable Allowable
Value Cost Coefficient Increase Decrease

E 0 -3.571 51 3.571 CXJ

C 2 0 102 16.667 12.5

PI 0 0 66 37.571 CXJ

P 2 0 -37.571 66 37.571 CXJ

B 5 0 89 47 12.5
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Slack Dual Constr. Allowable Allowable
Value Variable RHS Increase Decrease

130 1.429 130 23.33 43.75

9 0 13 00 4

17 0 45 00 28

23 20.143 23 5.60 3.50

0 11.429 0 3.50 0

Table 5.5: The optimal dual solution and its sensitivity. The
column labeled "slack value" gives us the optimal values of the
slack variables associated with each of the primal constraints. The
third column simply repeats the right-hand side vector b, while the
last two columns describe the allowed changes in the components
of b for which the optimal dual solution remains the same.

5.10 Consider the linear programming problem:

minimize Xl + X2

subject to Xl + 2X2 = B,

Xl, X2 ::::: O.

Find (by inspection) an optimal solution, as a function of B.

Draw a graph showing the optimal cost as a function of B.

Use the picture in part (b) to obtain the set of all dual optimal solutions,
for every value of B.

5.11 Consider the function g(B), as defined in the beginning of Sec­
Suppose that g(B) is linear for B E [B l , B2 ]. Is it true that there exists a

optimal solution when Bl < B < B2 ? Prove or provide a counterexample.

rcise 5.12 Consider the parametric programming problem discussed in Sec­
5.5.

Suppose that for some value of B, there are exactly two distinct basic feasible
solutions that are optimal. Show that they must be adjacent.

B* be a breakpoint of the fun~tion g(B). Let Xl, x 2
, x 3 be basic feasible

solutions, all of which are optimal for B = B*. Suppose that Xl is a unique
Vl-'"H""" solution for B < B*, x 3 is a unique optimal solution for B > B*, and

, x 2
, x 3 are the only optimal basic feasible solutions for B = B*. Provide

example to show that Xl and x 3 need not be adjacent.



Exercise 5.14 Consider the problem

Exercise 5.13 Consider the following linear programming problem:

Exercise 5.15 Consider the problem

Sensitivity analysisChap. 5

e'x
Ax b+Od

x 2: 0,

(e + Od)'x
Ax b+Of

x 2: 0,

minimize
subject to

minimize
subject to

minimize 4Xl + 5X 3

subject to 2Xl + X2 5X 3 1
-3Xl + 4X3 + X4 2

Xl, X2, X3, X4 2: 0.
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(a) Write down a simplex tableau and find an optimal solution. Is it unique?

(b) Write down the dual problem and find an optimal solution. Is it unique?

(e) Suppose now that we change the vector b from b = (1,2) to b = (1
20,2- 30), where 0 is a scalar parameter. Find an optimal solution
the value of the optimal cost, as a function of O. (For all 0, both positive
and negative.)

where A is an m x n matrix with linearly independent rows. We assume that
problem is feasible and the optimal cost j(O) is finite for all values of 0 in
interval [01 ,02],

(a) Suppose that a certain basis is optimal for 0 = -10 and for 0 10.
that the same basis is optimal for 0 =5.

(b) Show that j(O) is a piecewise quadratic function of O. Give an upper
on the number of "pieces."

(e) Let b = 0 and e = O. Suppose that a certain basis is optimal for 0 =
For what other nonnegative values of 0 is that same basis optimal?

(d) Is j(O) convex, concave or neither?

and let j(O) be the optimal cost, as a function of O.

(a) Let X(O) be the set of all optimal solutions, for a given value of O. B
any nonnegative scalar t, define X(O, t) to be the union of the sets X(O
0:::; 0 :::; t. Is X(O, t) a convex set? Provide a proof or a counterexample.

(b) Suppose that we remove the nonnegativity constraints x 2: 0 from t
problem under consideration. Is X(O, t) a convex set? Provide a proofg
a counterexample.

(e) Suppose that Xl and x 2 belong to X(O, t). Show that there is a continuo
path from Xl to x 2 that is contained within X(O, t). That is, there
a continuous function g(A) such that g(Al) = Xl, g(A2) = x 2

, and
X(O, t) for all A E (AI, A2)'



5.8 Notes and sources

Exercise 5.17 Consider the parametric programming problem. Suppose that
every basic solution encountered by the algorithm is nondegenerate. Prove that
the algorithm does not cycle.

Exercise 5.16 Consider the parametric programming problem of Section 5.5.
Suppose that some basic feasible solution is optimal if and only if e is equal to
some e*.
(a) Suppose that the feasible set is unbounded. Is it true that there exist at

least three distinct basic feasible solutions that are optimal when e= e*?
(b) Answer the question in part (a) for the case where the feasible set is

bounded.

229Notes and sourcesSec. 5.8

The material in this chapter, with the exception of Section 5.3, is standard,
and can be found in any text on linear programming.

A more detailed discussion of the results of the production planning
case study can be found in F'reund and Shannahan (1992).

The results in this section have beautiful generalizations to the case
of nonlinear convex optimization; see, e.g., Rockafellar (1970).

Anticycling rules for parametric programming can be found in Murty
(1983).
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Consider the standard form problem

6.1 Delayed column generation

minimize c'x

subject to Ax b

x > 0,

Large scale optimizationChap. 6232

In this chapter, we discuss methods for solving linear programming prob­
lems with a large number of variables or constraints. We present the idea
of delayed column generation whereby we generate a column of the matrix
A only after it has been determined that it can profitably enter the ba­
sis. The dual of this idea leads to the cutting plane, or delayed constraint
generation method, in which the feasible set is approximated using only
a subset of the constraints, with more constraints added if the reEmltiulg
solution is infeasible. We illustrate the delayed column generation m(lth.od
by discussing a classical application, the cutting-stock problem. Another
application is found in Dantzig- Wolfe decomposition, which is a method
signed for linear programming problems with a special structure. We
with a discussion of stochastic programming, which deals with tWU-13ta,ge

optimization problems involving uncertainty. We obtain a large scale
programming formulation, and we present a decomposition method
as Benders decomposition.

with x E ~n and b E ~m, under the usual assumption that the
of A are linearly independent. Suppose that the number of columns
so large that it is impossible to generate and store the entire
in memory. Experience with large problems indicates that, usually,
of the columns never enter the basis, and we can therefore afford
ever generate these unused columns. This blends well with the
simplex method which, at any given iteration, only requires the curre
basic columns and the column which is to enter the basis. There is onl
one difficulty that remains to be addressed; namely, we need a method £'
discovering variables Xi with negative reduced costs Ci, without havingf
generate all columns. Sometimes, this can be accomplished by solving th.
problem

minimize Ci,

where the minimization is over all i. In many instances (e.g., for the formu
lations to be studied in Sections 6.2 and 6.4), this optimization problem ha
a special structure: a smallest Ci can be found efficiently without comput
ing every Ci. If the minimum in this optimization problem is greater tha
or equal to 0, all reduced costs are nonnegative and we have an optima
solution to the original linear programming problem. If on the other hand
the minimum is negative, the variable Xi corresponding to a minimizin
index i has negative reduced cost, and the column Ai can enter the basis
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minimize l:::Cixi
iEl

subject to LAixi b (6.2)

iEl
x > o.

Delayed column generation6.1

The key to the above outlined approach is our ability to solve the
op'tirrlizf,ticm problem (6.1) efficiently. We will see that in the Dantzig-

decomposition method, the problem (6.1) is a smaller auxiliary linear
pn)grarrlmi[ng problem that can be solved using the simplex method. For the
pwttl]}g-BtC)CK problem, the problem (6.1) is a certain discrete optimization
pn)blem that can be solved fairly efficiently using special purpose methods.

course, there are also cases where the problem (6.1) has no special
dT'l1C"h,,"p and the methodology described here cannot be applied.

that the basic variables at the current basic feasible solution to
original problem are among the columns that have been kept in the

'estricted problem. We therefore have a basic feasible solution to the re­
problem, which can be used as a starting point for its solution.

e then perform as many simplex iterations as needed, until the restricted
roblem is solved to optimality. At that point, we are ready to start with
he next master iteration.

The method we have just described is a special case of the revised
plex method, in conjunction with some special rules for choosing the

tering variable that give priority to the variables Xi, i E Ii it is only when
e reduced costs of these variables are all nonnegative (which happens at
optimal solution to the restricted problem) that the algorithm examines

e reduced costs of the remaining variables. The motivation is that we
ay wish to give priority to variables for which the corresponding columns

A variant involving retained columns

the delayed column generation method that we have just discussed, the
colUllIns that exit the basis are discarded from memory and do not enjoy

special status. In a variant of this method, the algorithm retains in
me:mc)ry all or some of the columns that have been generated in the past,

proceeds in terms of restricted linear programming problems that in­
only the retained columns.
We describe the algorithm as a sequence of master iterations. At the

bel?;innirlg of a master iteration, we have a basic feasible solution to the
OrJlgJJ:lal problem, and an associated basis matrix. We search for a variable

negative reduced cost, possibly by minimizing Ci over all ii if none is
the algorithm terminates. Suppose that we have found some j such

Cj < O. We then form a collection of columns Ai, i E I, which contains
of the basic columns, the entering column A j , and possibly some other

c;oJ.ullms as well. Let us define the restricted problem



6.2 The cutting stock problem
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have already been generated and stored in memory, or to variables that are
more probable to have negative reduced cost. There are several variants
of this method, depending on the manner that the set I is chosen at each
iteration.

(a) At one extreme, I is just the set of indices of the current basic vari­
ables, together with the entering variable; a variable that exits the
basis is immediately dropped from the set I. Since the restricted
problem has m + 1 variables and m constraints, its feasible set is at
most one-dimensional, and it gets solved in a single simplex iteration,
that is, as soon as the column A j enters the basis.

(b) At the other extreme, we let I be the set of indices of all variables
that have become basic at some point in the past; equivalently, no
variables are ever dropped, and each entering variable is added
I. If the number of master iterations is large, this option can
problematic because the set I keeps growing.

(c) Finally, there are intermediate options in which the set I is kept
a moderate size by dropping from I those variables that have
the basis in the remote past and have not reentered since.

In the absence of degeneracy, all of the above variants are guar:'1n1;eed
to terminate because they are special cases of the revised simplex mE~thlod.

In the presence of degeneracy, cycling can be avoided by using the .'d'W'-,,",

simplex method in conjunction with the lexicographic tie breaking rule.

m

LaijWi:::; W
i=l

In this section, we discuss the cutting stock problem, which is a cltLss,ica,1
example of delayed column generation.

Consider a paper company that has a supply of large rolls of
of width W. (We assume that W is a positive integer.) However, cu:stomEiJ:'!
demand is for smaller widths of paper; in particular bi rolls of width
i = 1,2, ... , m, need to be produced. We assume that Wi :::; W for
and that each Wi is an integer. Smaller rolls are obtained by slicing a
roll in a certain way, called a pattern. For example, a large roll of
can be cut into three rolls of width Wl = 17 and one roll of width W2

with a waste of 4.
In general, a pattern, say the jth pattern, can be represented

column vector A j whose ith entry aij indicates how many rolls of width
are produced by that pattern. For example, the pattern described earlier
represented by the vector (3,1,0, ... ,0). For a vector (alj, ... , amj)

a representation of a feasible pattern, its components must be nonneg:'1tJ1
integers and we must also have



Let n be the number of all feasible patterns and consider the m x n matrix
A with columns A j , j = 1, ... , n. Note that n can be a very large number.

The goal of the company is to minimize the number of large rolls used
while satisfying customer demand. Let Xj be the number of large rolls cut
according to pattern j. Then, the problem under consideration is

Naturally, each Xj should be an integer and we have an integer program­
ming problem. However, an optimal solution to the linear programming
problem (6.4) often provides a feasible solution to the integer programming
problem (by rounding or other ad hoc methods), which is fairly close to
optimal, at least if the demands bi are reasonably large (ef. Exercise 6.1).

Solving the linear programming problem (6.4) is a difficult compu­
tational task: even if m is comparatively small, the number of feasible
patterns n can be huge, so that forming the coefficient matrix A in full is
impractical. However, we will now show that the problem can be solved
efficiently, by using the revised simplex method and by generating columns
of A as needed rather than in advance.

Finding an initial basic feasible solution is easy for this problem. For
j 1, ... , m, we may let the jth pattern consist of one roll of width Wj and
none of the other widths. Then, the first m columns of A form a basis that
leads to a basic feasible solution. (In fact, the corresponding basis matrix
is the identity.)

Suppose now that we have a basis matrix B and an associated basic
feasible solution, and that we wish to carry out the next iteration of the
revised simplex method. Because the cost coefficient of every variable Xj

is unity, every component of the vector CB is equal to 1. We compute the
simplex multipliers pi = c~B-1. Next, instead of computing the reduced
cost Cj = 1- piA j associated with every column (pattern) A j , we consider
the problem of minimizing (1 - piA j ) over all j. This is the same as
maximizing piA j over all j. If the maximum is less than or equal to 1, all
reduced costs are nonnegative and we have an optimal solution. If on the
other hand, the maximum is greater than 1, the column A j corresponding
to a maximizing j has negative reduced cost and enters the basis.

We are now left with the task of finding a pattern j that maximizes
piA j . Given our earlier description of what constitutes an admissible pat-

Sec. 6.2 The cutting stock problem

n

minimize 2:::Xj

j=l
n

subject to I~>ijXj
j=l

Xj > 0,

i = 1, ... ,m,

j = 1, ... ,no
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(6.4)



F(v) = . max {F(v Wi) +pd.
'l.=l, ... ,Tn

Delayed column generation methods, when viewed in terms of the
variables, can be described as delayed constraint generation, or cutting
methods. In this section, we develop this alternative perspective.

m

subject to LWiai:S; W (6.5)
i=l

ai ~ 0, i = 1, ,m,
ai integer, 1, ,m.

Large scale optimizationChap. 6

m

maximize Uiai

i=l
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tern ref. Eq. (6.3)], we are faced with the problem

This problem is called the integer knapsack problem. (Think of Pi as
value, and Wi as the weight of the ith item; we seek to fill a knapsack
maximize its value without the total weight exceeding W). Solving
knapsack problem requires some effort, but for the range of numbers
arise in the cutting stock problem, this can be done fairly efficiently.

One possible algorithm for solving the knapsack problem, based
dynamic programming, is as follows. Let F(v) denote the optimal obiectiv'e
value in the problem (6.5), when W is replaced by v, and let us use
convention F(v) = 0 when v < O. Let Wmin = mini Wi' If v < Wmin,

clearly F(v) O. For v ~ Wmin, we have the recursion

For an interpretation of this recursion, note that a knapsack of
at most v is obtained by first filling the knapsack with weight at mo
v Wi, and then adding an item of weight Wi. The knapsack of weig
at most v Wi should be filled so that we obtain the maximum valu
which is F(v - Wi), and the ith item should be chosen so that the tota,
value F(v Wi) +Pi is maximized. Using the recursion (6.6), F(v) can b
computed for v = Wmin, Wmin + 1, ... , W. In addition, an optimal solutio
is obtained by backtracking if a record of the maximizing index i is ke
at each step. The computational complexity of this procedure is O(mW
because the recursion (6.6) is to be carried out for O(W) different
of v, each time requiring O(m) arithmetic operations.

The dynamic programming methodology is discussed in more
ality in Section 11.3, where it is also applied to a somewhat different
of the knapsack problem. The knapsack problem can also be solved
the branch and bound methodology, developed in Section 11.2.

6.3 Cutting plane methods



which is the dual of the standard form problem considered in Section 6.1.
Once more, we assume that it is impossible to generate and store each one
of the vectors Ai, because the. number n is very large. Instead of dealing
with all n of the dual constraints, we consider a subset I of {I, ... ,n}, and
form the relaxed dual problem

over all i. If the optimal value in this problem is nonnegative, we have
a feasible (and, therefore, optimal) solution to the original dual problem;
if it is negative, then an optimizing i satisfies Ci < (p*)'Ai, and we have
identified a violated constraint. The success of this approach hinges on our
ability to solve the problem (6.9) efficiently; fortunately, this is sometimes
possible. In addition, there are cases where the optimization problem (6.9)
is not easily solved but one can test for feasibility and identify violated
constraints using other means. (See, e.g., Section 11.1 for applications of
the cutting plane method to integer programming problems.)

It should be apparent at this point that applying the cutting plane
method to the dual problem is identical to applying the delayed column

which we solve to optimality. Let p* be an optimal basic feasible solution
to the relaxed dual problem. There are two possibilities.

(a) Suppose that p* is a feasible solution to the original problem (6.7).
Any other feasible solution p to the original problem (6.7) is also
feasible for the relaxed problem (6.8), because the latter has fewer
constraints. Therefore, by the optimality of p* for the problem (6.8),
we have p/b :::; (p*)'b. Therefore, p* is an optimal solution to the
original problem (6.7), and we can terminate the algorithm.

(b) If p* is infeasible for the problem (6.7), we find a violated constraint,
add it to the constraints of the relaxed dual problem, and continue
similarly. See Figure 6.1 for an illustration.

In order to carry out this algorithm, we need a method for checking
whether a vector p* is a feasible solution to the original dual problem (6.7).
Second, if p* is dual infeasible, we need an efficient method for identifying
a violated constraint. (This is known as the separation problem, because it
amounts to finding a hyperplane that separates p* from the dual feasible
set, and is discussed further in Section 8.5.) One possibility is to formulate
and solve the optimization problem
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(6.7)

(6.8)

(6.9)

i E I,

i = 1, ... ,n,

minimize Ci - (p*) I Ai

maximize p/b

subject to piAi :::; Ci,

maximize p/b

subject to piAi :::; Ci,

Cutting plane methods

Consider the problem

Sec. 6.3
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Figure 6.1: A polyhedron P defined in terms of several inequality
constraints. Let the vector b point downwards, so that maximizing
p'b is the same as looking for the lowest point. We start with the
constraints indicated by the thicker lines, and the optimal solution
to the relaxed dual problem is pO. The vector pO is infeasible and
we identify the constraint indicated by a hatched line as a violated
one. We incorporate this constraint in the relaxed dual problem,
and solve the new relaxed dual problem to optimality, to arrive at
the vector p2.
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generation method to the primal. For example, mInImIZIng Ci ­

in order to find a violated dual constraint is identical to minimizing
order to find a primal variable with negative reduced cost.
the relaxed dual problem (6.8) is simply the dual of the restricted
problem (6.2) formed in Section 6.1.

The cutting plane method, as described here, corresponds to the v
ant of delayed column generation in which all columns generated by the
gorithm are retained, and the set I grows with each iteration. As discu
in Section 6.1, a possible alternative is to drop some of the elE:m,en1Gs
for example, we could drop those constraints that have not been
some time.

If we take the idea of dropping old dual constraints and carry
the extreme, we obtain a variant of the cutting plane method whereb
each stage, we add one violated constraint, move to a new p vector,
remove a constraint that has been rendered inactive at the new vector.

Example 6.1 Consider Figure 6.1 once more. We start at pO and let I co
of the two constraints that are active at pO. The constraint corresponding



6.4 Dantzig-Wolfe decomposition

hatched line is violated and we add it to the set I. At this point, the set I consists
of three dual constraints, and the relaxed dual problem has exactly three basic
solutions, namely the points pO, pI, and p3. We maximize p'b subject to these
three constraints, and the vector pI is chosen. At this point, the constraint that
goes through pO and p3 is satisfied, but has been rendered inactive. We drop this
constraint from I, which leaves us with the two constraints through the point
pl. Since pI is infeasible, we can now identify another violated constraint and
continue similarly.

Since the cutting plane method is simply the delayed column gener­
ation method, viewed from a different angle, there is no need to provide
implementation details. While the algorithm is easily visualized in terms of
cutting planes and the dual problem, the computations can be carried out
using the revised simplex method on the primal problem, in the standard
fashion.

We close by noting that in some occasions, we may be faced with a
primal problem (not in standard form) that has relatively few variables but
a very large number of constraints. In that case, it makes sense to apply
the cutting plane algorithm to the primal; equivalently, we can form the
dual problem and solve it using delayed column generation.
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(6.10)

minimize c~Xl + C~X2

subject to DIXI + D2X2 b o

FIXI = b l

F2X2 = b 2

XI,X2~O.

Dantzig-Wolfe decompositionSec. 6.4

Consider a linear programming problem of the form

Suppose that Xl and X2 are vectors of dimensions nl and n2, respectively,
and that b o , b l , b 2 have dimensions mo, ml, m2, respectively. Thus,
besides nonnegativity constraints, Xl satisfies ml constraints, X2 satisfies
m2 constraints, and Xl, X2 together satisfy mo coupling constraints. Here,
D I , D 2 , F I , F 2 are matrices of appropriate dimensions.

Problems with the structure we have just described arise in several
applications. For example, Xl and X2 could be decision variables associ­
ated with two divisions of the same firm. There are constraints tied to
each division, and there are also some coupling constraints representing
shared resources, such as a total budget. Often, the number of coupling
constraints is a small fraction of the total. We will now proceed to develop
a decomposition method tailored to problems of this type.



The original problem (6.10) can be now reformulated as

Large scale optimization

i = 1,2.

V i,j,k.

Chap. 6

L A~ 1
jEh

A{ 20, Bf 20,
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Reformulation of the problem

Xi = L A{X{ + L Bfwf,
jEJi kEKi

minimize c~Xl + C~X2

subject to DIXI + D2X2 = b o

Xl E PI

X2 E P2 .

minimize L A{C~X{ + L B~c~w~ + L A~C~X~ + L B~c~w~
jEJt kEKl jEh kE K 2

subject to L A{Dlx{ + L B~DIW~ + L A~D2X~
jEJt kEKl jEh

+ L B~D2W~ = bo
kEK2

Our first step is to introduce an equivalent problem, with fewer equality
constraints, but many more variables.

For i 1,2, we define

and we assume that PI and P2 are nonempty. Then, the problem can
rewritten as

For i = 1,2, let xL j E Ji , be the extreme points of Pi. Let also
k E K i , be a complete set of extreme rays of Pi. Using the resolution
rem (Theorem 4.15 in Section 4.9), any element Xi of Pi can be reI)reSellted
in the form

where the coefficients A{ and Bf are nonnegative and satisfy

This problem will be called the master problem. It is equivalent to
original problem (6.10) and is a linear programming problem in
form, with decision variables A{ and Bf. An alternative notation
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(ci - q'Ddw~.
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equality constraints (6.11)-(6.13) that shows mone clearly the structure of
the column associated with each variable is

In contrast to the original problem, which had ma + ml + m2 equality
constraints, the master problem has only ma + 2 equality constraints. On
the other hand, the number of decision variables in the master problem
could be astronomical, because the number of extreme points and rays is
usually exponential in the number of variables and constraints. Because
of the enormous number of variables in the master problem, we need to
use the revised simplex method which, at any given iteration, involves only
ma + 2 basic variables and a basis matrix of dimensions (ma + 2) x (ma + 2).

Suppose that we have a basic feasible solution to the master problem,
associated with a basis matrix B. We assume that the inverse basis matrix

is available, as well as the dual vector p' = C~B-l. Since we have
ma+2 equality constraints, the vector p has dimension ma+2. The first ma
components of p, to be denoted by q, are the dual variables associated with
the constraints (6.11). The last two components, to be denoted by Tl and
T2, are the dual variables associated with the "convexity" constraints (6.12)
and (6.13), respectively. In particular, p (q,Tl,T2).

In order to decide whether the current basic feasible solution is op­
timal, we need to examine the reduced costs of the different variables and
check whether anyone of them is negative. The cost coefficient of a variable
A{ is cixI. Therefore, the reduced cost of the variable AI is given by

Similarly, the cost coefficient of the variable Of is ciwf. Therefore, its
reduced cost is

We now introduce the most critical idea in the decomposition algo­
rithm. Instead of evaluating the reduced cost of every variable AI and Of,



and checking its sign, we form the linear programming problem

minimize (c~ - q'DI)XI

subject to Xl E PI,
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associated with e~, and have it enter the basis in the master nrl,hlpn1

(b) If the optimal cost in the subproblem is finite and smaller than
then, upon termination, the simplex method provides us with an
treme point xi that satisfies (c~ - q'DI)xi < TI. In this case,
reduced cost of the variable Ai is negative. At this point, we
generate the column

associated with A{, and have it enter the basis in the master problern.

(c) Finally, if the optimal cost in the subproblem is finite and no
than TI, this implies that (c~ - q'DI)xi 2: TI for all extreme
xi, and (c~ q'Ddw~ 2: a for all extreme rays w~. In this case,
reduced cost of every variable Ai or e~ is nonnegative.

The same approach is followed for checking the reduced costs of
variables A~ and e~: we form the second subproblem

minimize (c~ q'D2)X2

subject to X2 E P2 ,

called the first subproblem, which we solve by means of the simplex method.
There are three possibilities to consider.

(a) If the optimal cost in the subproblem is -00, then, upon termination,
the simplex method provides us with an extreme ray w~ that satisfies
(c~ q'DI)W~ < a (see the discussion at the end of Section 4.8).
In this case, the reduced cost of the variable e~ is negative. At
point, we can generate the column

and solve it using the simplex method. Either the optimal cost is
than or equal to T2 and all reduced costs are nonnegative, or we find
variable A~ or e~ whose reduced cost is negative and can enter the

The resulting algorithm is summarized below.
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provide an appealing economic interpretation of the Dantzig-Wolfe de­
cornp,osrtlOn method. We have an organization with two divisions that

to meet a common objective, reflected in the coupling constraint
+ D2X2 = boo A central planner assigns a value of q for each unit

contribution towards the common objective. Division i is interested in

We recognize delayed column generation as the centerpiece of the
decomposition algorithm. Even though the master problem can have a
huge number of columns, a column is generated only after it is found to
have negative reduced cost and is about to enter the basis. Note that the
subproblems are smaller linear programming problems that are employed as
an economical search method for discovering columns with negative reduced
costs.

As discussed in Section 6.1, we can also use a variant whereby all
colurrms that have been generated in the past are retained. In this case,

5 of the algorithm has to be modified. Instead of carrying out a single
sirnplex iteration, we solve a restricted master problem to optimality. This
res:tricted problem has the same structure as the master problem, except

it only involves the columns that have been generated so far.

.l:iicononllC interpretation



The only difference is that at each iteration of the revised simplex meltb.oc]
for the master problem, we may have to solve t subproblems.

In fact, the method is applicable even if t= 1, as we now dU3CUlSS.

Consider the linear programming problem

i = 1,2, ... , t,
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minimize c'x

subject to Dx b o
Fx b

X > 0,

minimize c~Xl + C~X2 + + C~Xt

subject to DIXI + D2X2 + + Dtxt = b o

FiXi = bi,

XI,X2,···,Xt 2: O.

244

minimizing C~Xi subject to its own constraints. However, any choice of Xi
contributes DiXi towards the common objective and has therefore a value
of q'DiXi' This leads division i to minimize (c~ - q'Di)Xi (cost minus
value) subject to its local constraints. The optimal solution to the divi~

sion's subproblem can be viewed as a proposal to the central planner. The
central planner uses these proposals and combines them (optimally) with
preexisting proposals to form a feasible solution for the overall problem.
Based on this feasible solution (which is a basic feasible solution to the
master problem), the values q are reassessed and the process is repeated.

Applicability of the method

It should be clear that there is nothing special about having exactly
subproblems in the Dantzig-Wolfe decomposition method. In D>l.lrtlc'l1l;tr

the method generalizes in a straightforward manner to problems of
form

in which the equality constraints have been partitioned into two sets,
define the polyhedron P = {x 2: 0 IFx = b}. By expressing each eleme
of P in terms of extreme points and extreme rays, we obtain a maste
problem with a large number of columns, but a smaller number of equalit
constraints. Searching for columns with negative reduced cost in the mast~

problem is then accomplished by solving a single subproblem, which is
minimization over the set P. This approach can be useful if the subproble
has a special structure and can be solved very fast.

Throughout our development, we have been assuming that all c
straints are in standard form and, in particular, the feasible sets Pi of t
subproblems are also in standard form. This is hardly necessary. For
ample, if we assume that the sets Pi have at least one extreme
resolution theorem and the same line of development applies.



its inverse is

We now consider some examples and go through the details of the algorithm.
In order to avoid excessive bookkeeping, our first example involves a single
subproblem.
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17
6X3

+ 4X3

4 -1 -6J[~]=-22,

-4Xl X2

3Xl + 2X21::; Xl ::; 2
1::; X2 ::; 2
1::; X3 ::; 2.

minimize
subject to

, 1
CB(l) = C X =
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Examples

Example 6.2 Consider the problem

We divide the constraints into two groups: the first group consists of the con­
straint Dx b o, where D is the 1 x 3 matrix D = [3 2 4]' and where bo 17;
the second group is the constraint x E P, where P {x E R3 I 1 ::; Xi ::; 2, i
1,2,3}. Note that P has eight extreme points; furthermore, it is bounded and,
therefore, has no extreme rays. The master problem has two equality constraints,
namely

8

l.:AjDxj = 17,
j=l

8

l.:A
j = 1,

j=l

where x j are the extreme points of P. The columns ofthe constraint matrix in the
master problem are of the form (Dxj

, 1). Let us pick two of the extreme points
of P, say, Xl = (2,2,2) and x 2 = (1,1,2), and let the corresponding variables
AI and A2 be our initial basic variables. We have Dxl = 18, Dx2 = 13, and,
therefore, the corresponding basis matrix is

0.2 -2.6]
-0.2 3.6 .

We form the product of B- 1 with the vector (17, 1). The result, which is (0.8,0.2),
gives us the values of the basic variables AI, A2

. Since these values are nonnegative,
we have a basic feasible solution to the master problem.

We now determine the simplex multipliers. Recalling that the cost of Aj is
c'xj

, we have



The progress of the algorithm is illustrated in Figure 6.2.

We now form the subproblem. We are to minimize (e' - q'D)x subject to
x E P. We have

Large scale optimizationChap. 6

6] (-1)[3 2 4J = [-1 1 - 2],e' q'D = [ - 4 - 1
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and

, 2 [ -1 6J [i] -17.CB(2) = ex = - 4

We therefore have

p' = [q' rJ = e~B-l = [ - 22 - 17J = [ 1 4J.

B=[
18 16 ] .
1 1 '

its inverse is

B- 1 [ 0.5 -8 ]
-0.5 9 .

1 1 1 3
X = -x +-x

2 2

and the optimal solution is x = (2,1,2). This is a new extreme point of P, which
we will denote by x 3

. The optimal cost in the subproblem is -5, and is less than
r, which is -4. It follows that the reduced cost of the variable A3 is negative,
and this variable can enter the basis. At this point, we generate the column
corresponding to A3

. Since Dx3 = 16, the corresponding column, call it g, is
(16,1). We form the vector u = B-l g, which is found to be (0.6,0.4). In order
to determine which variable exits the basis, we form the ratios Al

/Ul = 0.8/0.6
and A2

/U2 = 0.2/0.4. The second ratio is smaller and A2 exits the basis. We now
have a new basis

We form the product of B-1 with the vector (17,1) and determine the values
the basic variables, which are Al = 0.5 and A3 = 0.5. The new value of CB(2)

e'x3 = -21. Once more, we compute [q' r] e~B-l, which is (-0.5, -13)'.
We now go back to the subproblem. We have

e'-q'D=[-4 -1 6J (-0.5)[32 4J=[ 2.50 -4J.

We minimize (e' q'D)x over P. We find that (2,2,2) is an optimal solution,
and the optimal cost is equal to -13. Since this is the same as the value of
we conclude that the reduced cost of every Ai is nonnegative, and we have
optimal solution to the master problem.

In terms of the variables Xi, the optimal solution is

As shown in Figure 6.2, even though the optimal solution is an
treme point of the feasible set in x-space, feasible solutions generated in
course of the algorithm (e.g., the point A) are not extreme points. Anothe
illustration that conveys the same message is provided by Figure 6.3.
the similarity with our discussion of the column geometry in Section 3.6.



Figure 6.2: Illustration of Example 6.2, in terms of the variables
Xi in the original problem. The cube shown is the set P. The
feasible set is the intersection of the cube with the hyperplane 3Xl +
2X2 +4X3 17, and corresponds to the shaded triangle. Under the
first basis considered, we have a feasible solution which is a convex
combination of the extreme points Xl, x 2

, namely, point A. At
the next step, the extreme point x 3 is introduced. If A1 were to
become nonbasic, we would be dealing with convex combinations
of x 2 and x 3

, and we would not be able to satisfy the constraint
3Xl +2X2 +4X3 = 17. This provides a geometric explanation of why
A1 must stay and A2 must exit the basis. The new basic feasible
solution corresponds to the point B, is a convex combination of Xl

and x 3
, and was found to be optimal.

Sec. 6.4 Dantzig-Wolfe decomposition 247



We view the constraint Xl + X3 = 8 as a coupling constraint and let

The feasible set is shown in Figure 6.4.
We associate a slack variable X3 with the first constraint and obtain

problem

Large scale optimizationChap. 6

minimize -5Xl + X2

subject to Xl + X3 8

Xl - X2 :s; 4

2XI X2 :s; 10

Xl,X2 2: 0

X3 2: O.

minimize -5XI + X2

subject to Xl :s; 8

Xl X2 :s; 4

2Xl X2 :s; 10

Xl, X2 2: O.

Figure 6.3: Another illustration of the geometry of Dantzig­
Wolfe decomposition. Consider the case where there is a single
subproblem whose feasible set has extreme points Xl, ... , x 5 , and
a single coupling equality constraint which corresponds to the line
shown in the figure. The algorithm is initialized at point A and
follows the path A, B, 0, with point 0 being an optimal solution.
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Example 6.3 The purpose of this example is to illustrate the behavior of the
decomposition algorithm when the feasible set of a subproblem is unbounded.

Consider the linear programming problem

P2 {x3Ix32:0}.

We therefore have two subproblems, although the second subproblem has a
simple feasible set.



3

L.:Ai 1.
j=l

Accordingly, a basis consists of exactly two columns.
In this example, we have D 1 = [1 0] and D 2 1. Consider the variable

Ai associated with the extreme point xi = (6,2) of the first subproblem. The
corresponding column is (D1xI, 1) = (6,1). The column associated with X3 is
(1,0). If we choose Ai and X3 as the basic variables, the basis matrix is

The set P1 is the same as the set shown in Figure 6.4, except that the
constraint Xl ::; 8 is absent. Thus, P1 has three extreme points, namely, xi =
(6,2), xi = (4,0), xr = (0,0), and two extreme rays, namely, wi (1,2) and
wi (0,1).

Because of the simple structure of the set P2 , instead of introducing an
extreme ray w~ and an associated variable ()~, we identify ()~ with X3, and keep
X3 as a variable in the master problem.

The master problem has two equality constraints, namely,

3 2

I>iD1Xi + L.:(}~D1W~ +X3 = 8,
j=l k=l
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Figure 6.4: Illustration of Example 6.3. The algorithm starts
at (Xl, X2) = (6,2) and after one master iteration reaches point
(X1,X2) = (8,6), which is an optimal solution.

Sec. 6.4

B= [~ ~ J'
and its inverse is

B-1 = [~
1

J.-6



We compute (q, rl)' = c~B-l, which is equal to (-3, -10)'.
We now go back to the first subproblem. Since q -3, we have

[0 - 28).
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(Note that we use the notation q instead of q, because q is one-dimensional. Fur­
thermore, the dual variable rz is absent because there is no convexity c0l1st,rajint
associated with the second subproblem.)

We form the first subproblem. We are to minimize (c~ - q'Dl)Xl subject
to Xl En. Because q = 0, we have c~ - qD l = c~ = (-5, I)'. We are therefore
minimizing -5Xl + Xz subject to Xl E PI and the optimal cost is -00. In
particular, we find that the extreme ray wi (1,2) has negative cost. The
associated variable oi is to enter the basis. At this point, we generate the column
corresponding to oi. Since D l wi = 1, the corresponding column, call it g,
(1,0). We form the vector u = B-lg, which is found to be (0,1). The only
positive entry is the second one and this is therefore the pivot element. It
that the second basic variable, namely X3, exits the basis. Because the
associated with the entering variable oi is equal to the column associated
the exiting variable X3, we still have the same basis matrix and, therefore,
same values of the basic variables, namely, Ai = 1, oi = 2. This takes us to
vector X = xi + 2wi = (8,6); see Figure 6.4.

For the new basic variables, CS(l) is again -28 and

We form the product of B-1 with the vector (ba, 1) = (8,1). The result, which
is (1,2), gives us the values of the basic variables Ai, X3. Since these values
are nonnegative, we have a basic feasible solution to the master problem, which
corresponds to (Xl,XZ) xi = (6,2); see Figure 6.4.

We now determine the dual variables. We have cS(1) = (-5, l)'xi = -28
and CS(Z) = 0 x 1 = O. We therefore have

We minimize -2Xl +xz over the set n. The optimal cost is -10 and is attained
(Xl,XZ) = (8,6). Because the optimal cost -10 is equal to rl, all of the va:riablE~s

associated with the first subproblem have nonnegative reduced costs.

We next consider the second subproblem. We have cz = 0, q = -3,
D z = 1. Thus, the reduced cost of X3 is equal to cS - qDz 3. We conclude
all of the variables in the master problem have nonnegative reduced costs and

have an optimal solution.

Starting the algorithm

In order to start the decomposition algorithm, we need to find a
feasible solution to the master problem. This can be done as follows.
first apply Phase I of the simplex method to each one of the DoJ.vh'3dr,
PI and P2 , separately, and find extreme points xi and x§ of PI and



respectively. By possibly multiplying both sides of some of the coupling
constraints by we can assume that D1xi + D2X~ ::::; b. Let y be a
vector of auxiliary variables of dimension mo. We form the auxiliary master
problem

A basic feasible solution to the auxiliary problem is obtained by letting
Ai A~ 1, A{ = °for j of. 1, Of = °for all k, and y = b o D 1xi D2X~.
Starting from here, we can use the decomposition algorithm to solve the
auxiliary master problem. If the optimal cost is positive, then the master
problem is infeasible. If the optimal cost is zero, an optimal solution to the
auxiliary problem provides us with a basic feasible solution to the master
problem.

rna

minimize L Yt
t=l

subject to .~ (L A{Dix{ + LOfDiWf) + y b o
.-1,2 JEJi kEKi

L A{ =1
jEh
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V i,j, k, t.

LA~=l
jEh

j kAi ~ 0, 0i ~ 0, Yt ~ 0,
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Termination and computational experience

The decomposition algorithm is a special case of the revised simplex method
and, therefore, inherits its termination properties. In particular, in the ab­
sence of degeneracy, it is guaranteed to terminate in a finite number of steps.
In the presence of degeneracy, finite termination is ensured if an anticycling
rule is used, although this is rarely done in practice. Note that Bland's rule
cannot be applied in this context, because it is incompatible with the way
that the decomposition algorithm chooses the entering variable. There is no
such difficulty, in principle, with the lexicographic pivoting rule, provided
that the inverse basis matrix is explicitly computed.

A practical way of speeding up the solution of the subproblems is
to start the simplex method on a subproblem using the optimal solution
obtained the previous time that the subproblem was solved. As long as
the objective function of the subproblem does not change too drastically
between successive master iterations, one expects that this could lead to
an optimal solution for the subproblem after a relatively small number of
iterations.

Practical experience suggests that the algorithm makes substantial
progress in the beginning, but the cost improvement can become very slow



Bounds on the optimal cost
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later on. For this reason, the algorithm is sometimes terminated prema­
turely, yielding a suboptimal solution.

The available experience also suggests that the algorithm is usually
no faster than the revised simplex method applied to the original prob­
lem. The true advantage of the decomposition algorithm lies in its storage
requirements. Suppose that we have t subproblems, each one having the
same number ml of equality constraints. The storage requirements of the
revised simplex method for the original problem are O((mo+tml)2), which
is the size of the revised simplex tableau. In contrast, the storage require­
ments of the decomposition algorithm are O((mo + t)2) for the tableau of
the master problem, and t times O(mI) for the revised simplex tableaux of
the subproblems. Furthermore, the decomposition algorithm needs to have
only one tableau stored in main memory at any given time. For example,
if t 10 and if mo ml is much larger than t, the main memory require­
ments of the decomposition algorithm are about 100 times smaller than
those of the revised simplex method. With memory being a key bottleneck
in handling very large linear programming problems, the decomposition
approach can substantially enlarge the range of problems that can be prac­
tically solved.

As already discussed, the decomposition algorithm may take a long time
to terminate, especially for very large problems. We will now show how
to obtain upper and lower bounds for the optimal cost. Such bounds can
be used to stop the algorithm once the cost gets acceptably close to the
optimum.

Proof. The inequality z* ::; z is obvious, since z is the cost asE;ociat,e<:l
with a feasible solution to the original problem. It remains to prove
left-hand side inequality in the statement of the theorem.

We provide the proof for the case of two subproblems. The proof
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(6.15)q'bo + rl + r2 = z.

Dantzig-Wolfe decomposition

maXImIze q'bo + rl + r2

subject to q'D1x{ + rl < ' j v j E J I ,CIXI ,

q'DIW~ < c~w~, v k E K I , (6.14)

q'D2x~ + r2 < ' j v j E J2,C2X 2,

q'D2w~ < c~w~, v k E K 2.
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the general case is similar. The dual of the master problem is

Z* > q'bo + ZI + Z2

q'bo + rl + r2 + (ZI

Z+(ZI rl)+(z2

Suppose that we have a basic feasible solution to the master problem, with
cost z, and let (q,rl,r2) be the associated vector of simplex multipliers.
This is a (generally infeasible) basic solution to the dual problem, with the
same cost, that is,

Thus, q together with ZI in the place of rl, satisfy the first two dual con­
straints. By a similar argument, q together with Z2 in the place of r2, satisfy
the last two dual constraints. Therefore, (q, ZI, Z2) is a feasible solution to
the dual problem (6.14). Its cost is q'bo + ZI + Z2 and, by weak duality, is
no larger than the optimal cost z*. Hence,

Since the optimal cost ZI in the first subproblem is finite, we have

where the last equality follows from Eq. (6.15).

Note that if the optimal cost in one of the subproblems is -00, then
Theorem 6.1 does not provide any useful bounds.

The proof of Theorem 6.1 is ~n instance of a general method for ob­
taining lower bounds on the optimal cost of linear programming problems,
which is the following. Given a nonoptimal basic feasible solution to the
primal, we consider the corresponding (infeasible) basic solution to the dual
problem. If we can somehow modify this dual solution, to make it feasi­
ble, the weak duality theorem readily yields a lower bound. This was the
approach taken in the proof of Theorem 6.1, where we started from the gen­
erally infeasible dual solution (q, rl, r2), moved to the dual feasible solution
(q, ZI, Z2), and then invoked weak duality.

Example 6.4 Let us revisit Example 6.2 and consider the situation just be­
fore the first change of basis. We are at a basic feasible solution determined by



Problem formulation

In addition, the first and second stage decisions need to satisfy co:nsi;raini;s
of the form

Ax b

x > o.

Large scale optimizationChap. 6254

Bwx+Dyw dw

Yw > 0,

In this section, we introduce and study two-stage stochastic linear program­
ming problems. In this important class of problems, there are two sets of
decisions that are made in consecutive stages. Furthermore, there are some
exogenous parameters that influence the second stage of decision making,
but whose values are uncertain, and only become known after the first set of
decisions has been fixed. In order to address problems of this type, we de­
velop a new decomposition algorithm, called Benders decomposition, which
is based on delayed constraint generation (as opposed to delayed column
generation).

(.\1,.\2) = (0.8,0.2). Since CB = (-22, -17), we have z = (-22, -17)'(0.8,0.2) =
-21. We also have r = -4. Finally, the optimal cost in the subproblem is
(-1,1, -2)'(2, 1,2) -5. It follows that -21:2: z* :2: -21 + (-5) (-4) -22.
Indeed, the true value of z* is -21.5.

6.5 Stochastic programming and Benders
decomposition

Consider a decision maker who has to act in two consecutive stages. The
first stage involves the choice of a decision vector x. Subsequently, some
information is obtained, and then, at the second stage, a new vector y
decisions is to be chosen. Regarding the nature of the obtained information,
we assume that there are K possible scenarios, and that the true scenario
is only revealed after x is chosen. We use w to index the different scenarios,
and we let CYw stand for the probability of any particular scenario w, which
we assume to be positive. Since the second stage decisions are made
the true scenario w becomes known, we allow the decision vector y
depend on w, and we use the notation Yw to make this dependence ex]pli(~it.

We now make more specific assumptions on the problem ohie(~ti'ves

and constraints. We are given cost vectors c and f, associated with
decisions x and yw, respectively. /The first stage decisions must satisfy
constraints



c'x + (Xlf'Yl + ... + (XKf'YK

is minimized. We thus arrive at the problem
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+

+

c'x + (Xlf'Yl + (X2f'Y2 + ... + (XKf'YK

Ax

BKx

X,Yl,Y2,···,YK 2 0,

Stochastic programming and Benders decomposition

minimize

subject to

Sec. 6.5

Example 6.5 (Electric power capacity expansion) An electric utility is
installing two generators (indexed by j 1,2) with different fixed and operating
costs, in order to meet the demand within its service region. Each day is divided
into three parts of equal duration, indexed by i 1,2,3. These correspond to
parts of the day during which demand takes a base, medium, or peak value,
respectively. The fixed cost per unit capacity of generator j is amortized over its
lifetime and amounts to Cj per day. The operating cost of generator j during the
ith part of the day is jij. If the demand during the ith part of the day cannot be
served due to lack of capacity, additional capacity must be purchased at a cost of
9i. Finally, the capacity of each generator j is required to be at least bj .

There are two sources of uncertainty, namely, the exact value of the de­
mand di during each part of the day, and the availability aj of generator j. The
demand di can take one of four values di,l, ... , di,4, with probability Pi,l,··· ,Pi,4,
respectively. The availability of gen~rator 1 is al,l, ... , al,4, with probability
ql,l, ... ,ql,4, respectively. Similarly, the availability of generator 2 is a2,1, ... ,a2,5,

with probability q2,1, ... , q2,5, respectively. If we enumerate all the possible
events, we see that there is a total of 43 x 4 x 5 = 1280 scenarios w. Let us
use dr and aj to denote the demands and availabilities, respectively, under sce­
nario w.

We introduce the first stage variables Xj, j = 1,2, that represent the in­
stalled capacity of generator j. We also introduce the second stage variables yij
that denote the operating levels of generator j during the ith part of the day and
under scenario w. Finally yr is the capacity that needs to be purchased under
scenario w, in order to satisfy unmet demand during the ith part of the day. We
interpret availability to mean that the operating level of generator j, at any given
time, is at most ajxj. We then arrive at the following formulation:

for all Wi in particular, every scenario may involve a different set of con­
straints. The objective is to choose x and Yl, ... ,YK so that the "expected
cost"

which will be referred to as the master problem. Notice that even if the
number of possible scenarios K is moderate, this formulation can be a large
linear programming problem. For this reason, a decomposition method is
in order.



v j,
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subject to Xj 2: bj,
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Reformulation of the problem

Consider a vector x such that Ax = b and x 2: 0, and suppose that this
our choice for the first stage decisions. Once x is fixed, the optimal
stage decisions Yw can be determined separately from each other, by,1(,I"i1"O"
for each W the problem

yij:::;ajxj, Vi,j,w,
2

2.::>0 + yi' 2: di', Vi, W,

j=l

Xj,yij,yi' 2:0, Vi,j,w.

(Here, E[· ] stands for mathematical expectation, that is the average over
scenarios w, weighted according to their probabilities.) The full model imrol'ves
11522 variables and 11522 constraints (not counting nonnegativity constraints).

minimize f'yw

subject to Bwx + Dyw = d w

Yw 2: O.

Let zw(x) be the optimal cost of the problem (6.16), together with
convention zw(x) = 00 if the problem is infeasible. If we now go
the optimization of x, we are faced with the problem

K

minimize e'x + L awzw(x)
w=l

subject to Ax = b

x 2: O.

Of course, in solving this problem, we should only consider those
which none of the zw(x) are equal to infinity.

We will approach problem (6.16) by forming its dual, which is

maxImIze p~(dw - Bwx)

subject to p~D:::; f'.

Let
P = {p Ip'D:::; fl}.

We assume that P is nonempty and has at least one extreme point.
i = 1, ... ,1, be the extreme points, andlet w j , j 1, ... ,J, be a cOjm[>lGt
set of extreme rays of P.



Alternatively, zw(x) is the smallest number Zw such that
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(6.19)

(6.20)
If i,w,

If j,w,

If j.

K

minimize e'x + :l::>ywzw
w=l

subject to Ax b

(pi)'(dw - Bwx) :::; Zw,

(wj)'(dw - Bwx) :::; 0,

x 2: o.

Stochastic programming and Benders decompositionSec. 6.5

Under our assumption that the set P is nonempty, either the dual
problem (6.18) has an optimal solution and zw(x) is finite, or the optimal
dual cost is infinite, the primal problem (6.16) is infeasible, and zw(x) 00.

In particular, zw(x) < 00 if and only if

We use this characterization of zw(x) in the original problem (6.17), and
also take into account the condition (6.19), which is required for zw(x) to
be finite, and we conclude that the master problem (6.17) can be put in
the form

Whenever zw(x) is finite, it is the optimal cost of the problem (6.18), and the
optimum must be attained at an extreme point of the set Pi in particular,

Delayed constraint generation

With this reformulation, the number of variables has been reduced
substantially. The number of constraints can be extremely large, but this
obstacle can be overcome using the cutting plane method. In particular,
we will only generate constraints thaV we find to be violated by the current
solution.

At a typical iteration of the algorithm, we consider the relaxed master
problem, which has the same objective as the problem (6.20), but involves
only a subset of the constraints. We assume that we have an optimal
solution to the relaxed master problem, consisting of a vector x* and a

z* (zi, ... ,z'K). In the spirit of the cutting plane method, we
to check whether (x*, z*) is also a feasible solution to the full master

However, instead of individually checking all of the constraints,
proceed by solving some auxiliary subproblems.
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minimize f'yw

subject to Dyw = d w- Bwx*

Yw 2: 0,

For w = 1, ... , K, we consider the subproblem

258

we have again identified a violated constraint, which can be
the relaxed master problem.

(c) Finally, if the primal subproblems are all feasible and we have

for all w, then, by the optimality of pi(w), we obtain

for all extreme points pi. In addition,

which we solve to optimality. Notice that the subproblems encountered
different iterations, or for different values of w, differ only in the ngrn;--na.na
side vector d w - Bwx*. In particular, the corresponding dual pn)bJ.errlS
always have the same feasible set, namely, P. For this reason, it is UG',U~,'"

to assume that the subproblems are solved by means of the dual slInplex:
method.

There are a few different possibilities to consider:

(a) If the dual simplex method indicates that a (primal) subproblem
infeasible, it provides us with an extreme ray wj(w) of the dual «"GNUl",

set P, such that

We have then identified a violated constraint, which can be
the relaxed master problem.

(b) If a primal subproblem is feasible, then the dual simplex metholQ
terminates, and provides us with a dual optimal basic feasible solutio!).
pi(w). If we have

for all extreme rays w j , and no constraint is violated. We then
an optimal solution to the master problem (6.20), and the
terminates.

The resulting algorithm is summarized below.
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Benders decomposition uses delayed constraint generation and the
cutting plane method, and should be contrasted with Dantzig-Wolfe de­
cOlnr:1osItic}n, which is based on column generation. Nevertheless, the two
methods are almost identical, with Benders decomposition being essentially
the same as Dantzig-Wolfe decomposition applied to the dual. Let us also
note, consistently with our discussion in Section 6.3, that we have the op­
tion of discarding all or some of the constraints in the relaxed primal that

become inactive.
One of the principal practical difficulties with stochastic program­
is that the number K of possible scenarios is often large, leading to

number of subproblems. This is even more so for stochastic pro­
gn1mming problems involving more than two stages, where similar methods

be in principle applied. A number of remedies have been proposed, in-



6.6 Summary
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cluding the use of random sampling to generate only a representative set
of scenarios. With the use of parallel computers and sophisticated
pIing methods, the solution of some extremely large problems may beC;OItle
possible.

The main ideas developed in this chapter are the following:

(a) In a problem with an excessive number of columns, we need to
erate a column only if its reduced cost is negative, and that co,lurhll
is to enter the basis (delayed column generation). A method of
type requires an efficient subroutine for identifying a variable
negative reduced cost.

(b) In a problem with an excessive number of constraints, a co:nst;raillt
needs to be taken into account only if it is violated by the current
lution (delayed constraint generation). A method ofthis type
plane method) requires an efficient subroutine for identifying "ir,],;>f-6,

constraints.

We have noted that delayed column generation methods ap])liE~d

the primal coincide with cutting plane methods applied to the dual.
thermore, we noted that there are several variants depending on whether
retain or discard from memory previously generated columns or constrai

For a problem consisting of a number of subproblems linked byc
pling constraints, the delayed column generation method applied to a
ably reformulated problem, results in the Dantzig-Wolfe
method. Loosely speaking, Benders decomposition is the "dual" of
Wolfe decomposition, and is based on delayed constraint generation.
astic programming is an important class of problems where Benders
position can be applied.

6.7 Exercises

Exercise 6.1 Consider the cutting stock problem. Use an optimal solution
the linear programming problem (6.4) to construct a feasible solution for
corresponding integer programming problem, whose cost differs from the
cost by no more than m.

Exercise 6.2 This problem is a variation of the diet problem. There are n
and m nutrients. We are given an m x n matrix A, with aij specifying the
of nutrient i per unit of the jth food. Consider a parent with two children.
and b 2 be the minimal nutritional requirements of the two children, respec;trv
Finally, let c be the cost vector with the prices of the different foods.
that aij 2': 0 and Ci > 0 for all i and j.



and

will develop two different ways of decomposing this problem.
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maximize Xl2 + X22 + X23

subject to Xll + Xl2 + Xl3 20
X21 + X22 + X23 20

-Xll X21 -20
- X12 - X22 -10

- Xl3 X23 -10
Xll + X23 < 15
Xij ::::: 0, for all i, j.

Sec. 6.7

subject to

The parent has to buy food to satisfy the children's needs, at mInImUm
cost. To avoid jealousy, there is the additional constraint that the amount to be
spent for each child is the same.

(a) Provide a standard form formulation of this problem. What are the dimen­
sions of the constraint matrix?

(b) If the Dantzig-Wolfe method is used to solve the problem in part (a), con­
struct the subproblems solved during a typical iteration of the master prob­
lem.

(c) Suggest a direct approach for solving this problem based on the solution of
two single-child diet problems.

Xl (Xll, X12, X13, X21, X22, X23) (20,0,0,0,10,10),

X
2

(Xll,X12,XI3,X21,X22,X23) = (0,10,10,20,0,0).

Construct a restricted master problem in which x is constrained to be
a convex combination of Xl and x 2

. Find the optimal solution and the
optimal simplex multipliers for the restricted master problem.

(b) Using the simplex multipliers calculated in part (a), formulate the subprob­
lem and solve it by inspection.

(c) What is the reduced cost of the variable Ai associated with the optimal
extreme point Xi obtained from the subproblem solved in part (b)?

(d) Compute an upper bound on the optimal cost.

Exercise 6.3 Consider the following linear programming problem:

We wish to solve this problem using Dantzig-Wolfe decomposition, where the
constraint Xu + X23 :':: 15 is the only "coupling" constraint and the remaining
constraints define a single subproblem.

(a) Consider the following two feasible solutions for the subproblem:

Exercise 6.4 Consider a linear programming problem of the form



Exercise 6.5 Consider a linear programming problem of the form

Exercise 6.6 Consider a linear programming problem in standard form
the matrix A has the following structure:

(a) Suppose that we have access to a very fast subroutine for solving pr()bJerrls
of the form

Large scale optimization

d'y
Dy ~ h

y ~ 0,

How would you go about

Chap. 6

minimize
subject to

[A'"
A Ol

A"l
A lO All

A= : A 22

Ana Ann

for arbitrary right-hand side vectors h.
posing the problem?
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minimize c'x + d'Y

subject to Ax + Dy ~ b

Fx ~f

y ~ o.

for arbitrary cost vectors h. How would you go about decomposing
problem?

(b) Suppose that we have access to a very fast subroutine for solving
of the form

(a) Form the dual problem and explain how Dantzig-Wolfe decomposition can
be applied to it. What is the structure of the subproblems solved during a
typical iteration?

(b) Rewrite the first set of constraints in the form Dixi + FIYI ~ bl and
D 2x2 + F 2Y2 ~ b2, together with a constraint relating YI to Y2.
how to apply Dantzig-Wolfe decomposition and describe the structure
the subproblems solved during a typical iteration.

minimize h'x

subject to Fx ~ f,

(All submatrices other than those indicated are zero.) Show how a decolnp,osit
method can be applied to a problem with this structure. Do not provide
as long as you dearly indicate the master problem and the subproblems.
Decompose twice.

Exercise 6.7 Consider a linear programming problem in standard form.
treat the equality constraints as the "coupling" constraints and use the
Wolfe decomposition method, for the case of a single subproblem. Show
resulting master problem is identical to the problem that we started



Exercise 6.9 Consider a problem of the form

minimize . max (a;x - bi),
~=l, ... ,m
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sources

Notes and sources

Notes

The delayed column generation approach to the cutting stock problem
was put forth by Gilmore and Gomory (1961, 1963).

Cutting plane methods are often employed in linear programming
approaches to integer programming problems, and will be discussed

Sec. 6.8

subject to no constraints, where ai, bi are given vectors and scalars, respectively.

(a) Describe a cutting plane method for problems of this form.

(b) Let x be an optimal solution to a relaxed problem in which only some of the
terms a;x - bi have been retained. Describe a simple method for obtaining
lower and upper bounds on the optimal cost in the original problem.

Exercise 6.8 Consider the Dantzig-Wolfe decomposition method and suppose
that we are at a basic feasible solution to the master problem.

(a) Show that at least one of the variables A{ must be a basic variable.

(b) Let rl be the current value of the simplex multiplier associated with the
first convexity constraint (6.12), and let Zl be the optimal cost in the first
subproblem. Show that Zl ::; rl.

Exercise 6.10 In this exercise, we develop an alternative proof of Theorem 6.1.

(a) Suppose that x is a basic feasible solution to a standard form problem,
and let e be the corresponding vector of reduced costs. Let y be any other
feasible solution. Show that ely = ely + c/x.

(b) Consider a basic feasible solution to the master problem whose cost is equal
to z. Write down a lower bound on the reduced cost of any variable Ai and
()f, in terms of ri and Zi. Then, use the result of part (a) to provide a proof
of Theorem 6.1.

I<.:](eirCJlSe 6.11 (The relation between Dantzig-Wolfe and Benders de­
Consider the two-stage stochastic linear programming problem

in Section 6.5.

Show that the dual problem has a form which is amenable to Dantzig-Wolfe
decomposition.

Describe the Dantzig-Wolfe decomposition algorithm, as applied to the
dual, and identify differences and similarities with Benders decomposition.

I<.:](eJrciise 6.12 (Bounds in Benders decomposition) For the two-stage
stochi:lStic linear programming problem of Section 6.5, derive upper and lower

on the optimal cost of the master problem, based on the information
prclvicled by the solutions to the subproblems.



in Section 11.1. The same idea can also be applied to more general
convex optimization problems; see, e.g., Bertsekas (1995b).

6.4. Dantzig-Wolfe decomposition was developed by Dantzig and Wolfe
(1960). Example 6.2 is adapted from Bradley, Hax, and Magnanti
(1977).

6.5. Stochastic programming began with work by Dantzig in the 1950's
and has been extensively studied since then. Some books on this sub~

ject are Kall and Wallace (1994), and Infanger (1993); Example 6.5
is adapted from the latter reference. The Benders decomposition
method was developed by Benders (1962). It finds applications in
other contexts as well, such as discrete optimization; see, e.g.,
jver (1986), and Nemhauser and Wolsey (1988).
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(a) Primal methods. These methods maintain and keep improving
primal feasible solution. The primal simplex method, presented
Section 7.3, is an important representative. An alternative al~~oritlllIl

is derived from first principles in Section 7.4.

Network flow problems (also known as transshipment problems) are the
most frequently solved linear programming problems. They include as spe­
cial cases, the assignment, transportation, maximum flow, and shortest
path problems, and they arise naturally in the analysis and design of com­
munication, transportation, and logistics networks, as well as in many other
contexts.

The network flow problem is a special case of linear programming,
and any algorithm for linear programming can be directly applied. On
other hand, network flow problems have a special structure which results
substantial simplification of general methods (e.g., of the simplex me,th()d.)
as well as in new, special purpose, methods.

:From a high level point of view, most of the available algorithms
network flow problems fall into one of three categories:

(b) Dual ascent methods. These methods, which are discussed
Section 7.7, maintain a dual feasible solution aI\d an auxiliary
mal (usually infeasible) solution that satisfy complementary
ness. The dual variables are updated so as to increase the
the dual objective and reduce the infeasibility of the cOlTIp,lernellta
primal solution. The Hungarian, primal-dual, relaxation, and
simplex methods fall in this general category.

(c) Approximate dual ascent methods. These methods are
in spirit to the dual ascent methods, except that small delcreas<JS
the dual objective are allowed to occur and the complementary
ness conditions are only approximately enforced. The auction
rithm, which is discussed in Section 7.8, as well as the E-7'el(zx(~tt(

and prefiow-push methods, are of this type.

In this chapter, all three of the above mentioned algorithm
be encountered. The chapter begins with a brief introduction to
(Section 7.1), that provides us with the language for studying networkfl
problems, and with a problem formulation (Section 7.2). We develb
number of general methods, but we also pay attention to special cases wh
structure can be further exploited, such as the maximum flow probl
(Section 7.5), the assignment problem (Section 7.8), and the shortest
problem (Section 7.9). We also discuss the minimum spanning tree
(Section 7.10), which is not a network flow problem, but has a
underlying graph structure. Throughout this chapter, our focus is on
algorithmic ideas, rather than on the refinements that can lead to
complexity estimates.



Undirected graphs

Figure 7.1: An undirected graph G (N, E) with N =
{I, 2, 3, 4, 5} and E {{I, 2}, {1,3}, {2,3}, {1,4}, {3,4}, {3, 5}}.
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1 Graphs

Sec. 7.1

An undirected graph G = (N, £) consists of a set N of nodes and a set £ of
(undirected) arcs or edges, where an edge e is an unordered pair of distinct
nodes, that is, a two-element subset {i, j} of N; see Figure 7.1. Note that

Network flow problems are defined on graphs. In this section, we intro­
duce graphs formally and provide a number of elementary definitions and
properties.

an undirected arc {i, j} is one and the same object as the undirected arc
{j, i}. Furthermore, "self-arcs" like {i, i} are not allowed. We say that
the arc {i, j} is incident to nodes i and j, and these nodes are called the
endpoints of the arc.

The degree of a node in an undirected graph is the number of arcs
incident to that node. The degree of an undirected graph is defined as the
maximum of the degrees of its nodes.

A walk from node i l to node it in an undirected graph is defined
as a finite sequence of nodes il,i2, ... ,it such that {ik,ik+l} E £, k
1,2, ... , t 1. A walk is called a path if it has no repeated nodes. A cycle
is defined as a walk iI, i 2 , ... , it such that the nodes iI, ... , it-I are distinct
(and hence form a path) and it = i l . In addition, we require the number
t - 1 of distinct nodes to be at least 3. This is in order to exclude a walk
of the form i, j, i, where the same arc {i, j} is traversed back and forth.
An undirected graph is said to be connected if for every two distinct nodes
i,j EN, there exists a path from i to j.

As an example, the graph in Figure 7.1 is connected. The sequence
£,"',<.1,"-,ct is a walk but not a path. The sequence 1,2,3,1 is a cycle, and the
sequence 1,3,5 is a path.



and

I(i) = {j EN I (j,i) E A},
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O(i) = {j EN I (i,j) E A}.

Figure 7.2: A directed graph G (N, A) with N = {I, 2, 3, 4, 5}
andA={(1,2), (2,1), (1,3), (3,2), (1,4), (4,3), (3,5)}.

elements of the arc set A, but self-arcs like (i, i) are not allowed.
For any arc (i, j), we say that i is the start node and j is the

node. The arc (i, j) is said to be outgoing from node i, incoming to
j, and incident to both i and j. We define I(i) and O(i) as the set of
nodes (respectively, end nodes) of arcs that are incoming to (reSp{~ctjlv~J

outgoing from) node i. That is,

Directed graphs

A directed graph G = (N, A) consists of a set N of nodes and a set
of (directed) arcs, where a directed arc is an ordered pair (i, j) of distiw~t

nodes; see Figure 7.2. Our definition allows for both (i, j) and (j, i) to

For undirected graphs, we will often denote the number of nodes
INI or n, and the number of edges by lEI or m.

Starting from a directed graph, we can construct a corresporl
undirected graph by ignoring the direction of the arcs and by deletin
peated arcs; for example, the directed graph in Figure 7.2 leads t
undirected graph in Figure 7.1. Under one possible interpretation, flo
movement in a directed arc is permitted only from the start node t
end node, whereas in an undirected arc, flow or movement is permitt
both directions. We say that a directed graph is connected if the
undirected graph is connected.

We now present a definition of walks in directed graphs; it
portant to note that this definition allows us to traverse an arc in
direction, irrespective of the arc's direction. More specifically, a w



Trees

Figure 7.3: A tree with 8 nodes, 7 arcs, and 5 leaves. Note that
if we were to add the arc {2,7}, a single cycle would be created,
namely, 2,3,5,7,2.

269GraphsSec. 7.1

defined as a sequence i l , ... ,it of nodes, together with an associated se­
quence al,.'" at-l of arcs such that for k = 1, ... , t - 1, we have ei­
ther ak (ik' ik+l) (in which case we say that ak is a forward arc) or
ak = (ik+l, ik) (in which case we say that ak is a backward arc). Note that
if ik and ik+l are consecutive nodes in a walk and if (ik' ik+d and (ik+l, ik)
are both arcs of the underlying directed graph, then either arc can be used
in the walk. The reason for including the arcs ak in the definition of a walk
is precisely to avoid such ambiguities.

A walk is said to be a path if all of its nodes iI, ... , it are distinct, and
a cycleifthe nodes i l , ... , i t - l are distinct and it i l . Note that we allow
a cycle to consist of only two distinct nodes (in contrast to our definition
for the case of undirected graphs). Thus, a sequence i, (i,j),j, (j, i), i is a
bona fide cycle. Finally, a walk, path, or cycle is said to be directed if it
only contains forward arcs.

For the graph shown in Figure 7.2, the sequence 1, (1,3),3, (3,2),2,
(1,2),1, (1,4),4 is a walk, but not a directed walk, because (1,2) is a
backward arc. The sequence 1, (1, 3), 3, (3, 2), 2, (2, 1), 1 is a directed cy­
cle. The sequence 1, (1,2),2, (2, 1), 1 is also a directed cycle. The sequence
4, (4,3),3, (1,3),1, (1, 2), 2 is a path, but not a directed path, because (1,3)
is a backward arc.

For directed graphs, we will often denote the number of nodes by INI
or n, and the number of arcs by IAI or m.

An undirected graph G = (N, [) is called a tree if it is connected and has
no cycles. If a node of a tree has degree equal to 1, it is called a leaf See
Figure 7.3 for an illustration.



We now present some important properties of trees that will be of Use
later on (e.g., in the development of the simplex method, in Section 7.3).
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Proof.

(a) Consider a tree with more than one node and suppose that there
no leaves. Then, every node has degree greater than 1. (If the
of a node were 1, that node would be a leaf, and if it were 0,
graph would not be connected.) Therefore, given a node and an
through which we enter the node, we can find a different arc throug
which we can exit. By repeating such a process, we must eventual
visit the same node twice, which implies that there exists a cycl
contradicting the definition of a tree.

(b) We first prove that every tree has INI - 1 arcs. This is trivially tr
if the tree has a single node. Consider now a tree that has more th
one node. Such a tree must have at least one leaf, by part (a).
delete that leaf together with the single arc incident to that node.
resulting graph is again a tree, because the deletion of a leaf
create a cycle or cause a graph to become disconnected. This
can be carried out INI - 1 times, until we are left with a single
and, therefore, no arcs. Since at each stage there was exactly one
deletion, we conclude that the original tree had INI - 1 arcs.

In order to prove the converse statement, let us consider a COlllltlctc
graph with INI - 1 arcs. If this graph contains a cycle, we can
one of the arcs in the cycle and still maintain connectivity.
peat this process as many times as needed, until we are left
connected graph without any cycles, that is, a tree. We have
proved that a tree with INI nodes must have INI - 1 arcs,
shows that the final tree has as many arcs as the original
follows that no arc was deleted and the original graph was a
start with.

(c) Suppose that there exist two different paths joining the same
and j. By joining these two paths and by deleting any arcs



271Graphs

Figure 7.4: (a) An undirected graph. The thicker arcs form
a spanning tree. (b) Another undirected graph. The arcs {1,2},
{2,3}, {4, 6} do not form any cycle. They can be augmented to
form a spanning tree, e.g., by adding arcs {3,6} and {5, 6}.

Sec. 7.1

Let G = (N, £) be a connected undirected graph. Suppose that
C £, and that the arcs in £0 do not form any cycles. If G is a tree, we

let £1 £ and we are done. Otherwise, G contains at least one cycle.
cycle cannot consist exclusively of arcs in £0, because of our assumption
£0' Let us choose and delete an arc that lies on a cycle and that does

common to both, we are left with one or more cycles, contradicting
the definition of a tree.

(d) Consider a tree, and let us add an undirected arc {i,j}. Using part
(b), the resulting graph must have INI arcs. Therefore, it cannot be
a tree, and must have a cycle. Any cycle created by this addition
consists of the arc {i,j} and a path from i to j. Since there exists a
unique path from i to j [part (c)], it follows that a unique cycle has
been created. 0

Spanning trees

Given a connected undirected graph G (N, E), let £1 be a subset of £
such that T = (N, £1) is a tree. Such a tree is called a spanning tree.
The following result will be used later on (in Sections 7.3 and 7.10) and is
illustrated in Figure 7.4.



not belong to [0' The resulting graph is still connected. By repeating this
process as many times as needed, we end up with a connected graph (N, (1)

without any cycles, hence a tree. In addition, since the arcs in [0 are
deleted, we have [0 C [1'

If (i,j) E A.

If i EN,
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L !ij,
jEO(i)

bi + L hi
jEI(i)

o :S !ij :S Uij,

[i'o:rmlul,ation of the network2
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A network is a directed graph G = (N, A) together with some ad(:lition;al
numerical information, such as numbers bi representing the external
to each node i E N, nonnegative (possibly infinite) numbers Uij reT)re:sent~

ing the capacity of each arc (i,j) E A, and numbers Cij representing
cost per unit of flow along arc (i,j).

We visualize a network by thinking of some material that flows
each arc. We use !ij to denote the amount of flow through arc (i,j).
supply bi is interpreted as the amount of flow that enters the network fro
the outside, at node i. In particular, node i is called a source if bi > 0,
a sink if bi < 0. If node i is a sink, the quantity Ibil is sometimes called
demand at node i. We impose the following conditions on the flow VULL""',""',

!ij, (i,j) E A:

L Cij!ij,
(i,j)EA

Equation (7.1) is a flow conservation law: it states that the amount of fl
into a node i must be equal to the total flow out of that node. Equati
(7.2) simply requires that the flow through an arc must be nonnegative
cannot exceed the capacity of the arc. Any vector with components
(i, j) E A, will be called a flow. If it also satisfies the constraints
it will be called a feasible flow.

By summing both sides of Eq. (7.1) over all i EN, we obtain

which means that the total flow from the environment into the ne1;wcltJ
the sources) must be equal to the total flow from the network (at
to the environment. From now on, we will always assume that the
LiEN bi = °holds, because otherwise no flow vector could satisfy
conservation constraints, and we would have an infeasible problem.

The general minimum cost network flow problem deals with
imization of a linear cost function of the form



shortest path problem

transportation problem

maximum flow problem
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j = 1, ... ,n,

i = 1, ... ,m,

'V i,j.

m

i=l
n

Llij = Si,

j=l

lij ~ 0,

subject to Llij dj ,

Formulation of the network flow problemSec. 7.2

For any directed path in a network, we define its length as the sum of
the costs of all arcs on the path. We wish to find a shortest path, that
is, a directed path from a given origin node to a given destination node
whose length is smallest. This problem is studied in Section 7.9, where we
show that it can be formulated as a network flow problem, under a certain
assumption on the arc lengths.

over all feasible flows. We observe that this is a linear programming prob­
lem. If Uij 00 for all (i, j) E A, we say that the problem is uncapacitated;
otherwise, we say that it is capacitated. Note that in the uncapacitated
case, we only have equality and nonnegativity constraints, and the problem
is in standard form.

We now provide an overview of important special cases of the network
flow problem; most of them will be studied later in this chapter.

m n

minimize L LCijlij

i=l j=l

In the maximum flow problem, we wish to determine the largest possible
amount of flow that can be sent from a given source node to a given sink
node, without exceeding the arc capacities. This problem is studied in
Section 7.5.

Let there be m suppliers and n consumers. The ith supplier can provide Si

units of a certain good and the jth consumer has a demand for d j units. We
assume that the total supply 2::;':1 Si is equal to the total demand 2::7=1 dj .

Finally, we assume that the transportation of goods from the ith supplier
to the jth consumer carries a cost of Cij per unit of goods transported. The
prc)bl,em is to transport the goods from the suppliers to the consumers at
minimum cost. Let lij be the amount of goods transported from the ith
su])plier to the jth consumer. We then have the following problem:



The ,assignment problem

Figure 7.5: A network corresponding to a transportation prob­
lem with three suppliers and two consumers.

Network flow problemsChap. 7274
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be transformed into an equivalent transportation problem (Exercises
and 7.6). Consequently, any algorithm for the transportation problem
be adapted and can be used to solve general network flow problems.
this reason, the initial development and testing of new algorithms is often
carried out for the special case of transportation problems.

The first equality constraint specifies that the demand dj of each consumer
must be met; the second equality constraint requires that the entire supply
Si of each supplier must be shipped. This is a special case of the unca­
pacitated network flow problem, where the underlying graph has a special
structure; see Figure 7.5. It turns out that every network flow problem can

The assignment problem is a special case of the transportation pnJb,len1,
where the number of suppliers is equal to the number of consumers,
supplier has unit supply, and each consumer has unit demand. As will
proved later in this chapter, one can always find an optimal solution
which every !ij is either 0 or 1. This means that for each i there will
unique and distinct j for which !ij = 1, and we can say that the ith SUlJplier
is assigned to the jth consumer; this justifies the name of this problem.

There are several variants of the network flow problem all of which
be shown to be equivalent to each other. For example, we have aucaCH

mentioned that every network flow problem is equivalent to a tnmEiPC)rt,atiOtt
problem. We now discuss some more examples.

(a) Every network flow problem can be reduced to one with exactly
source and exactly one sink node. This is illustrated in Figure 7.6.



(c) Node capacities. Suppose that we have an upper bound of gi on the
total flow that can enter a given node i; for example, if i is a source

(b) Every network flow problem can be reduced to one without sources
or sinks. (Problems in which all of the supplies are zero are called
circulation problems.) Consider, without loss of generality, a network
with a single source s and a single sink t. We introduce a new arc (t, s)
whose capacity Uts is equal to bs and whose unit cost is Cts = -M,
where M is a large number; see Figure 7.7. Since M is large, an
optimal solution to the circulation problem will try to set fts to bs '

which has the same effect as having a supply of bs at node s. If
an optimal solution to the circulation problem does not succeed in
setting fts to bs , this means that there is no way of shipping bs units
of flow from s to t, and the original problem is infeasible.

275Formulation of the network flow problem

Figure 7.6: (a) A network with three source nodes. (b) A net­
work with only one source node. The costs of the new arcs are zero.
Because of the way that the arc capacities UOi are chosen (UOi bi,

i = 1,2,3), exactly bi units must flow on each arc (0, i), i 1,2,3.
The reduction to a network with a single sink node is similar.

Sec. 7.2



Figure 7.8: Transformation of a node capacity into an arc capacity.

Network flow problemsChap. 7

Figure 7.7: (a) A network. (b) An equivalent circulation problem.

node, we may have a constraint

bi + 2: fji ::::; gi·

jEI(i)

By splitting node i into two nodes i and if, and by letting gi be
capacity of arc (i, if), we are back to the case where we only have
capacities; see Figure 7.8.
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(d) Lower bounds on the arc flows. Suppose that we add constrain
the form fij ~ dij , where dij are given scalars. The resulting pro
can be reduced to an equivalent problem in which every dij is e
to zero. Exercise 7.7 provides some guidance as to how this ca
accomplished.
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Formulation of tbe network flow problem

the flow conservation constraint at node i [ef. Eq. (7.1)] can be written

in matrix notation,

b is the vector (bl, ... ,bn ).

We observe that the sum of the rows of A is equal to the zero vec­
in particular, the rows of A are linearly dependent. Thus, the matrix

violates one of the basic assumptions underlying our development of the

Sec. 7.2

A concise formulation

We now discuss how to rewrite the network flow problem, and especially the
flow conservation constraint, in more economical matrix-vector notation.
We assume that N = {I, ... ,n} and we let m be the number of arcs. Let
us fix a particular ordering of the arcs, and let f be the vector of flows that
results when the components iij are ordered accordingly. We define the
node-arc incidence matrix A as follows: its dimensions are n x m (each row
corresponds to a node and each column to an arc) and its (i, k)th entry aik

is associated with the ith node and the kth arc. We let

Thus, every column of A has exactly two nonzero entries, one equal to
+1, and one equal to -1, indicating the start and the end node of the
corresponding arc.

Example 1.1 Consider the directed graph of Figure 7.2 and let us use the
following ordering of the arcs: (1,2), (2, 1), (3, 2), (4,3), (1,4), (1,3), (3,5). The
corresponding node-arc incidence matrix is

Let us now focus on the ith row of A, denoted by a~ (this is the
associated with node i). Nonzero entries indicate the arcs that are

inc:idE:mt to node i; such entries are +1 or -1 depending on whether the arc
outgoing or incoming, respectively. Thus,



Circulations

simplex method. As discussed in Chapter 2 (ef. Theorem 2.5 in Section 2.3),
either the problem is infeasible or we can remove some of the equality con­
straints, without affecting the feasible set, so that the remaining constraints
are linearly independent. We revisit this issue in the next section.

(7.3)
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1,
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if (i,j) E F,
if (i,j) E B,

0, otherwise.

is called the simple circulation associated with the cycle C. It is easily seen
that h C satisfies

7.3 The network simplex algorithm

is called a circulation. Intuitively, we have flow conservation within the
network and zero external supply or demand, which means that the flow
"circulates" inside the network.

Let us now consider a cycle C. We let F and B be the set of forward
and backward arcs of the cycle, respectively. The flow vector h C with
components

and is indeed a circulation. The reason is that any two consecutive arcs on
the cycle are either similarly oriented and carry the same amount of flow,
or they have the opposite orientation and the sum of the flows that they
carry is equal to 0; in either case, the net inflow to any node is zero; see
Figure 7.9. We finally define the cost of a cycle C to be equal to

We close by introducing some elementary concepts that are central to many
network flow algorithms.

Any flow vector f (feasible or infeasible) that satisfies

Af=O,

e/hC L Cij - L Cij'

(i,j)EF (i,j)EB

If f is a flow vector, C is a cycle, and e is a scalar, we say that
flow vector f + ehc is obtained from f by pushing e units of flow aHJUIJLU

the cycle C. Note that the resulting cost change is e times the cost
of the cycle C.

In this section, we develop the details of the simplex method, as applied
the uncapacitated network flow problem

mlmmlze e'f
subject to Af b

f > 0,



Part (a) of this assumption is natural, because otherwise the problem
is infeasible. Part (b) is also natural, because if the graph is not connected,

279The network simplex algorithm

Figure 7.9: A cycle and the corresponding simple circulation.
Arcs (4,3) and (1,5) are backward arcs and carry a flow of -l.

Note that flow is conserved at each node.

Sec. 7.3

where A is the node-arc incidence matrix of a directed graph G = (N, A).
(Capacitated problems are briefly discussed at the end of this section.)
The network simplex algorithm is widely used in practice, and is included
in many commercial optimization codes, due to its simplicity and efficiency.
In particular, it tends to run an order of magnitude faster than a general
purpose simplex code applied to a network flow problem.

Due to our restriction to uncapacitated problems, we are dealing with
a linear programming problem in standard form. We let m and n be the
number of arcs and nodes, respectively. We therefore have m flow variables
and n equality constraints which, unfortunately, is the exact opposite of
the notational conventions used in earlier chapters.

There are two different ways of developing the network simplex meth­
od. The first is to go through the mechanics of the general simplex method
and specialize each step to the present context. The second is to develop the
algorithm from first principles and then to point out that it is a special case
of the simplex method. We take a middle ground that proceeds along two
parallel tracks; each step is justified from first principles, but its relation to
the simplex method is also explained. The end result is an algorithm with
a fairly intuitive structure.

Throughout this section, the following assumption will be in effect.



Example 7.2 Consider the node-arc incidence matrix A in Example 7.1.
associated matrix A is given by

It can be verified that the matrix A has full rank. For example, the third,
sixth, and seventh columns are linearly independent.
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then the problem can be decomposed into subproblems that can be treated
independently.

As noted in Section 7.2, the rows of the matrix A sum to the
vector and are therefore linearly dependent. In fact, the last co:nst:raint
(flow conservation at node n) is a consequence of the flow ",YnQ,'r"·,,t·inn

constraints at the other nodes, and can be omitted without affecting
feasible set. Let us define the truncated node-arc incidence matrix A
be the matrix of dimensions (n - 1) x m, which consists of the first n­
rows of the matrix A. Any column of A that corresponds to an arc of
form (i, n) has a single nonzero entry, equal to 1, at the ith row. Sirnilarly,
any column of A that corresponds to an arc of the form (n, i) has a
nonzero entry, equal to -1, at the ith row. All other columns of A have
nonzero entries. Let b = (b1 , ... , bn~l)' We replace the original eq1llality
constraint Af = b by the constraint Af = b. We will see shortly
under Assumption 7.1, the matrix A has linearly independent rows.

Trees and basic feasible solutions

We now introduce an important definition.

Step (c) in the above definition can be carried out using the
systematic procedure, illustrated in Figure 7.10:

(a) Call node n the root of the tree.



(b) Use the flow conservation equations to determine the flows on the arcs
incident to the leaves, and continue by proceeding from the leaves
towards the root.

It should be pretty obvious from Figure 7.10 that once a tree is fixed,
a corresponding tree solution is uniquely determined. Nevertheless, we
provide a rigorous proof.

281The network simplex algorithm

Figure 7.10: A network and a set of n - 1 arcs (indicated by
hatched lines) that form a tree. By setting the arc flows outside
the tree to zero, we obtain 112 2, 123 = 2 and f43 2. We then
use conservation of flow at node 3, to obtain !ss = 2. We also have
f56 = 1 and f67 O. Using conservation of flow at node 6, we
obtain fS6 1. Note that this is a feasible tree solution.

Sec. 7.3

Proof. Let B be the (n - 1) x (n - 1) matrix that results if we only keep
those n - 1 columns of A that correspond to the arcs in T. Let fT be the
subvector of f, of dimension n -1, whose entries are the flow variables !ij,
(i,j) E T. We need to show that the linear system BfT b has a unique
solution. For this, it suffices to show that the matrix B is nonsingular.

Let us assume that the nodes have been renumbered so that numbers
increase along any path from a leaf to the root node n. Let us also assign
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1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 -1 0 0 0

-1 0 0 0 1 0 0
0 1 0 0 -1 1 0
0 0 -1 1 0 0 -1

Figure 7.11: A numbering of the nodes and arcs of a tree, and
the corresponding B matrix.
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to every arc (i,j) E T, the number min{i,j}; see Figure 7.11. Such
renumbering of nodes and arcs amounts to a reordering of the rows
columns of B but does not affect whether B is singular or not.

With the above numbering, the ith column of B corresponds to
ith arc, which is an arc of the form (i, j) or (j, i), with j > i. Thus,
nonzero entries in the ith column will be in row i or j. Since j > i,
nonzero entry can be found above the diagonal. We conclude that
lower triangular and has nonzero diagonal entries. This implies that B
nonzero determinant and is nonsingular, which completes the proof.

We note an important corollary of the proof of the previous thI30l~enCl.

Proof. If the graph G is connected, then there exists a set of arcs
that form a tree, when their orientation is ignored (d. Theorem
us pick such a set T and form the corresponding matrix as in the
of Theorem 7.3. Since the (n - 1) x (n - 1) matrix B is nonsingul
has linearly independent columns. Hence, the matrix A has n 1 lin
independent columns and, therefore, has n - 1 linearly independent

With our construction of a tree solution, the columns of B
columns of corresponding to the variables lij, for (i, j) E T, and
linearly independent. In general linear programming terminology,



basis matrix. Since the remaining variables fij, (i,j) tic T, are set to zero,
the resulting flow vector f is the basic solution corresponding to this basis.
Thus, a tree solution is a basic solution, and a feasible tree solution is a
basic feasible solution. In fact, the converse is also true.

283The network simplex algorithmSec. 7.3

Figure 1.12: (a) Part of a flow vector that satisfies Af = b. This
flow vector is not a tree solution because the arcs (2,1), (3,1), and
(3,2) form a cycle C and carry nonzero flow. (b) The flow vector
f + hC. Active constraints (arcs that carry zero flow) under f
remain active under f + h C .

Proof. We have already argued that a tree solution is a basic solution.
Suppose now that a flow vector f is not a tree solution. We will show that it
is not a basic solution. Note that if Af =1= b, then f is not a basic solution,
by definition. Thus, we only need to consider the case where Af = b.

Let S = Hi,j) E A I fij =1= O}. If the arcs in the set S do not form a
cycle, then there exists a set T of n 1 arcs such that SeT, and such that
the arcs in T form a tree [cf. Assumption 7.1(b) and Theorem 7.2]. Since
fij = 0 for all (i, j) tic T, the flow vector f is the tree solution associated
with T, which is a contradiction.

Let us now assume that the set S contains a cycle C and let h C be
the simple circulation associated with C. Consider the flow vector f + hC.
We have Af = band Ahc 0, which implies that A(f + hC) = b.
FUrthermore, whenever Jij = 0, the arc (i,j) does not belong to the cycle
C, and we have h~ = O. We see that all constraints that are active at the
vector f are also active at the vector f + hC. Thus, the constraints that
are active at f do not have a unique solution, and f is not a basic solution
(cf. Theorem 2.2 and Definition 2.9 in Section 2.2). See Figure 7.12 for an
illustration. 0



0* = min ike,
(k,R)EB

Change of basis
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if (k,i!) E F,
if (k, i!) E B,
otherwise.

To summarize our conclusions so far, we have established the follow-
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We will now develop the mechanics of a change of basis. Recall that
a general linear programming problem, we first choose a nonbasic va:nable
that enters the basis, find how to adjust the basic variables in order
maintain the equality constraints, and increase the value of the en1;enmg
variable until one of the old basic variables is about to become negative.
specialize this procedure to the network case. Picking a nonbasic vaJ,ialble
is the same as choosing an arc (i,j) that does not belong to T. Then,
arc (i, j) together with some of the arcs in T form a cycle. Let us
the orientation of the cycle so that (i, j) is a forward arc. Let F and B
the sets of forward and backward arcs in the cycle, respectively. If we
to increase the value of the nonbasic variable iij to some 0, the old
variables need to be adjusted in order not to violate the flow rorn,,,p,r,,,,ti,,r

constraints. This can be accomplished by pushing 0 units of flow
the cycle. More precisely, ike is increased (decreased) by 0 for all
(backward) arcs of the cycle. The new flow variables ike are given by

ing:

(a) Basic (feasible) solutions are (feasible) tree solutions and vice versa.

(b) Every basis matrix is triangular when its rows and columns are suit­
ably reordered.

(c) Given a basis matrix the vector of basic variables B-1b can be
easily computed, without the need to maintain B-1 in a tableau.

As in the case of general linear programming problems, a basic feasible
solution can be degenerate. This happens if the flow on some arc (i,j) E

T turns out to be O. In this case, the same basic feasible solution may
correspond to several trees. For example, the tree shown in Figure 7.10 leads
to a degenerate basic feasible solution, because i67 = O. A different
tha:t would yield the same basic feasible solution is obtained by reI)la,cmg
arc (6,7) by arc (5,7).

We set 0 as large as possible, provided that all arc flows remain nOJlln()gatiy
It is clear that the largest possible value of 0 is equal to

except if B is empty, in which case we let 0* 00. A variable ike t
attains the minimum in Eq. (7.5) is set to zero and exits the basis.
ike = 0 for some arc (k, i!) E B (which can happen if we start



Calculation of the cost change

degenerate basic feasible solution), then the change of basis occurs without
any change of the arc flows. (For the example shown in Figure 7.10, if 157

enters the basis, 167 exits the basis and ()* = 0.)
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(7.7)

(7.8)
if i, j i=- n,
if j = n,
if i = n.

Cij = L Cke - L Cke,

(k,e)EF (k,e)EB
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which is simply the cost of the cycle around which flow is being pushed.
We will now derive an alternative formula for the reduced costs that

allows for more efficient computation. Recall the general formula (51

c l pIA for determining the reduced costs, where p is the dual vector
given by pI = c'aB-1, B is the current basis matrix, and CB is the vector
with the costs of the basic variables. The dimension of p is equal to the
number of rows of A, which is n - 1, and we have one dual variable Pi

associated with each node i i=- n. Suppose that (i, j) is the kth arc of the
graph. Then, the kth entry of the vectors (5 and c is equal to Cij and Cij,

respectively. The kth entry of pIA is equal to the inner product of p with
the kth column of A. From the definition of the node-arc incidence matrix,
the kth column of A has an entry equal to 1 at the ith row (if i < n), and
an entry equal to -1 at the jth row (if j < n). We conclude that

The cost change resulting from the above described change of basis, is equal
to

0'· C~,.Chi ('~B Chi) . (7.6)

Naturally, the variable lij should enter the basis only if the value of the
expression (7.6) is negative.

From the development of the simplex method for general linear pro­
gramming problems, we know that if the variable that enters the basis takes
the value ()*, then the cost changes by ()* times the reduced cost of the en­
tering variable. Comparing with Eq. (7.6), we see that the reduced cost Cij

of a nonbasic variable lij is given by

Equation (7.8) can be written more concisely if we define Pn = 0, in which
case we have

Cij = Cij - (Pi - Pj), V (i,j) EA. (7.9)

It remains to compute the dual vector pI = c'aB-1 associated with
the current basis. Since the reduced cost of every basic variable must be



Overview of the algorithm

We start with a summary of the network simplex algorithm and then pro­
ceed to discuss some issues related to initialization and termination.

The system of equations (7.10) is easily solved using the following proce­
dure. We view node n as the root of the tree and set Pn O. We then
go down the tree, proceeding from the root towards the leaves, with a new
component of p being evaluated at each step; see Figure 7.13.

(7.10)

Network flow problems

V (i,j) E T,

Chap. 7

Pi Pj

Pn
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equal to zero, Eq. (7.9) yields

In the case where finding an initial basic feasible solution is dimc
we may need to form and solve an auxiliary problem. For example, for each
pair of source and sink nodes, we may introduce an auxiliary arc; findin
a basic feasible solution in the presence of these arcs is straightforward
Furthermore, if the unit costs Cij of the auxiliary arcs are chosen larg
enough, solving the auxiliary problem is equivalent to solving the origi
problem.

The network simplex algorithm is similar to the naive implement
tion described in Section 3.3. Because of the special structure of the b
matrix B, the system c~ = p'B can be solved on the fly, without the n
to maintain a simplex tableau or the inverse basis matrix B-1 . For a rO



287The network simplex algorithm

Figure 7.13: Once Pi is computed, Pi and Pk can also be com­
puted, because we have Pi Pi = cii and Pk - Pi = Cki. Starting
from the root and continuing in this fashion, all dual variables can
be computed.

Sec. 7.3

count of the computational requirements of each iteration, we need O(n)
cOlnput,tti()ns to evaluate the dual vector p, O(m) computations to evalu­

all of the reduced costs, and another O(n) computations to effect the
of basis. Given that m ;::: n - 1, the total is O(m), which compares

ra,'OI'i':L01V with the O(mn) computational requirements of an iteration of
simplex method for general linear programming problems. In practice,
running time of the network simplex algorithm is improved further by

a somewhat more clever way of updating the dual variables, and by
suitable data structures to organize the computation.
All of the theory in Chapters 3 and 4 applies to the network sim­

method. In particular, in the absence of degeneracy, the algorithm
guaranteed to terminate after a finite number of steps. In the presence

of degeneracy, the algorithm may cycle. Cycling can be avoided by using
a general purpose anticycling rule or special methods. If the optimal

is -00, the algorithm terminates with a negative cost directed cycle.
(The simple circulation h C associated with that cycle is an extreme ray of
the feasible set, and c'hc < 0.) If the optimal cost is finite, the algorithm
terminates with an optimal flow vector f and an optimal dual vector p. In
pntct:ice, the number of iterations is often O(m), but there exist examples
involving an exponential number of basis changes.

J:!J)CalDI>le 7.3 Consider the uncapacitated network problem shown in Figure
the numbers next to each arc are the corresponding costs. Figure 7.14(b)

a tree and a corresponding feasible tree solution. Arc (4, 3) forms a cycle
COI1Si~jtirlg of nodes 4, 3, and 5. The reduced cost (;43 of 143 is equal to the cost of



Figure 7.14: (a) An uncapacitated network flow problem. Arc
costs are indicated next to each arc. (b) An initial feasible tree
solution. The arc flows are indicated next to each arc. (c)- (d) Fea­
sible tree solutions obtained after the first and the second change
of basis, respectively.
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Proof.

We now have the following important corollary of Theorem 7.5.

Integrality of optimal solutions

289The network simplex algorithmSec. 7.3

that cycle, which is C43 +C35 C45 = -1. We let arc (4,3) enter the tree. Pushing
flow along the cycle attempts to reduce the flow along the arc (4,5). Since this
was zero to start with (degeneracy), we have ()* 0; the arc (4, 5) leaves the tree
and we obtain the feasible tree solution indicated in Figure 7.14(c). The reduced
cost associated with arc (1,2) is C12 + C24 + C43 C13 = -1, and we let that arc
enter the tree. We can push up to one unit of flow along the cycle 1,2,4,3,1, that
is, until the flow along arc (1,3) is set to zero. Thus, ()* 1, the arc (1,3) leaves
the tree, and we obtain the feasible tree solution indicated in Figure 7.14(d). It is
not hard to verify that all reduced costs are nonnegative and we have an optimal
solution.

(a) As shown in theproof of Theorem 7.3, we can reorder the rows and
columns of a basis matrix B so that it becomes lower triangular and
its diagonal entries are either 1 or -1. Therefore, the determinant of
B is equal to 1 or -1. By Cramer's rule, B-1 has integer entries.

(b) This follows by inspecting the nature of the algorithm that determines
the values of the basic variables (see the proof of Theorem 7.3), or
from the formula fT B-1b.

(c) This follows by inspecting the nature of the algorithm that determines
the values ofthe dual variables, or from the formula pi = c'tJB- 1 . D

An important feature of network flow problems is that when the problem
data are integer, most quantities of interest are also integer and the simplex
method can be implemented using integer (as opposed to floating point)
arithmetic. This allows for faster computation and, equally important, the
issues of finite precision and truncation error disappear. The theorem that
follows provides a summary of integrality properties.



The simplex method for capacitated problems

()* = min { min {fk£ - dkd, min {Uk£ - ikd} .
(k,£)EB (k,£)EF

(i,j) EA.
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We will now generalize the simplex method to the case where some of
arc capacities are finite and we have constraints of the form

There are only some minor differences from the discussion earlier in
section. For this reason, our development will be less formal.

Consider a set TeA of n-larcs that form a tree when their dIrectiOn
is ignored. We partition the remaining arcs into two disjoint subsets D
U. We let iij d ij for every (i,j) ED, iij = Uij for every (i,j) E U,
then solve the flow conservation equations for the remaining variables
(i, j) E T. The resulting flow vector is easily shown to be a basic solution:;
and all basic solutions can be obtained in this manner; the ar~~urnellt

similar to the proofs of Theorems 7.3 and 7.4.
Given a basic feasible solution associated with the sets T, D,

we evaluate the vector of reduced costs using the same formulae as
and then examine the arcs outside T. If we find an arc (i,j) E D
reduced cost is negative, we push as much flow as possible around the
created by that arc. (This is the same as in our previous developlmen
Alternatively, if we can find an arc (i, j) E U with positive reduced
we push as much flow as possible around the cycle created by that arc,
in the opposite direction. In either case, we are dealing with a directioti
cost decrease. Determining how much flow can be pushed is done as
Let F be the set of arcs whose flow is to increase due to the cO]!ltemI)latE
flow push; let B be the set of arcs whose flow is to decrease. Then, the
increment is limited by ()*, defined as follows:

By pushing ()* units of flow around the cycle, there will be at least one
(k, £) whose flow is set to either dk£ or Uk£. If the arc (k, £) belongs to T
is removed from the tree and is replaced by (i,j). The other possibilit
that (k,£) = (i,j). (For example, pushing flow around the cycle may
in iij being reduced from Uij to d ij .) In that case, the set T reInains
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same, but (i,j) is moved from U to D, or vice versa. In any case, we obtain
a new basic feasible solution. (In the presence of degeneracy, it is possible
that the new basic feasible solution coincides with the old one, and only
the sets T, D, or U change.) To summarize, the network simplex algorithm
for capacitated problems is as follows.

291The negative cost cycle algorithmSec. 7.4

The network simplex algorithm incorporates a basic idea, which is present in
practically every primal method for network flow problems: given a current
primal feasible solution, find an improved one by identifying a negative cost
cycle along which flow can be pushed. One advantage of the simplex method
is that it searches for negative cost cycles using a streamlined and efficient
mechanism. A potential disadvantage is that a change of basis can be
degenerate, with no flow being pushed, and without any cost improvement.

In this section, we present a related, but different, algorithm, where
every iteration aims at a nonzero cost improvement. In particular, at every
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Figure 7.15: (a) A portion of a network, together with the values
of some of the flow variables. (b) The new arc flows after pushing
{j units of flow around the cycle C.
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Motivation

iteration we push some flow around a negative cost cycle. The
terminates when no profitable cycle can be identified. The method
tified by a key result that relates the absence of profitable
optimality.

Consider the portion of a network shown in Figure 7.15(a).
flow vector f given in the figure be optimal? The answer is no,
following reason. Suppose that we push 8 units of flow along the indi
cycle, where 8 is a positive scalar. Taking into account the direction
arcs, the new flow variables take the values indicated in Figure
particular, the flow on every forward arc is increased by 8 and the
every backward arc is reduced by 8. Flow conservation is nr""prv~·rl

as long as 8 ::; 2, the constraints 0 ::; lij ::; Uij are respected, and



Since 8 :::: 0 and 0 S; iij S; Uij, this is equivalent to
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(7.12)

if (i,j) E F,

if (i,j) E B.

iij) , min lij}'
(i,j)EB

if (i,j) E F,

if (i,j) E B.

if (i,j) E F,
if (i,j) E B,
otherwise.

min { min (Uij
(i,j)EF

{

I,
h5 = -1,

0,

8 < Uij - iij,

8 < iij,

o < iij + 8 S; Uij,

o < iij 8 S; Uij,

8(C)

The negative cost cycle algorithmSec. 7.4

flow is feasible. Thechange in costs is

In this subsection, we present the algorithm of interest after developing
some of its elements. We assume that we' have a network described by
a directed graph G (N, A), supplies bi, arc capacities Uij, and cost
coefficients Cij' Let C be a cycle, and let F and B be the sets of forward and
backward arcs of the cycle, respectively. Let h C be the simple circulation
associated with this cycle; that is,

which is negative, and f cannot be optimal. As this example illustrates, a
flow f can be improved if we can identify a cycle along which flow can be
profitably pushed.

Description of the algorithm

Let f be a feasible flow vector and let 8 be a nonnegative scalar. If
we change f to f + 8hc , we say that we are pushing 8 units oi flow along
the cycle C. Since f is feasible, we have Af = h; since Ahc = 0, we obtain
A(f + 8hC ) = b, and the flow conservation constraint is still satisfied. In
order to maintain feasibility, we also need

that is,

Thus, the maximum amount of flow that can be pushed along the cycle,
which we denote by 8(C), is given by

If the set B is empty and if Uij 00 for every arc in the cycle, then there
are no restrictions on 8, and we set 8(C) = 00. If iij < Uij for all forward
arcs and iij > °for all backward arcs, then 8(C) > 0, and we say that the



There are a few different issues that need to be discussed:

(d) Is the algorithm guaranteed to terminate?

These issues are addressed, one at a time, in the subsections that

e'hC = L Cij - L Cij,

(i,j)EF (i,j)EB
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the cost of cycle C.
We can now propose an algorithm which at each iteration looks for

negative cost unsaturated cycle and pushes as much flow as possible
that cycle.

cycle is unsaturated. For the cycle considered in Figure 7.15(a), we have
8(C) = 2.

We now calculate the cost change when we push a unit of flow along
a cycle C . Using the definition of h c, the cost change is

(a) How do we start the algorithm?

(b) How do we search for an unsaturated cycle with negative cost?

(c) If the algorithm terminates, does it provide us with an optimal
tion?

Starting the algorithm

As discussed in Section 7.2, every network flow problem can be
into an equivalent problem with no sources or sinks. For the latter
the zero flow is a feasible solution that provides a starting point.
alternative, a feasible flow (if one exists) can be constructed by
suitable maximum flow problem (Exercise 7.21).



Suppose that we have a network G = (N, A) and a feasible flow f. The
residual network is an auxiliary network G= (N,.4) with the same set of
nodes, but with different arcs and arc capacities. It is a convenient device
to keep track of the amount of flow that can be pushed along the arcs of
the original network.

Consider an arc (i,j), with capacity Uij, and let lij be the current
flow through that arc. Then, lij can be increased by up to Uij - lij, or
can be decreased by up to lij' We represent these options in the residual
network by introducing an arc (i,j) with capacity Uij - lij, and an arc
(j, i), with capacity lij' Any flow on the arc (j, i) in the residual network is
to be interpreted as a corresponding reduction of the flow on the arc (i, j)
of the original network.

We assign costs to the arcs of the residual network in a way that
reflects the cost changes in the original network. In particular, we associate
a cost of Cij with the arc (i, j) of the residual network, and a cost of -Cij

with the arc (j, i) of the residual network. [This is because a unit of flow
on the arc (j, i) corresponds to a unit reduction of the flow on the arc (i, j)
of the original network, and a cost change of -Cij.] All supplies in the
residual network are set to zero, which implies that every feasible flow is a
circulation. Finally, we delete those arcs of the residual network that have
zero capacity.

The construction of the residual network is shown in Figure 7.16. As
seen in the figure, the residual network may contain two arcs with the same
start node and the same end node. In particular, the presence of two arcs
from i to j indicates that we can push flow from i to j either by increasing
the value of lij or by decreasing the value of hi. Strictly speaking, this
violates our original definition of a graph, but this turns out not to be a
problem.

Let f be a feasible flow in the original network and let f be another
feasible flow in the original network. The flow increment f can be associated
with a flow vector f in the residual network as follows.

(a) If Jij > 0, we let the flow h,j on the corresponding arc (i,j) in the

residual network be equal to Jij' Feasibility in the original network

implies that Jij ::; Uij - lij, and h,j satisfies the capacity constraint
in the residual network.

(b) If Jij < 0, we let the flow !ji on the corresponding arc (j, i) in the
residual network be equal to -Jij' Feasibility in the original net­

work implies that -Jij ::; lij and therefore hi satisfies the capacity
constraint in the residual network.

All variables h,j that are not set by either (a) or (b) above are left at zero
value. See Figure 7.17 for an illustration.

The residual network

Sec. 7.4 The negative cost cycle algorithm 295
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Figure 7.16: (a) Each arc of the original network leads to two
arcs in the residual network. (b) A network and an as~ociated

feasible flow. (c) The corresponding residual network. Note that
zero capacity arcs have been deleted.

We make the following observations:

(a) We have hj ::::: °for all arcs in the residual network.

(b) The flow f in the residual network is a circulation. This is bec:aW3e
the original network, we have Af b = A(f + f). Hence, Af
which means that with the flow vector f, the net flow into any
is zero. Because of the way f was constructed, the net flow into
node of the residual network must also be zero.

(c) The cost of f in the residual network is equal to 2::(i,j) Cij fij'

the cost of f in the original network. This is because for each arc
fij > 0, we have an equal flow hj in a corresponding arc (i,j) in
residual network, and the latter arc has unit cost Cij.

for each arc with fij < °in the original network, we have

!ji = -fij in a corresponding arc (j, i) in the residual network,

296
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Figure 7.17: In this figure, the numbers next to each arc indicate
arc flows. (a) A feasible flow f in a network. (b) Another feasible
flow f + f. (c) The flow increment f. Note that it is a circulation.
(d) The flow f in the residual network (only arcs with nonzero flows
are shown).

Sec. 7.4

latter arc has unit cost -Cij' Since (-Cij )jji = cij lij, we see that

Iij and jji incur the same cost.

The preceding arguments can be reversed. That is, if we start with a

circulation f in the residual network, we can construct a circulation
original network such that f +f is feasible and such that df is equal

cost of f in the residual network.

finally note that every unsaturated cycle in the original network
orreST)Ollds to a directed cycle in the residual network in which all arcs have

capacity and vice versa. Furthermore, the costs of these cycles in
it respective networks are equal. We conclude that the search for neg­
e cost unsaturated cycles in the original network can be accomplished

searching for a negative cost directed cycle in the residual network. In
tion 7.9, we show that the problem of finding negative cost directed
les in a graph can be solved in time O(n3 ); hence, the computational
uirements of each iteration of the negative cost cycle algorithm are also
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Optimality conditions

298

We now investigate what happens at termination of the negative cost
algorithm. If the algorithm terminates because it discovered a negative
cycle with 8(C) = 00, then the optimal cost is -00. In particular, the
f +8hc is feasible for every 8> 0, and by letting 8 become arbitrarily
the cost of such feasible solutions is unbounded below.

The algorithm may also terminate because no unsaturated nej?;ative
cost cycle can be found. In that case, we have an optimal solution, as
by the next result.

Proof. One direction is easy. If C is an unsaturated cycle with ne,ga1;1Vl
cost, then f + 8(C)hC is a feasible flow whose cost is less than the cost
f, and so f is not optimal.

For the converse, we argue by contradiction. Suppose that f
feasible flow that is not optimal. Then, there exists another feasible
f + f whose cost is less, and in particular, e'f < O. As discussed in
preceding subsection, it follows that there exists a feasible (in particuJla.
nonnegative) circulation f in the residual network whose cost is negative.
prove that this circulation implies the existence of a negative cost
cycle in the residual network, we need the following important result.

Proof. (See Figure 7.18 for an illustration.) If f is the zero vecto
result is trivially true, with k = O. Suppose that f is nonzero. Then, t
exists some arc (i,j) for which iij > O. Let us traverse arc (i,j). Becau
flow conservation at node j, there exists some arc (j, k) for which hk
We then traverse arc (j, k) and keep repeating the same process. Sincet
are finitely many nodes, some node will be eventually visited for a s
time. At that point, we have found a directed cycle with each
cycle carrying a positive amount of flow. Let f1 be the simple



Figure 1.18: Illustration of the flow decomposition theorem.
The numbers next to each arc indicate the value of the correspond­
ing arc flows. Arcs with zero flow are not shown. (a) A nonneg­
ative circulation f. (b) The circulation a1f1. (c) The remaining
flow f - a1f1. (d) The circulation a2 f 2

. (e) The remaining flow
f a1f1 - a2 f 2 is a simple circulation and we let asfs be equal to
it.

Sec. 7.4 The negative cost cycle algorithm 299



Before concluding that the algorithm is correct, we need a guar<:l.lli;ee
it will eventually terminate. This is the subject of our next theorem.

We now apply Lemma 7.1 to the residual network. The circwlatiiori
can be decomposed in the form

Network Bow problemsChap. 7300

corresponding to that cycle. Let al be the minimum value of Iij,
the minimum is taken over all arcs in the cycle, and consider the
f f - aIfl . This vector is nonnegative because of the way that al
chosen. In addition, we have Af = 0 and Af l = 0, which implies
Af = 0 and f is a circulation. By the definition of aI, there exists some
(k, £) on the cycle for which Ike = al and ike = O. Therefore, the number
positive components of f is smaller than the number of positive cOJnp,oneni;s
of f. We can now apply the same procedure to f, to obtain a new
circulation f2, and continue similarly. Each time, the number of arcs
carry positive flow is reduced by at least one. Thus, after repeating
procedure a finite number of times, we end up with the zero flow.
this happens, we have succeeded in decomposing f as a nonnegative
combination of simple circulations. Furthermore, since all of the
constructed were directed, these simple circulations involve only
arcs.

If f is integer, then al is integer, and f is also an integer vector.
follows, by induction, that if we start with an integer flow vector
flows produced in the course of the above procedure are integer, and
coefficients ai are also integer. This concludes the proof of Lemma

where each fi is a simple circulation involving only forward arcs,
ai is positive. Since f has negative cost, at least one of the circulatio
must also have negative cost; hence, the residual network has a
cost directed cycle. As discussed in the preceding subsection, this
that the original network contains a negative cost unsaturated
the proof of Theorem 7.6 is now complete.

Termination of the algorithm
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flow problem

The maximum flow problem

The

Sec. 7.5

the maximum flow problem, we are given a directed graph G = (N, A)
an arc capacity bound Uij E [0,00] for each arc (i, j) E A. Let sand t be
special nodes, called the source and sink node, respectively. The prob-

m is to find the largest possible amount of flow that can be sent through
he network, from s to t. We will see shortly that this is a special case of

e general network flow problem. On the other hand, special purpose al­
rithms are possible, because of the simple structure of the problem. The

Proof. If the current flow f is integer, then 8(C) is integer or infinite, for
every cycle C. Hence, the flow obtained after one iteration of the algorithm
must also be integer, and integrality is preserved.

At each iteration, before the algorithm terminates, we have a cost
reduction of 8(C)le/h C I, where C is the negative cost cycle along which
flow is pushed. Since 8(C) :::: 1, this is no smaller than v = minD le/hDI,
where the minimum is taken over all negative cost cycles D. Thus, each
iteration of the algorithm reduces the cost by at least v, which is positive.
It follows that if the optimal cost is finite, the algorithm must terminate
after a finite number of iterations. 0

Note that Theorem 7.7 establishes an integrality property of optimal
solutions. This is the same conclusion that was reached in Corollary 7.2(a),
for standard form problems.

Surprisingly, and unlike the simplex method, if the arc capacities
are not integer, the algorithm is not guaranteed to terminate, even if the
optimal cost is finite. One possibility is that the algorithm makes an infinite
number of steps, each step results in lower costs, but the cost reductions
become smaller and smaller, and the cost of the current flow does not
converge to the optimal cost. It turns out that finite termination can be
guaranteed under special rules for choosing between negative cost cycles.
Two possible rules that are known to lead to finite termination are the
following:

(a) Largest improvement rule: Choose a negative cost cycle for which
the cost improvement 8(C) le/hcl is largest. Unfortunately, finding
such a cycle is difficult. See Exercise 7.16 for an upper bound on the
number of iterations.

(b) Mean cost rule: Choose a negative cost cycle for which le/hcl/k(C)
is largest, where k(C) is the number of arcs in cycle C. It turns out
that the search for such a cycle is not too difficult (Exercise 7.37).

When the optimal cost is -00, the algorithm may fail to terminate
a finite number of iterations, even if the arc capacities are integer. For

reason, one should verify that the optimal cost is finite before starting
algorithm; a simple criterion is developed in Exercise 7.17.



Mathematically, the maximum flow problem can be
follows:

maximum flow problem arises in a variety of applications. Some are
obvious (e.g., maximizing throughput in a logistics network), while
are less expected; see the example that follows.

Network flow pr':Jbj'err:ls

'Vi =1= s,t,
'V (i,j) EA.

Chap. 7

b
-bs

0,
lij ::; Uij,

maximize
subject to
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Example 7.4 (Preemptive scheduling) We are given m identical m(~chjmls

and n jobs. Each job j must be processed for a total of Pj periods. (We
that each pj is an integer.) However, we allow preemption. That is, the pr<)cE:ssiri#;
of a job can be broken down and can be carried out by different m(~chjnE,s

different periods. Each machine can only process one job at a time, and
can only be processed by a single machine at a time. In addition, each
is associated with a release time rj and a deadline d j : processing cannot
before period rj, and must be completed before period d j . Naturally, we
that rj +Pj :S d j for all jobs j. We wish to determine a schedule whereby all
are processed, without violating the release times and deadlines, or show
such schedule exists.

We will now construct a maximum flow formulation of the problem.
first step is to rank all the release times and deadlines in ascending order. The
suiting ordered list of numbers divides the time horizon into a number of nonoy
lapping intervals. Let Tkl be the interval that starts in the beginning of perio
and ends in the beginning of period l. Note that during each interval Tkl, the
of jobs that can be processed does not change. In particular, we can process
job j that has been released (rj :S k) and its deadline has not yet been reac
(l :S dj). For a concrete /example, suppose that we have four jobs with re
times 3, 1, 3, 5, and deadlines 5, 4, 7, 9. The ascending list of release times
deadlines is 1,3,4,5,7,9. We then obtain five intervals, namely, T 13 , T34'

T S7 , and T79.

We construct a network involving a source node s, a sink node t, a
corresponding to each job j, and a node corresponding to each interval Tkl.
arcs and their capacities are as follows. For every job j, we have an arc
with capacity pj. We interpret the flow along this arc as the number of pe
of processing that job j receives. For every node Tkl, we introduce an arc (
with capacity mel - k). The flow along this arc represents the total nu
of machine-periods of processing during the interval Tkl. Finally, if a job
available for processing during the interval Tkl, that is, if rj :S k :S l :S dj,
introduce an arc (j, Tkl), with capacity l - k. The flow along this arc repr
the number of periods that job j is processed during this interval. See Figur
for an illustration. It is not hard to show that every feasible schedule corres
to a flow through this network, with value 2.::7=1 Pj, and conversely.
the scheduling problem can be solved by solving a maximum flow pr':Jbllenl,
checking whether the resulting maximum flow value is equal to 2.::7=1 pj.



li'; ...." ..o 7.20: Reformulation of the maximum flow problem as a
network flow problem.

Once the maximum flow problem is formulated as a network flow
problem, the negative cost cycle algorithm of Section 7.4 can be applied, and
this is one way of deriving the main algorithm in this section (Exercise 7.18).
However, our derivation will be self-contained.
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Figure 7.19: The structure of the network associated with the
preemptive scheduling problem. The number next to each arc in­
dicates its capacity. The arc from node j to node (k, l) is present
only if r j ::;: k ::;: l ::;: dj.

Sec. 7.5

Note that, in contrast to the network flow problems considered earlier,
bs is a variable to be optimized. Any flow vector f satisfying the above
constraints is called a feasible flow and the corresponding value of bs is
called the value of that flow.

The maximum flow problem can be reformulated as a network flow
problem, as follows (see Figure 7.20 for an illustration). We let the cost
of every arc be equal to zero and we introduce a new infinite capacity arc
(t, s), with cost Cts = -1. Minimizing I::(i,j) cijfij in the new network is
the same as maximizing the flow fts on the new arc. Since the flow on the
arc (t, s) must return from s to t through the original network, maximizing
fts is the same as solving the original maximum flow problem.



8(P) = min { min (Uij - lij), min Jij},
(i,j)EF (i,j)EB
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Figure 7.21: Let all arc capacities be equal to 1. The numbers
next to each arc indicate the values of the arc flows. Note that
up to one unit of additional flow can be pushed along the path
indicated by hatched arcs.
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Suppose that we have a feasible flow and that we have
augmenting path P. We can then increase the flow along every
arc, decrease the flow along every backward arc by the same amount,
still satisfy all of the problem constraints; we then say that we are
flow along the path P, or that we have a flow augmentation. The
of flow pushed along P can be no more than 8(P), defined by

Consider the flow illustrated in Figure 7.21. Its value can be in(~re:ased

by pushing additional flow along the path consisting of the arcs (s, 2), (1,
(1, t). Note that arc (1,2) is a backward arc of that path; pushing 8 uni
of flow along the path, reduces the flow along arc (1,2) by 8. The definitio
that follows deals with paths of this type, through which additional
can be pushed.

where F and B are the sets of forward and backward arcs, ree:pectrvc
in the augmenting path. If the augmenting path consists exc~lusively

forward arcs, and if all arcs on the path have infinite capacity, then
no limit on the amount of flow that can be pushed, and we have
For the example in Figure 7.21, we have 8(P) = 1.

We now introduce a natural algorithm for the maximum flow
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If the algorithm terminates because 8(P) = 00, we have found an
augmenting path without capacity limitations and, using that path, an
arbitrarily large amount of flow can be sent to the sink.

We now address the termination properties of the algorithm.

If the arc capacities are rational numbers, the algorithm is again guar­
to terminate after a finite number of iterations. This is because we

multiply all arc capacities by their least common denominator, and

Proof. This result can be derived as a corollary of Theorem 7.7 in Sec­
tion 7.4. For a self-contained proof, note that if we have an integer feasible
flow, and if all arc capacities are integer or infinite, then 8(P) is integer or
infinite. Thus, integrality of flows is maintained throughout the algorithm.
Every iteration of the algorithm increases the value of the flow by at least
1 [since 8(P) is integer]. Hence, either the value of the flow increases to
infinity, or the algorithm must terminate. D

Example 7.5 Consider the network shown in Figure 7.22(a) and let us start
the zero flow. The path consisting of the hatched arcs in Figure 7.22(b) is

augmenting path, with /5(P) = 1. After a flow augmentation, we obtain the
flow indicated. The path consisting of the hatched arcs in Figure 7.22(c) is an
augmenting path, with /5(P) 1. By continuing similarly, and after a total of
four flow augmentations, we obtain the flow shown in Figure 7.22(e), whose value
is equal to 6. At this point, no augmenting path can be found. In fact, this flow
must be optimal because the total capacity of the arcs leaving node s is equal to
6, and this is a bottleneck that cannot be overcome.



Figure 7.22: Illustration of the Ford-Fulkerson algorithm. The
numbers next to the arcs in part (a) are arc capacities. We start
with the zero flow. (b)-(e) In each case, we identify the augrrlenting
indicated in the figure, and push as much flow as possible. The
numbers next to the arcs correspond to the arc flows after the flow
augmentation. The flow indicated in part (e) is optimal.
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Let us say that a node i is labeled if we have determined that there
an unsaturated path from s to i.

Similarly, if we have an unsaturated path P from s to i, and if (j, i) is
an arc for which Iji > 0, we may append arc (j, i) to P (as a backward
arc), and obtain an unsaturated path from s to j. Then, node jean
be labeled.

Suppose that node i is labeled, that we have an unsaturated path P
from s to i, and that (i, j) is an arc for which lij < Uij' We may then
append arc (i, j) to the path P, and obtain an unsaturated path from
s to j. Thus, node j can also be labeled.

307

an augmenting path

The maximum flow problem

process of examining all nodes j neighboring a given labeled node i,
determine whether they can also be labeled, is called scanning node i.

e now have the following algorithm, where I is the set of nodes that have
n labeled but not yet scanned.

Sec. 7.5

an equivalent problem with integer arc capacities. However, if the
capacities are not rational, there exist examples for which the algo­

never terminates. In particular, even though the value of the flow is
Illc)llc)tonic;alJy increasing, its limit can be strictly less than the optimal.

For the non-rational case, the Ford-Fulkerson algorithm can be made
terminate after a finite number of iterations, if one uses special methods
choosing an augmenting path. For example, if one looks for an aug­

J:)1€:ntimg path with the least possible number of arcs, then the algorithm
be shown to terminate after O(IAI· INI) iterations.

If the algorithm does terminate, it provides us with an optimal solu­
This fact can be obtained as a corollary of the optimality conditions

Section 7.4. A self-contained proof using different ideas will be provided
However, we will first discuss some issues related to the search for

aug;mentlIlg path.

search for an augmenting path can be carried out in a fairly simple
.ili2LllD.er, using a method known as the labeling algorithm.

Suppose that we have a feasible flow f. Consider a path from the
s to some node k, such that lij < Uij for all forward arcs on the

and lij > 0 for all backward arcs on the path; we say that this is an
unsat:uT"i'J,ted path from s to k. Such a path can be used to push additional

from node s to node k, without violating the capacity constraints.
that an unsaturated path from s to t is the same as an augmenting



Example 7.6 Consider the network shown in Figure 7.23.
rithm operates as follows:

1. I {s}. Node s is scanned. Nodes 1, 2 are labeled.

2. I = {I, 2}. Node 1 is scanned. Node 4 is labeled.

3. I {2,4}. Node 4 is scanned. No node is labeled.

4. 1= {2}. Node 2 is scanned. Node 3 is labeled.

Network flow problemsChap. 7308

Note that a node enters the set I only if it changes from unlabel
to labeled. Therefore, a node can enter the set I at most once. Since eac
iteration removes a node from the set I, the algorithm must eventuall
terminate. We distinguish between two different possibilities.

(a) Suppose that the algorithm terminates because node t has been
beled. Then, there exists an unsaturated path from s to t, that is,
augmenting path. That path can be easily recovered if we do s()

extra bookkeeping in the course of the labeling algorithm, as fo116
Whenever a node j is labeled while scanning a previously labeled n
i, we record node i as the parent of j. At the end of the algorit
we may start at node t, go to its parent, then to its parent's par
etc., until we reach node s; the resulting path is an augmenting p
from s to t.

(b) The second possibility is that the algorithm terminates because
set I is empty. We will now argue that this implies that there ex
no augmenting path. Let S be the set of labeled nodes at terminati
and suppose that there exists an augmenting path. Since s E S
t r/: S, it follows that there exist two consecutive nodes i and)
the augmenting path, such that i E Sand j r/: S. Since i and j
consecutive nodes of an augmenting path, we have either (i, j)
and !ij < Uij, or (j, i) E A and hi > O. In either case, we
node j should have been labeled at the time that node i was
This is a contradiction and shows that no augmenting path



0(8) = L Uij

{(i,j)EA liES, jfi.S}
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Figure 1.23: The network in Example 7.6 together, with a fea­
sible flow.

define an s-t cut as a subset 8 of the set of nodes N, such that s E 8
t tf- 8. In our context, the nodes sand t are fixed, and we refer to 8

simply a cut. We define the capacity 0(8) of a cut 8 as the sum of the
acities of the arcs that cross from 8 to its complement, that is,

Sec. 7.5

1= {3}. Node 3 is scanned. Node t is labeled.

node t is labeled, we conclude that there exists an augmenting path, which
be obtained by backtracking, as follows. Node t was labeled while scanning

3. Node 3 was labeled while scanning node 2. Node 2 was labeled while
$canniing node s. This leads us to the augmenting path s, 2, 3, t.

We conclude our analysis of the labeling algorithm with a brief dis­
cm,Slcm of its complexity. Every node is scanned at most once, and every

is examined only when One of its end nodes is scanned. Thus, each
examined at most twice. Examining an arc entails only a constant

number of arithmetic operations. We conclude that the com­
m:::ttl')ll:::tl complexity of the algorithm is proportional to the number of



v ::; C(8),

(see Figure 7.24). Any flow from s to t must at some point cross an
(i, j) with i E 8 and j ~ 8. For this reason, the value v of any feasible
satisfies

'"'irn' ...·" 7.24: The set S = {s, 1,2, 3} is a cut. The capacity of

this cut is U2t + U14 + U34 + U35.
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for every cut. In essence, each cut provides a potential bottleneck for
maximum flow. Our next result shows that the value of the maximum
is equal to the tightest of these bottlenecks.

Proof. (a) Suppose that the Ford-Fulkerson algorithm has termlJll<'
because it failed to find an augmenting path. Let 8 be the set of
nodes at termination. These are the nodes i for which there
unsaturated path from s to i. Since the search for an augmenting
starts by labeling node s, we have s E 8. On the other hand, since
augmenting path was found, node t is not labeled. Therefore, the set S i
cut. For every arc (i,j) E A, with i E 8 and j ~ 8, we must have !ij =
(Otherwise, node j would have been labeled by the labeling algorith
Thus, the total amount of flow that exits the set 8 is equal to C(8).
addition, if (i,j) E A, with i ~ 8 and j E 8, then !ij = O. (Other
node i would have been labeled by the labeling algorithm.) Thus, the fl
crossing from 8 to its complement cannot return to 8, and must
the sink node ti see Figure 7.25. This establishes that the value



flow from s to t, when the Ford-Fulkerson algorithm terminates, is equal to
C(8). Since the value of the maximum flow can be no higher than C(8)
[cf. Eq. (7.14)], we conclude that at termination of the Ford-Fulkerson
algorithm, an optimal flow is obtained.

(b) If the optimal value of the flow is infinite, it is not hard to see that
there must exist a directed path P from s to t (consisting only of forward
arcs), such that every arc in P has infinite capacity. For every cut 8, there
is an arc (i, j) on the path P such that i E 8 and j 1- 8. Since that arc has
infinite capacity, we conclude that C(8) 00. Since this is true for every
cut, we conclude that the minimum cut capacity is infinite and equal to the
maximum flow value.

Suppose now that the optimal value, denoted by v*, is finite. This
implies that there exists an optimal solution, that is, a flow whose value is
v*. Let us apply the Ford-Fulkerson algorithm, starting with an optimal
flow. Due to optimality of the initial flow, no flow augmentation is possible,
and the algorithm terminates with the first iteration. Let 8 be the set of
labeled nodes at termination, as in part (a). From the argument in the
proof of part (a), it follows that C (8) = v*. On the other hand, we have
v* :S C(8') for every cut S'. It follows that C(8) is the minimum cut
capacity and is equal to the value of a maximum flow. 0

The proof of the max-flow min-cut theorem did rely on the details
of the Ford-Fulkerson algorithm. On the other hand, since this theorem
relates the optimal values of two optimization problems, one being a mini­
mization and the other being a maximization problem, it is reminiscent of

Figure 7.25: Let Sand S be the sets of labeled and unlabeled
nodes, respectively, at termination ofthe Ford-Fulkerson algorithm.
Since j is not labeled, we must have Iij = Uij. Since k is not
labeled, we must have Ikl O. In particular, all flow moves from s

to the rest of S, then to nodes in S, and finally exits at t.

311The maximum flow problem8ec. 7.5



The dual of the uncapacitated network flow problem is

maximize p'b

subjectto p/A~c'.

the duality theorem. Indeed, the max-flow min-cut theorem can be proved
by constructing a suitable pair of linear programming problems, dual to
each other, and then appealing to the duality theorem (Exercise 7.20).
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We close with a discussion of the computational complexity of the Ford­
Fulkerson algorithm. We assume that every arc capacity is either integer or
infinite, and that the maximum flow value is finite. Let U be the largest
those arc capacities that are finite. The capacity of any cut is either infinite
or bounded above by IAI . u. If the maximum flow value is finite,
exists at least one cut with finite capacity, and the value is bounded
by IAI· U. Therefore, there can be at most IAI· U flow augmentations.
each flow augmentation involves O(IAI) computations (to run the lal)elimg
algorithm), the overall complexity ofthe algorithm is 0(IAI 2 ·U). Under
stronger assumption that all arcs outgoing from node s have finite CaI)acity,
the maximum flow value can be bounded above by INI .U, by focusing
these arcs. The complexity bound then becomes O(IAI ·INI· U).

The linear dependence of our complexity estimate on U is unaP1::>e8~1­

ing, especially if U is a large number. Exercise 7.25 develops a l<:;la"~;u

algorithm whose complexity is proportional to the logarithm of U. The
idea is to scale the arc capacities, leading to a new problem with "TnI'l.Hi"l"

arc capacities, which is easier to solve, and whose optimal solution Dfl::>vi,des
a near-optimal solution to the original problem.

There is an alternative method that eliminates the dependem~e

U altogether. As mentioned earlier, if we always choose an augrrtelJLtir.
path with the least possible number of arcs, the number of iteral;iOllS
O(IAI . IN!), which implies that the complexity is 0(IA12 .

proper implementation, this complexity estimate can be further re(:iu(~ed

dual problem

7.6

In this section, we examine the structure of the dual of the network
problem. For simplicity, we restrict ourselves to the uncapacitated
provide interpretations of the dual variables, of complementary
and of the duality theorem. Throughout this section, we let ASSUll1p,ticlD.
be in effect; that is, the network is assumed to be connected and the
satisfy "LiEN bi = O.



Sensitivity

n n n n

2.)Pi + (j)bi = I>ibi + (j I:; bi = I:;Pibi.
i=1 i=1 i=1 i=1
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(i,j) E A.
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Due to the structure of A, the dual constraints are of the form

Thus, adding a constant to all components of a dual vector is of no conse­
quence as far as dual feasibility or the dual objective is concerned. For this
reason, we can and will assume throughout this section that Pn has been
set to zero. Note that this is equivalent to eliminating the (redundant) flow
conservation constraint for node n.

According to the duality theorem in Chapter 4, if the original problem
has an optimal solution, so does the dual, and the optimal value of the
objective function is the same for both problems. The example that follows
provides an interpretation of the duality theorem in the network context.

Suppose that (PI,'" ,Pn) is a dual feasible solution. Let (j be some scalar
and consider the vector (PI + (j, ... ,Pn + (j). It is clear that this is also a
dual feasible solution. Furthermore, using the equality 2:.iEN bi = 0, we
have

Example 7.7 Suppose that we are running a business and that we need to
transport a quantity bi > 0 of goods from each node i = 1, ... ,n 1, to node
n through our private network. The solution to the corresponding network flow
problem provides us with the best way of transporting these goods.

Consider now a transportation services company that offers to transport
goods from any node i to node n, at a unit price of Pi. If (i, j) is an arc in our
private network, we can always transport some goods from i to j, at a cost of
Cij and then give them to the transportation services company to transport them
to node n. This would cost us Cij + pj per unit of goods. The transportation
services company knows band c. It wants to take over all of our transportation
business, and it sets its prices so that we have no incentive of using arc (i, j). In
particular, prices are set so that Pi :::; Cij + Pj, and pn = O. Having ensured that
its prices are competitive, it now tries to maximize its total revenue 2:.~:/Pibi .

The duality theorem asserts that its optimal revenue is the same as our optimal
cost if we were to use our private network. In other words, when the prices are
set right, the new options opened up by the transportation services company will
not result in any savings on our part.

We now provide a sensitivity interpretation of the dual variables. In order
to establish a connection with the theory of Chapter 5, we assume that we
have eliminated the flow conservation constraint associated with node n,
and that the remaining equality constraints are linearly independent.

Suppose that f is a nondegenerate optimal basic feasible solution, as­
sociated with a certain tree, and let p be the optimal solution to the dual.



Complementary slackness
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Consider some node i =I- n and let Pi be the associated dual variable. Let
us change the supply bi to bi + 10, where 10 is a small positive number, while
keeping the supplies b2 , ... , bn - 1 unchanged. The condition L:7=1 bi = °
then requires that bn be changed to bn - 10, but this only affects the nth
equality constraint which has already been omitted. As long as we insist
on keeping the same basis, the only available option is to route the supply
increment 10 from node i to the root node n, along the unique path deter­
mined by the tree. Because of the way that dual variables are calculated
[ef. Eq. (7.10) in Section 7.3], the resulting cost change is precisely EPi. This
is in agreement with the discussion in Chapters 4 and 5, where we saw that
a dual variable is the sensitivity of the cost with respect to changes in the
right-hand side of the equality constraints.

By following a similar reasoning, we see that if we increase bi by
decrease bj by 10, keep all other supplies unchanged, and use the same basis,
the resulting cost change is exactly E(Pi Pj), in the absence of dqgellerac:v,
and for small E. We conclude that, in the absence of degeneracy, Pi -
is the marginal cost of shipping an additional unit of flow from node i
node j.

The complementary slackness conditions for the minimum cost
flow problem are the following:

(a) If Pi =I- 0, then [Af]i = bi . This condition is automatically satlshEld
by any feasible flow f.

(b) If !ij > 0, then Pi - Pj = Cij. This condition is interpreted as Lv.u.vvva,

We have Pi - Pj S; Cij, by dual feasibility. If Pi - Pj < Cij, then
is a way of sending flow from i to j, which is less expensive than
arc (i,j). Hence, that arc should not carry any flow.

From Theorem 4.5 in Section 4.3, we know that f is primal optinlal
and p is dual optimal if and only if f is primal feasible, p is dual feasible,
complementary slackness holds. Consider now Figure 7.26, which calptllf('lS;
the dual feasibility constraint Pi - Pj S; Cij, the nonnegativity co:nst;rairrB
!ij :::: 0, and the second complementary slackness condition. We then obta
the following result.



We now draw an analogy between networks, as defined in this chapter,
and electrical circuits. We visualize each node in the network as a place
where several "wires" meet, and each arc as a two-terminal circuit element
through which current may flow. Let us think of Iij as the current on arc
(i, j), and let bi be the current pumped into the circuit at node i, by means
of a current source. Then, the flow conservation equation Af = b amounts
to Kirchoff's current law. Let us view Pi as an electric potential. In these
terms, Figure 7.26 specifies a relation between the "potential difference"
Pi Pj across arc (i, j) and the current through that same arc. Such a
relation is very much in the spirit of Ohm's law (potential difference equals
current times resistance) except that here the relation between the potential
difference and the current is a bit more complicated.

In circuit terms, Theorem 7.11 can be restated as follows. The vectors
f and p are optimal solutions to the primal and dual problem, respectively,
if and only if they are equal to an equilibrium state of an electrical circuit,
where each circuit element is described by the relation specified by Fig­
ure 7.26. If circuit elements with the properties indicated by Figure 7.26
were easy to assemble and calibrate, we could build a circuit, drive it with
current sources, and let it come to equilibrium. This would be an analog
device that solves the network flow problem. While such devices do not
seem promising at present, the conceptual connections with circuit theory
are quite deep, and are valid in greater generality (e.g., in network flow
problems with a convex nonlinear cost function).
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Figure 7.26: Illustration of the complementary slackness condi­
tions. For any arc (i, j), the pair (pi - Pj, fij) must lie on the heavy
line.

Sec. 7.6
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maximize L Pibi

(i,j) E A.
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if i E S,
if i r:f- S.

i=l

subject to Pi::::; Cij + Pj,
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In this section, we introduce a second major class of algorithms for the un­
capacitated network flow problem, based on dual ascent. These algorithms
maintain at all times a dual feasible solution which, at each iteration, is
updated in a direction of increase of the dual objective (such a direction
called a dual ascent direction), until the algorithm terminates with a dual
optimal solution. Algorithms of this type seem to be among the
available. In this section, we only consider the special case where all
capacities are infinite; the reader is referred to the literature for eXl~erlSl(mS

to the general case.
Recall that the dual of the network flow problem takes the form

Given a dual feasible vector p, we are interested in changing p to a
feasible vector p + Od, where 0 is a positive scalar, and where d sa1;isfies
d'b > 0 (which makes d a dual ascent direction).

Let S be some subset of the set N = {I, ... ,n} of nodes. The eleirne1k
tary direction d S associated with S is defined as the vector with cOJmp,onen1GS

Moving along an elementary direction is the same as picking a set S of
and raising the "price" Pi of each one of these nodes by the same
A remarkable property of network flow problems is that the search fo
feasible ascent direction can be confined to the set of elementary directio:tJ
as we now show.

Proof. Let SeN and consider the vector d S . We start by
conditions under which p +Ods is feasible for some 0 > O. We only
check whether any active dual constraints are violated by moving
Note that the dual constraint corresponding to an arc (i,j) E A
if and only if Pi Cij + Pj, in which case we say that the arc is
Clearly, if (i,j) is a balanced arc and if i E S, raising the value
violate the constraint Pi ::::; Cij +Pj, unless the value of Pj is also
conclude that dual feasibility of p + Ods, for some 0 > 0, amounts



Let Q+ {i E N I bi > O} be the set of source nodes and let
Q_ {i EN I bi < O} be the set of sink nodes. Let V = I:iEQ+ bi be the
total amount of flow that has to be routed from the sources to the sinks.
Our first step is to determine whether the entire supply can be routed to the
sinks using only balanced arcs. This is accomplished by solving a maximum
flow problem of the type shown in Figure 7.27.

Let us run the labeling algorithm, starting from a maximum flow f.
Since we already have a maximum flow, no augmenting path is found and
node t remains unlabeled. We partition the set {I, ... ,n} of original nodes
into sets Sand S of labeled and unlabeled nodes, respectively. Then, the
situation is as shown in Figure 7.28(a).

if i E Sand (i,j) is balanced, then j E S.
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Figure 7.27: (a) A network with some source nodes and some
sink nodes, and in which we have only kept the balanced arcs.
(b) A corresponding maximum flow problem; all arcs have infinite
capacity with the exception of the arcs (s, i) and (j, t), where i is
a source and j is a sink in the original network. There is a feasible
solution to the problem in (a) if and only if the optimal value in
the maximum flow problem in (b) is equal to V = b1 + b2 + b3.

Sec. 7.7

following requirement:



Figure 7.28: The cut obtained at termination of the labeling
algorithm, for the network involving only balanced arcs. (a) If a
source node i is not labeled, we must have fsi bi and arc (8, i)
is saturated. If a sink node j is labeled, we must have fjt = Ibj I
and arc (j, t) is saturated, because otherwise node t would also be
labeled. If (i,j) is a balanced arc and if i E S, then we must also
have j E S, because otherwise node j would have been labeled
(recall that arc capacities are infinite). If (i, j) is a balanced arc
and i is not in S, j can be either in S or outside S; if j E S, we must
have iij = 0, because otherwise node i would have been labeled.
(b) Interpretation of the variables A, B, 0, D.
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Theorem 7.12 leads to a general class of algorithms for the network
flow problem.

For every labeled sink node j E Q_ n S, we have ht = Ibjl = -bj , because
otherwise node t would have been labeled, which shows that

2::: fsi = 2::: Ibjl·
iEQ+ns jEQ_ns
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2::: Ibj I= 0.
jEQ_ns

c = 2::: ht,
jEQ_ns

D = 2::: ht;
jEQ_ns

2::: bi - 2::: Ibj I 2 2::: fsi
iEQ+nS jEQ_ns iEQ+nS

A = 2::: fSi'
iEQ+ns

B 2::: fSi'
iEQ+ns

Let
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(ds)'b = 2::: bi
iES

see Figure 7.28(b) for an interpretation. The total flow F that leaves node
s is equal to A + B. On the other hand, all of the flow must at some point
traverse an arc that starts in {s} U S and ends in {t} U 5. By adding the
flow of all such arcs, we obtain F B + C. We conclude that A = C, or

We finally note that

2::: fsi = 2::: ht.
iEQ+nS jEQ_ns

We distinguish between two cases. If (ds)'b > 0, we have a dual
ascent direction, as desired. On the other hand, if (ds)'b = 0, we must
have fsi bi for every i E Q+ n S. Since we also have fsi = bi for every
i E Q+ n 5, it follows that the value of the maximum flow is equal to
V LiEQ+ bi, and we have a feasible solution to the original (primal)
network flow problem. In addition, since positive flow is only carried by
the balanced arcs, complementary slackness holds, and we have an optimal
solution to the primal and the dual problem.



0*= min (Ci'+P-Pi)'
{(i,j)EA liES, jtj:S} J J
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If there is no (i, j) for which i E Sand j t/:. S, then 0 can be taken arl)itr'arily
large, and we let 0* = 00. Since we are moving in a direction of dual
increase, this implies that the optimal dual cost is +00 and, in n"rt.iC'1111,,1'

the primal problem is infeasible.
Our next results deals with the finite termination of the al$;oritrlm.

Proof. Suppose that the algorithm is initialized with an integer
p. Then, the value of 0* is integer. (It cannot be infinite, becal1se
dual optimal cost would also be infinite, which we assumed not to
case.) Let v mins(ds)'b, where the minimum is taken over all
which (ds)'b > O. Clearly, v is positive. Since 0* is integer, every
increases the dual objective by at least v. It follows that the algorit
must terminate after a finite number of steps.

There are several variations of the dual ascent algorithm which .di
primarily in the method that they use to search for an elementary d
ascent direction. If the set S is chosen as in the proof of Theorem 7.12,
have the so-called primal-dual method. (When specialized to the
ment problem, it is also known as the Hungarian method.) It can be

The value of 0* in the dual ascent algorithm is easily determined,
follows. We consider each constraint Pi :::; Cij + Pj. The possibility
p +Ods may violate this constraint arises only if i E Sand j t/:. S. For
pairs (i, j), we need Pi + 0 :::; Cij +Pj, and we obtain



The primal-dual method

that the primal-dual method uses a "steepest" ascent direction, that is, an
elementary ascent direction that maximizes (ds)'b (Exercise 7.30). On the
other hand, the so-called relaxation method tries to discover an elementary
ascent direction d S as quickly as possible. In one implementation, a one­
element set S is tried first. If it cannot provide a direction of ascent, the
set is progressively enlarged until an ascent direction is found. In practice,
a greedy search of this type pays off and the relaxation method is one of
the fastest available methods for linear network flow problems.

In all of the available dual ascent methods, the search for an ele­
mentary ascent direction is streamlined and organized by maintaining a
nonnegative vector f of primal flow variables. Throughout the algorithm,
the vectors f and p are such that the complementary slackness condition
(Cij +Pj Pi)iij = 0 is enforced. (That is, flow is only carried by balanced
arcs.) If such a complementary vector f is primal feasible, we have an opti­
mal solution to both the primal and the dual. For this reason, dual ascent
algorithms can be alternatively described by focusing on the vector f, and
by interpreting the different steps as an effort to attain primal feasibility.
(This is also the historical reason for the term "primal-dual.")

In this subsection, we consider in greater depth the primal-dual method.
We do that in order to develop a complexity estimate, and also to illustrate
how a network algorithm can be made more efficient by suitable refinements.

The primal-dual method is the special case of the dual ascent algo­
rithm, where the set S is chosen exactly as in the proof of Theorem 7.12. In
particular, given a dual feasible vector p, we form a maximum flow prob­
lem, in which only the balanced arcs are retained, and we let S be the set
of nodes in {I, ... , n} that are labeled at termination of the maximum flow
algorithm. We then update the price vector from p to p + B*ds , form a
new maximum flow problem, and continue similarly.

We provide some observations that form the basis of efficient imple­
mentations of the algorithm.

(a) The maximum flow and the current dual vector satisfjr the comple­
mentary slackness condition (Cij +Pj Pi)iij = O. This is because in
the maximum flow problem, we only allow flow on balanced arcs.

(b) If we determine a maximum flow and then perform a dual update, the
complementary slackness condition (Cij +Pj -Pi)iij = 0 is preserved.
Suppose that an arc (i, j) carries positive flow in the solution to the
maximum flow problem under the old prices. In particular, (i,j) must
have been a balanced arc before the dual update. Note that i E S
if and only if j E S. (If i E S, then j gets labeled because the arc
capacity is infinite; if j E S, then i gets labeled because iij > 0.)
This implies that Pi and Pj are changed by the same amount, the arc
(i, j) remains balanced, and complementary slackness is preserved.
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(c) An important consequence of observation (b) is that subsequent to a
dual update, we do not need to solve a new maximum flow problem
from scratch. Instead, we use the maximum flow under the old prices
as an initial feasible solution to the maximum flow problem under the
new prices. Furthermore, the nodes that were labeled at termination
of the maximum flow algorithm under the old prices, will be labeled
at the first pass of the labeling algorithm under the new prices.
is because if node j got its label from a node i through a balan(~ed

arc (i,j) or (j,i), then Pi and Pj get raised by the same arrlount,
the arc (i, j) or (j, i) remains balanced, and that arc can be used
label j under the new prices.] Our conclusion is that subsequent
dual update and given the current flow, we do not need to start
labeling algorithm from scratch, but we can readily assign a label
all nodes that were previously labeled.

(d) A dual update (with B* < (0) results in at least one unlabeled
becoming labeled. Consider an arc (i,j) with i E S, j tJ- S, and
that B* Cij + Pj - Pi. Such an arc exists by the definition of
Subsequent to the dual update, this arc becomes balanced. At
first pass of the labeling algorithm, node j will inherit a label
node i.

The preceding observations lead to a new perspective of the IJUHW,~"

dual method. Instead of viewing the algorithm as a sequence of dual
dates, with maximum flow problems solved in between, we can view
a sequence of applications of the labeling algorithm, resulting in flow
mentations, interrupted by dual updates that create new labeled

At the beginning of a typical iteration, we have a price vector, a
vector that only uses balanced arcs, and a set of labeled nodes; these
nodes to which additional flow can be sent, using only balanced
distinguish two cases:

(a) If node t is labeled, we have discovered an augmenting path
are not yet at an optimal solution to the maximum flow problem.
push as much flow as possible along the augmenting path. At
point, we delete all labels and start another round of the labeli
algorithm, to see whether further flow augmentation is possible.

(b) If node t is not labeled, we have a maximum flow and we
a dual update. Right after the dual update, we resume with
labeling algorithm, but without erasing the old labels. Recall
a dual update results in at least one new balanced arc (i,j),
node i previously labeled and node j previously unlabeled.
i remains labeled and j will now become labeled. Since every d
update results in an additional node being labeled, node t will beco
labeled after at most n dual updates, and a flow augmentation
take place.

We can now get an upper bound on the running time of the algorit



Let, as before, V be the sum of the supplies at the source nodes. Assuming
that all supplies are integer, there can be at most V flow augmentations.
Since there can be at most n dual updates between any two successive flow
augmentations, the algorithm terminates after at most n V dual updates.
If at each dual update we determine ()* using Eq. (7.16), we need O(m)
arithmetic operations per dual update, and the running time of the algo­
rithm is O(mnV) = O(n4B), where B = maXi Ibil. With a more clever
way of computing ()*, the running time can be brought down to O(n3B)
(Exercise 7.28). For the assignment problem, we have B = 1, and we obtain
the so-called Hungarian method, which runs in time O(n3 ).

Network flow problems (like all linear programming problems) can be solved
by the dual simplex method. This is also a dual ascent method, in the sense
that it maintains a dual feasible solution and keeps increasing the dual
objective. Furthermore, it can be verified that dual updates in the dual
simplex method only take place along elementary directions (Exercise 7.31).
On the other hand, the dual simplex method can only visit basic feasible
solutions in the dual feasible set. In contrast, the methods considered in
this section, have more directions to choose from and do not always move
along the edges of the dual feasible set.

A key difference between the dual simplex method and the dual ascent
methods of this section is in the nature of the auxiliary flow information

Example 1.8 We go through an example of the primal-dual method. Consider
the network shown in Figure 7.29(a), and let us start with the dual vector p =
(1,1,1,1,0). It is easily checked that we have Pi .s Cij +Pj for all arcs (i, j), and
we therefore have a dual feasible solution. The balanced arcs are (1,4), (2,4),
(3,5). In Figure 7.29(b), we form a maximum flow problem involving only the
balanced arcs. We solve this problem using the Ford-Fulkerson algorithm. At
termination, we obtain the labels and the flows shown in Figure 7.29(c). (Node
2 inherits a label from node 4.) The set of labeled nodes is 5 {I, 2, 4} and
the corresponding elementary direction is d S = (1,1,0,1,0). The only arc (i, j)
with i E 5, j f:. 5, is the arc (2,5), and Eq. (7.16) yields B* = 2. The new dual
vector is p+B*ds (3,3,1,3,0). The arc (2,5) has now become balanced and all
nodes that were labeled remain labeled. Since node 2 is labeled, and arc (2,5) has
become balanced, node 5 gets labeled. Finally, because arc (5, t) is unsaturated
(fSt 2 < 3 = Ibs/), node t also gets labeled. At this point, we have identified a
path through which additional flow can be shipped, namely the path s, 1,4,2,5, t.
By shipping one unit of flow along this path, the value of the flow becomes 8.
We now have a feasible solution to the original primal problem, which satisfies
complementary slackness, and is therefore optimal. If primal feasibility had not
been attained, we would erase all labels and rerun the labeling algorithm, in an
attempt to discover a new augmenting path.
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Comparison



Figure 7.29: Illustration of the primal-dual method in Example
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minimize LL/ijfij

i=lj=l

7.8 The assignment problem and the auction
algorithm

that they employ. In the dual simplex method, we maintain a basic solution
to the primal; in particular, the flow conservation constraints are always
satisfied. If the basic solution is infeasible, it is only because some of the
nonnegativity constraints are violated. In contrast, with the dual ascent
methods of this section, auxiliary flow variables are always nonnegative,
but we allow the flow conservation equations to be violated.
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j = 1, ... ,n,

i = 1, ... ,n,

V i,j.

n

Lfij = 1,
j=l

fij 2: 0,

n

subject to Lfij = 1,
i=l

The assignment problem and the auction algorithmSec. 7.8

The auction algorithm, which is the subject of this section, is a method that
can be used to solve general network flow problems. We restrict ourselves
to a special case, the assignment problem, because it results in a simpler
and more intuitive form of the algorithm. The auction algorithm resembles
dual ascent methods, except that it only changes the price of a single node
at a time. Given a nonoptimal feasible solution to the dual, it is sometimes
impossible to find a dual ascent direction involving a single node. For this
reason, a typical iteration may result in a temporary deterioration (i.e.,
decrease) of the dual objective. As long as this deterioration is kept small,
the algorithm is guaranteed to make progress in the long run, and can be
viewed as an approximate dual ascent method. Our presentation bypasses
this approximate dual ascent interpretation, for which the reader is referred
to the literature.

The problem

is known as the assignment problem. One interpretation is that there are
n persons and n projects and that we wish to assign a different person to
each project while minimizing a linear cost function ofthe form L:(i,j) Cij!ij,

where fij 1 if the ith person is assigned to the jth project, and fij = °
otherwise. With this interpretation, it would be natural to introduce the
additional constraint fij E {O, I}. However, this is unnecessary for the
following reasons. First, the constraint fij :s:; 1 is implied by the constraints
that we already have. Second, Corollary 7.2 implies that the assignment



Note that this is an unconstrained problem with a piecewise linear
objective function.

n n

maximize LPj + Lmin{cij - Pj}.

j=l i=l J
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n n

maximize L ri + LPj

i=l j=l

subject to ri + Pj :s: Cij,
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ri= . min {Cij-Pj}'
J=l, ... ,n

problem always has an integer optimal solution. In particular, if we solve
the assignment problem using the simplex method or the negative cost cycle
algorithm, the optimal value obtained for each variable fij will be zero Or
one.

Let us now digress to mention an interesting special case of the
signment problem. Suppose that the cost coefficients Cij are either zero or
one. The resulting problem is called the bipartite matching problem and
has the following interpretation. We have Cij = 0 if and only if person i is
compatible with project j and we are interested in finding as many
patible person-project pairs as possible. If the optimal value turns out
be 0, we say that there exists a perfect matching. Besides being an
ment problem, the bipartite matching problem is also a special case of
max-flow problem (send as much flow as possible from persons to pf()Jects
using only zero cost arcs) and as such it can be also solved using m1lXiml11ll
flow algorithms. There are even better special purpose algorithms,
can be found in the literature.

Duality and complementary slackness

We form the dual of the assignment problem. We associate a dual Yc"">c.ou>,,

with each constraint L7=1 fij 1, and a dual variable Pj to each cOJtlstrailnt
L~=l fij = 1. Then, the dual problem takes the form

It is clear from the form of the dual constraints that once the
PI,.·· ,Pn are determined, L~=l Ti is maximized if we set each Ti

largest value allowed by the constraints Ti +Pj :s: Cij, which is

This leads to the following equivalent dual problem:



Auction mechanisms

Condition (7.19) admits the following interpretation: each project k carries
a reward Pk and if person i is assigned to it, there is a cost Cik. The
difference Pk - Cik is viewed as the profit to person i derived from carrying
out project k. Condition (7.19) then states that each person should be
assigned to a most profitable project.
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(7.19)
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if lij > 0, then Pj
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We now consider the complementary slackness conditions for the as­
signment problem, which are the following:

(a) flow must be conserved;

(b) if lij > 0, then Ti +Pj = Cij'

Using Eq. (7.17) to eliminate Ti, the second complementary slackness
condition is equivalent to

We recall that a pair of primal and dual solutions is optimal if and only
if we have primal and dual feasibility, and complementary slackness. Hav­
ing defined Ti according to Eq. (7.17), dual feasibility holds automatically.
Thus, the problem boils down to finding a set of prices Pj and a feasible
assignment, for which the condition (7.19) holds. This motivates a bidding
mechanism whereby persons bid for the most profitable projects. It can be
visualized by thinking about a set of contractors who compete for the same
projects and therefore keep lowering the price (or reward) they are willing
to accept for any given project.



As Example 7.9 shows, the naive auction algorithm does not always
work. The reason is that if there are two equally profitable projects, a
bidder cannot lower the price of either, and the algorithm gets deadlocked.
However, the algorithm works properly after a simple modification. Let us
fix a positive number E. The bid placed for a project is lower by E

what it would have been if we wished that project to remain the best
as a result, the project comes short, by E, of being the most profitable
A complete description of the algorithm is given below.

Example 7.9 Consider an assignment problem involving three persons and
three objects; see Figure 7.30. Suppose that all Pi are equal to one, that per­
son 1 is assigned to project 1, person 2 is assigned to object 2, and person 3 is
unassigned.

Person 3 computes the profits of the different projects; they are 1 - 0 = 1
for the first and second project, and 1 - 1 = 0 for the third project. Person 3 bids
for the second object. The bid for project 2 cannot be lower than one, because
that would make project 2 less profitable than project 1. Hence, the bid is equal
to one. Person 3, as the sole bidder, is assigned project 2, and person 2 becomes
unassigned. However, there is no price change. In the next iteration, person 2
who is unassigned goes through a similar process, and bids for project 2. The
price is again unchanged, and we end up in exactly the same situation as when
the algorithm was started.
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Note that a bid pushes the price of a project below the level at which
that project would be the most profitable. For this reason, persons will
not, in general, be assigned to their most profitable project, and the com­
plementary slackness conditions fail to hold. On the other hand, since
persons may underbid only by E, the complementary slackness conditions
are close to being satisfied. This motivates our next definition.

Example 1.10 We apply the auction algorithm to the problem considered in
Example 7.9. Once more, we assume that persons 1 and 2 are assigned to projects
1 and 2, respectively, and the initial prices are all equal to 1. Person 3 chooses to
bid for project 2 and decreases its price to 1 E. Person 2 becomes unassigned and
computes the profits of the different projects; they are: 1-0 1, (I-E) -0 = l-E,
and 1 1 = 0, respectively. Project 1 is the most profitable. Its price is to be
brought down so that its profit becomes equal to the profit of the second best
project, minus E. Therefore, the bid is equal to 1 - 2E.

At the next iteration, person 1, who is unassigned, bids for project 2 and
brings its price down to 1 - 3E. The same process is then repeated. At each itera­
tion, projects 1 and 2 have prices that are within E of each other. An unassigned
person always bids for the one that has the larger price, and brings its price down
by 2E. After a certain number of iterations, the prices of projects 1 and 2 be­
come negative. At that point, project 3 finally becomes profitable, receives a bid,
becomes assigned, and the algorithm terminates.
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Figure 1.30: An assignment problem. The costs Cil and Ci2 for
the first two projects are zero, for every i. The costs Ci3 for the
third project are equal to one, for every i.
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The following result deals with a key property of the auction algo­
rithm.

Network flow problemsChap. 7330

Proof. The condition is satisfied initially, before any person is assigned.
Whenever a person i is assigned a project ji, the price is chosen so that
profit Pj, - Cij, cannot be smaller than the profit of any other project by
more than E, assuming the other prices do not change. If the prices of some
other projects do change, they can only go down, and project ji is
guaranteed to be within E of being most profitable. As long as a
holds the same project, the price of that project cannot change, and
profit stays constant. In the meantime, the prices of any other projects
only go down, thus reducing their profits, which means that the person
holds a project whose profit is within E of the maximum profit.

We also have the following result that ensures the finite ter'mlnatlOti
of the algorithm.

Proof. The proof rests on the following observations:

(a) Once a project receives a bid, it gets assigned to some person.
project is assigned, it may be later reassigned to another venstJl1,

it will never become unassigned. Thus, if all projects have
at least one bid, then all projects are assigned and, cOllsequeni;ly,
persons are also assigned.

(b) If all persons are assigned, no person bids and the algorithm
nates.

(c) If the algorithm does not terminate, then some project
assigned. Such a project has never received a bid and its
fixed at its initial value.

(d) If the algorithm does not terminate, some project receives an
number of bids. Since every successive bid lowers its price by
E, the price of such a project decreases to -00.

Using observations (c) and (d), a project that has never
bid must eventually become more profitable than any project that
an infinite number of bids. On the other hand, for a project to
infinite number of bids, it must remain more profitable than any
that has not received any bids. This is a contradiction, which est;abIJi$



By adding these inequalities over all i, and rearranging, we obtain
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n

L (pji + min{cij - Pj}) + nE.
i=l J

n

L Ciji ::; Z + nE < Z + 1.
i=l

n n

L Ciji < (pji m;x{pj - Cij}) + nE

i=l i=l

that every project will eventually receive a bid. Using observations (a) and
(b), the algorithm must eventually terminate with all persons assigned to
projects. []

The preceding proof generalizes to the case where some assignments
are not allowed, which is the same as setting some of the coefficients Cij
to infinity. However, a slightly more involved argument is needed (see
Exercise 7.32).

At termination of the auction algorithm, we have:

(a) primal feasibility (all persons are assigned a project);

(b) dual feasibility (if we define ri maxdpk - cid, we have a dual
feasible solution);

(c) E-complementary slackness (Theorem 7.14).

If we had complementary slackness instead of E-complementary slackness,
linear programming theory would imply that we have an optimal solu­
tion. As it turns out, because of the special structure of the problem,
E-complementary slackness is enough, when Eis sufficiently small.

Proof. Let ji be the project assigned to person i when the algorithm
terminates. Using E-complementary slackness, we have

Let z be the cost of an optimal assignment. The sum in the right-hand
side of the above equation is the same as the dual objective function
[ef. Eq. (7.18)] and by weak duality, it is bounded above by the optimal
cost z. This implies that



Discussion

and optimality has been established.

n

LCiji = Z,

i=l
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shortest path problem9

332

On the other hand

The shortest path problem is an important problem that arises in a
tude of applications in transportation networks, communication
optimal control, as well as a subproblem of more complex pr,ab.lenQs.
will be seen shortly, it can be posed as a network flow problem.
practical methods for solving the shortest path problem do not
the network flow formulation. Instead, they are centered around a
optimality conditions, known as Bellman's equation, which are
related to the subject of dynamic programming (see Section 11.3).
use duality to derive Bellman's equation, and we will then pr<)cE~ed

velop a suite of algorithms. Some of these algorithms are of a SOJffiE:wllat
hoc nature, but they are quite efficient in practice.

Let us assume, for simplicity, that Cij :::: 0 for all i, j, and let C = maXi,j
Suppose that the algorithm is initialized with all projects having the
prices. If some project has received ClIO or more bids, then its price is
than the price of any project that has not received any bids, by at
(This is because each bid lowers the price by at least E.) At that point,
project that has not received any bids would become more profitable.
conclude that every project receives at most ClIO bids. The total
of bids is at most nCIE. Since there is at least one bid at each
this is also a bound on the number of iterations. Finally, the cOluplutatiop..
effort per iteration is easily seen to be O(n2 ). If we let 10 be slightly
than lin, the version of the auction algorithm that we have U,""'-'LlU<:;<U

runs in time O(n4C).
The auction algorithm can be sped up using the idea of

One first uses a relatively large value of 10, and obtains a solution
optimal within nE. (The proof is the same as the proof of Tlleo,rmu
Then, the obtained prices are used to start another solution phase,
smaller value of 10, etc. This device leads to better theoretical running
estimates and also to improved performance in practice.

n

LCiji :::: Z,

i=l

by the definition of z. Since z and all Ciji are integer, we conclude that



Formulation

f{Ella1cion to the network flow problem

We consider here the all-to-one shortest path problem. For concreteness,
we assume that node n is the destination node. We also assume that there
exists at least one path from every node i ¥ n to node n, which means that
the all-to-one shortest path problem is feasible. Finally, and without loss of
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Throughout this section, the words walk, path, and cycle will always
mean directed walk, path, and cycle, respectively; that is, all arcs are tra­
versed in the forward direction. This should not lead to any confusion,
because in this section we never need to consider walks, paths, or cycles
that are not directed.

We are given a directed graph G (N, A) with n nodes and m arcs. For
each arc (i, j) E A, we are also given a cost or length Cij; in general, the
numbers Cij are allowed to be negative. The length of a walk, path, or cycle
is defined as the sum of the lengths of its arcs. A path from a certain node
to another is said to be shortest if it has minimum length among all possible
paths with the same origin and destination. A shortest walk from a node
to another is defined similarly. A shortest walk and a shortest path from
one node to another are not necessarily the same. In particular, if there
exists a cycle with negative length, we can construct walks whose length
converges to -00 (we can traverse the cycle several times before reaching
the destination). On the other hand, the length of any path is bounded
below by -nO, where 0 = max(i,j)EA ICijl. If all cycles have nonnegative
length, there is no incentive to go around a cycle and, for this reason, a
shortest path is also a shortest walk. Conversely, any cycles contained in a
shortest walk must have zero length; by removing such cycles, we obtain a
shortest path.

The shortest path problem can be posed in a few different ways; for
example, we might be interested in a shortest path from a given origin to
a given destination, or we might be interested in shortest paths from each
of a number of selected origins to each of several destinations. We will
focus on the problem of finding a shortest path from all possible origins to
a particular destination node, which is called the all-to-one shortest path
problem, as well as on the problem of finding shortest paths for all possible
origin destination pairs, which is called the all-pairs shortest path problem.

Before continuing, we introduce two more concepts that will prove
useful. Consider a tree, and suppose that all arcs are assigned directions
so that we have a (directed) path from every node i ¥ n to node n. Such
a directed graph will be called an intree rooted at node n; see Figure 7.31.
If it happens that for every i ¥ n, the path from i to n along the tree is a
shortest path, we say that we have a tree of shortest paths.
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Figure 7.31: An intree rooted at node 6.
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generality, we assume that there are no outgoing arcs from node n.
assumptions will remain in effect throughout this section.

We view the graph G as a network of infinite capacity arcs. ~Uppljse

that each one of the nodes 1, ... ,n - 1 is a source node, with unit
and that node n is the only sink node, with a demand of n - 1. If we
the problem of minimizing I:Ci,j)EA Cij!ij over all feasible flow ve,ctclrs,
should be clear that for every node i other than n, one unit of flow
be shipped from node i to node n, at least cost. As long as
no negative length cycles, this should be done along a shortest
on the other hand, there are negative length cycles, the optimal cost
the network flow problem is -00, because we could "push" an arbitrari
large amount of flow around such a cycle. This discussion is refined in
following theorem.

Proof. Part (a) is trivial. For part (b), we first note that in a feasibl
solution, all arcs in the tree must be oriented from the leaves towar
root and therefore form an intree rooted at node n. This is because
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'v' i,

'v' (i,j) E A.

bi,

'v' (i,j) E A.
ps
Pi 2: Ci,

2=: jij

{j1(i,j)EA}

The shortest path problem

minimize Pt
subject to Pj

maximize 2=: cdij

(i,j)EA

subject to 2=: jji

{jfU,i)EA}

jij 2: 0,

dual of this problem is

ere, bs -1, bt = 1, and bi = 0 for i ¥- 5, t. This is a shortest path problem,
each precedence relation (i, j) E A corresponds to an arc with cost of

It is natural to assume that the set of arcs A does not contain any cycles,

Sec. 7.9

arc (i, j) in the tree is pointing away from the root, the flow on that arc
must be negative, contradicting feasibility. If for some node i there exists
a path from i to n whose length is smaller than that of the path on the
tree, the feasible tree solution is not optimal, because some flow could be
redirected to that path. Thus, an optimal feasible tree solution provides us
with a tree of shortest paths and this proves part (b).

Let p~ = 0 and let (pi, ... ,p~-d be the vector of dual variables
associated with an optimal feasible tree solution. For each arc on the tree,
we have pi Cij +pj. Since all arcs are oriented towards the root, we can
add the equalities pi = Cij + pj along a path contained in the tree, and
conclude that pi is the length of the path from node i to node n. Note that
this is a shortest path, since we are dealing with an optimal feasible tree
solution. Thus, pi is the shortest path length.

We finally note that every feasible tree solution is nondegenerate.
This is because any arc (i, j) on the tree must carry the supply at node i.
It follows that the dual problem has a unique solution. 0

The connection between shortest paths, network flows, and linear
programming duality is illustrated by our next example, which arises in
practical context.

Example 7.11 (Project management) A project consists of a set of jobs
and a set of precedence relations. In particular, we are given a set A of job pairs
(i, j) indicating that job j cannot start before job i is completed. Let Ci be the
duration of job i. We wish to identify the least possible duration of the project.
We will show that this can be accomplished by solving a shortest path problem.

In addition to the original jobs, we introduce two artificial jobs sand t, of
duration, that signify the beginning and the completion of the project. We

au!sm,ent the set A by introducing the additional precedence relations (s, i) and
t) for all jobs i. Let Pi be the time that job i begins. A precedence relation
j) E A leads to a constraint Pj 2: Pi +Ci, that is, project j cannot begin before

completion time Pi + Ci of project i. The project duration is Pt - ps and the
mlmrnal project duration is obtained by solving the following problem:



because otherwise the project cannot be completed. In that case, the network is
guaranteed to have no negative cost cycles.

0, the dual
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V (i,j) E A.

i = 1, ... ,n - 1,
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i=l

n-l

maximize L Pi

subject to Pi::;; Cij + Pj,

*Pi
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tl(~Hlm<ln's equation

Recall that b1 ... = bn- 1 = 1. Under the convention Pn
problem is of the form

It is evident that if all components of p, except for Pi, are fixed to some
values, the remaining component Pi should be set to the largest value al­
lowed by the constraints, that is, minkEO(i) {Cik + pd. [Recall that O(i) is
the set of endpoints of arcs that are outgoing from node i.] We conclude
that the optimal solution p* to the dual problem, which is the same as the
vector of shortest path lengths, satisfies

min {Cik+Ph},
kEO(i)

where P~ = O. This is a system of n 1 nonlinear equations in n
unknowns, and is known as Bellman's equation. It has a rather int"iti"",

interpretation: suppose that we are interested in paths that start at
i, but that we also impose the additional constraint that the path
start with the arc (i, k). Then, the best we cando is to find a sh()rt,pst

path from node k to n, for a total length of Cik + Ph' However, since
first node k is of our own choosing, we should make an optimal choice
and therefore the length of a shortest path is minkEO(i) {cik +ph}. The
idea behind Bellman's equation is the so-called principle of Opl~Wj~all:ty:

a shortest path from i to n goes through an intermediate node k,
portion of the path from k to n is also a shortest path.

We have argued that the shortest path lengths satisfy Bellman's
tion. Thus, one possible method of computing shortest path distances
trying to solve Bellman's equation directly. However, some care is need
because Bellman's equation may have several solutions, and only Olle

them will give us the correct shortest path lengths; an example is given
Figure 7.32. It turns out that the shortest path lengths are the unique
lution to Bellman's equation if all cycles have positive lengths. If all cy
have nonnegative length, we can only assert that the shortest path
are the largest solution to Bellman's equation (Exercise 7.33).

A common method for solving a system of equations of the form x =
is to use the iteration x := F(x). If we attempt to solve Bellman's



in this fashion, we obtain the Bellman-Ford algorithm. In the discussion
that follows, we again assume that node n has no outgoing arcs.

Let pi(t) be the length of a shortest walk from node i to node n that
uses at most t arcs; we let pi(t) = 00 if no such walk exists. We use the
convention Pn(t) = 0 for all t, and Pi(O) 00 for all i =1= n. Note that
Pi (t + 1) :S Pi (t) for all i and t, because as t increases, there are more walks
to choose from. A shortest walk from node i to node n that uses at most
t+ 1 arcs, consists of an initial arc (i, k) and a walk from node k to node n
that consists of at most t arcs. Of course, the latter walk should be chosen
as short as possible and its length is therefore Pk(t). Since node k should
also be chosen in the most profitable fashion, we have
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i = 1, ... ,n - 1,

The shortest path problem

7.32: Consider a graph with three nodes and let the
arc lengths be as indicated. The shortest path lengths to node 3
are pr = P2 = 1. Bellman's equation is of the form PI = P2 and
P2 = min{PI, I}. It is easily seen that PI P2 = fJ is a solution to
Bellman's equation for every fJ ::: 1. Note that the shortest path
lengths are the largest solution to Bellman's equation.

Sec. 7.9

min {Cik+Pk(t)},
kEO(i)

and this equation defines the Bellman-Ford algorithm. We now discuss the
termination properties of the algorithm.

(a) Suppose that there are no negative length cycles. Then, there exists
a shortest walk, which is also a shortest path, and has at most n - 1
arcs. In particular, Pi (n 1) = pi. Allowing for a walk with n or more
arcs cannot reduce the total length, and we have Pi (n) = Pi (n - 1)
for all nodes.

(b) Suppose that there exists a negative length cycle. Suppose for a
moment, that we also have p(n) = p(n 1). This implies that p(t)
p(n) for all t ~ n and the length of any walk is bounded below.
However, in the presence of negative length cycles, there exist walks
whose length tends to -00. This is a contradiction and proves that
p(n) =1= p(n 1).

By comparing the two cases just discussed, we see that no more than
n iterations are needed. If p(n) = p(n 1), then p(n) is the vector of
shortest path lengths. (An example is given in Figure 7.33.) If on the other
hand p(n) =1= p(n -1), we conclude that there exists a negative length cycle.
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PI (3)
P2(3)
P3(3)
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7,
1,

PI (2)
P2(2)
P3(2)

00,

7,
1,

00,

00,

00,
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PI (0)
P2(0)
P3(0)
We observe that p(3) = p(2) and, therefore, p(2) is equal to the
shortest path length vector p*.

Figure 7.33: We apply the Bellman-Ford algorithm to the graph
shown. Node 4 is the destination node. We have P4(t) = 0 for all
t, and

338

The computational complexity of the algorithm is O(mn)
there are at most n iterations and at each iteration, each arc is only
ined once.

We have focused so far on the computation of the shortest
lengths rather than the shortest paths. The reason is that once the short.e
path lengths are available, shortest paths can be determined fairly easi
(Exercise 7.34). The task of finding shortest paths is made even easier ifi
the course of the algorithm, we maintain some information that allows
to backtrack and recover a shortest path. This is done as follows. For eve
node i, we keep a record of a successor node s(i), chosen as the first no
in a path whose total length is equal to the current estimate Pi(t) availab.
at node i. Determining a successor node with such a property is simpl
whenever we have Pi(t + 1) < Pi(t), we delete the old successor of i,
and let s(i) be such that Pi(t + 1) = Cis(i) + Ps(i)(t).

As noted earlier, the Bellman-Ford algorithm provides us
method for checking whether there are any negative length cycles.
sides detecting the existence of a negative length cycle, some ap])lic;atJlq
such as the negative cost cycle algorithm of Section 7.4, require the
struction of a negative length cycle. This can be accomplished as folIo
Consider a node i for which Pi (n) < Pi (n - 1). By starting at node i
going from each node to its successor, we obtain a walk with narcs wh
length is Pi (n). Since there are only n nodes in the graph, this walkni
contain a cycle. Suppose that this cycle has nonnegative length.



""'O".":;A correcting methods

delete the arcs on the cycle and we are left with a walk with fewer than n
arcs whose length is no greater than Pi(n). This contradicts the inequality
Pi (n) < Pi (n - 1). We conclude that by tracing the successors of node i, we
will discover a negative length cycle.
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The label of a node is always equal to the length of some walk to
n. (Except when the label is infinite, indicating that a path has not

been discovered.) This is easily shown by induction. Indeed, assuming
to be true before an update, the new label min{pi, Cij + Pj} is either

ual to the length Pi of a previously identified walk, or is equal to the
gth Cij +Pj of a walk that starts with arc (i, j) and follows a previously

entified walk from j to n.
We now establish the finite termination of the algorithm. We assume

t all cycles have nonnegative length. Let p? be the first finite label
igned to node i. Any walk from i to n whose length is less than p?,

nsists of a path from i to n, an arbitrary number of zero length cycles,

correcting methods are a general class of shortest path algorithms,
have proved to be very efficient in practice. They are similar in spirit to

Bellman-Ford algorithm, but they are more flexible, hence the potential
improved performance.

The key idea is to maintain at each node j, a label Pj equal to the
of the shortest walk from j to n discovered thus far. Given a walk

j to n, of length Pj, there exists a walk from i to n of length Cij +Pj.
each time that Pj is revised downwards ("corrected"), we also have

opportunity to revise downwards the labels of all nodes i that have an
OU1Ggomg arc to node j (the predecessors of j). The algorithm maintains

list S of all nodes whose labels have been revised downwards, and such
the revision has not yet been propagated to their predecessors. (The

S plays a role similar to the list of labeled but not yet scanned nodes
the labeling algorithm of Section 7.5.)
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and a bounded number of positive length cycles. Since zero length cycles
have no effect on the length of the walk, the possible values of Pi that are
smaller than p?, are finitely many. This implies that there can only be
finitely many downward revisions of each label. After some point, there
will be no more revisions, and each iteration will only result in the removal
of some node from S. It follows that S eventually becomes empty and the
algorithm terminates.

We conclude our analysis, by analyzing the correctness of the algo­
rithm.

Proof. Consider a shortest path iI, i2, ... , it n from some node i l to n.
By the definition of the algorithm, we have Pn 0 P~, at all times. At
the first iteration of the algorithm, we have S {n}, the predecessors of n
are examined, and we set Pit- I = Cit_In, which is equal to pit-I' (This is
because the last arc of a shortest path is itself a shortest path.)

Consider now an intermediate node ik in the path, and suppose
the final label Pik is equal to pik . Since Pik was initially infinite, its
has changed at least once. The last time that Pik was changed, and was
to pi

k
, node ik entered the set S. When at some later iteration, ik

S, Pik-I was set to min{Pik_I,Cik_Iik + pik}. This is less than or
to Cik_Iik + pik = pik- I . On the other hand, Pik-I is the length of
walk, and can be no smaller than pi

k
-

I
• We have therefore completed

inductive proof that Pik = pik for all k.

The practical efficiency of label correcting methods is highly
dent on the rule used to select a node from the list S. It is interesting
note that for certain rules, including some that have been very sucCl~sstul

in practice, the worst-case complexity is exponential in n. The reader
referred to the literature for a more detailed discussion.

Dijkstra's algorithm is an alternative to the Bellman-Ford algorithm
label correcting methods. We will see shortly that Dijkstra's algorithm
more efficient, but can only be applied if all arc lengths are nOJlln()gative,
which will be assumed throughout this section. The key idea in Di.ikstra
algorithm is to identify the nodes in the order of the corresponding "l-->lYrt,,,,,t

path lengths, starting with a node for which the shortest path
smallest. In order to simplify the presentation, we assume that Cij is dehneC1



for every pair (i,j) of distinct nodes (with i :f. n), but may be equal to
infinity for some pairs.

Our first step is to show that a node ewith a smallest shortest path
length is easy to find. Nonnegativity of the arc lengths is crucial here.

We are left with a new shortest path problem with one node less. We
apply the same process to the new shortest path problem. Each iteration
evaluates the shortest path length for one more node and, therefore, after
n 1 iterations, the algorithm terminates.

The resulting algorithm is summarized next.

341The shortest path problemSec. 7.9

Proof. Any path to node n has a last arc (i, n) whose length Cin is at least
CRn' Thus, P'k ::::: CRn for all k :f. n. For node e, we also have Pe :s: CRn' We
conclude that Pe CRn:S: P'k for all k :f. n.

Suppose that eand Pe have been determined as in Theorem 7.19, and
consider an arbitrary node i. One of the options available at that node
is to traverse the arc (i, e) and visit node e. Once at node e, we should
traverse arc (e, n), because this is a shortest path from eto n. Thus, once
an arc (i,e) is traversed, the traversal of arc (e,n) can be assumed to be
automatic. We can therefore replace the two arcs (i, e) and (e, n) by a single
arc (i, nY of length CiR + CRn; once we do that for every i :f. e, n, node e can
be taken out of the picture. Note that a node i may now have two direct
arcs to node n, the original arc (i, n) as well as the new artificial arc (i, nY.
Naturally, any shortest path would only use the least expensive of the two.
We therefore remove (i, nY and replace Cin by
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Figure 7.34: (a) A graph with arc lengths. The arcs that are
not shown have infinite length. (b) The graph obtained after one
iteration of Dijkstra's algorithm.
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We now estimate the computational complexity of the Dijkstra
gorithm. A typical iteration starts by comparing the coefficients Gin

this takes O(n) time. Having determined e, we need to update Gin for
node i. We conclude that there are only O(n) arithmetic operations
iteration. The overall complexity is O(n2 ), which is one order ofm~1grlitl1f:l~

better than the Bellman-Ford algorithm. For a dense graph with
arcs, any shortest path algorithm needs D(n2 ) arithmetic opercLtic)ns
cause, in general, every arc has to be examined at least once. Thus,
dense graphs, Dijkstra's algorithm is the best possible.

For sparse graphs, that is, when m is much smaller than
computational complexity of Dijkstra's algorithm can be brought
to 0 (m log n). Doing so requires keeping the coefficients Gin in a
data structure that allows us to obtain the smallest such cOI"ffi,~ie]tlt

minimal work.

Example 7.12 We apply Dijkstra's algorithm to graph shown in Figure
with node n = 4 being the destination node. We have £ 3 and P3
The following arc lengths are modified: C14 := min{00,9 + I} = 10 and C24

min{7,8 + I} 7. We now eliminate node 3 and obtain the graph
Figure 7.34(b). We obtain £ = 2 and P2 = 7. The arc length C14 is mc)difie(~(

by C14 := min{10,2 + 7} 9. Node 2 is eliminated. Since node 1 is the
nonterminal node left, pr is equal to the current value of C14, which is 9.

Reduction to the case of nonnegative arc
the all-pairs problem

Suppose that some of the arc lengths are negative, but that all
nonnegative length. Let pi be the shortest path length from node i



- + *Cij = Cij Pj

10 The minimum spanning tree problem
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(7.21)

t-1 t-1

L (Ci r i r + 1 + ptr + 1 - ptr ) = ptt - pt1 + L Ci r i r +l •

7=1 7=1

The minimum spanning tree problem

t-1

L Ci r i r+l

7=1

Sec. 7.10

n. From Bellman's equation, we have

Using Eq. (7.21), we have Cij 2: 0 for all (i,j) E A. Under the new arc
lengths, the length of any path iI, ... ,it from some node i 1 to some other
node it is given by

for all arcs (i,j). Let us now construct a new shortest path problem in
which the arc lengths Cij are replaced by new arc lengths Cij, defined by

In particular, for any given pair of nodes, a shortest path under the new
arc lengths is a shortest path under the old arc lengths, and conversely.
Since the new arc lengths are nonnegative, we are in a position to apply
Dijkstra's algorithm.

If we are only interested in a single destination, the transformation
that we have just described is of no particular use. On the other hand, if
we are interested in the all-pairs problem, we can solve a single all-to-one
problem, using the Bellman-Ford algorithm, transform the arc lengths, and
finally solve n - 1 additional all-to-one problems (one problem for every
possible destination) using Dijkstra's algorithm. The overall complexity
is O(n3 ) + (n - 1) ·O(n2 ) O(n3 ). This is much better than applying
the Bellman-Ford algorithm n times, which would require O(n4 ) time. For
sparse graphs, the running time can be brought down to O(nm log n) by
using an efficient implementation of Dijkstra's algorithm. An alternative
O(n3 ) algorithm for the all-pairs problem is developed in Exercise 7.38.

We are given a connected undirected graph G (N, E), with n nodes. For
each edge e E £, we are also given a cost coefficient Ceo (Recall that an edge
in an undirected graph is an unordered pair e {i, j} of distinct nodes in
N.) A minimum spanning tree (MST) is defined as a spanning tree such
that the sum of the costs of its edges is as small as possible.

The minimum spanning tree problem arises naturally in many ap­
plications. For example, if edges correspond to communication links, a
spanning tree is a set of links that allows every node to communicate (pos­
sibly, indirectly) to every other node. Then, a minimum spanning tree
is a communication network that provides this type of connectivity, and
whose cost is the smallest possible. The minimum spanning tree problem
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also arises as a subproblem of more complex, seemingly unrelated, prob­
lems. An example will be seen in Section 11.5, where it forms a basis for a
heuristic for the traveling salesman problem.

Even though the MST problem is not a network flow problem, we
include it in this chapter, because of its graph-theoretic structure. We will
see that it can be solved by means of a simple greedy algorithm. A greedy
algorithm is one consisting of a sequence of choices that appear to be best
in the short run. For certain problems, like the MST, short run optimal
decisions turn out to be optimal in the long run as well. The algorithm
that we describe builds an MST by progressively adding edges to a cUlTelJ,t
tree. At any stage, we have a tree and we add a least expensive edge
connects a node in the tree with a node outside the tree.

Since at each stage we connect a node in the current tree with a
outside the tree, no cycles are ever formed, and we always have a
The set N n has n elements and, therefore, (Nn,En) is a spanning
remains to show that it is a minimum spanning tree. This is acc~OIl1p,lisl:n

by showing a somewhat stronger property.

Proof. The proof uses induction on k. The result is trivially
k = 1, because the empty set [1 is a subset of the edge set of any
tree.

Suppose now that k < n, and that [k is a subset of some
[We are slightly abusing terminology by referring to Ek' instead of
as a spanning tree.] Let e* = {i, j} be the edge added to [k; that is, i
j rJ- Nk, and [k+l [k U {e*}. If e* E Ek' then [k+l is also a
[k, and the induction hypothesis is verified for k + 1, with Ek+l



Suppose now that e* tt £k. Then, e*, together with [k, forms a unique
cycle [Theorem 7.1(d)]. This cycle must contain a second edge (call it e)
with one endpoint in N k and another outside N k ; see Figure 7.35. Since
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Figure 7.35: The thicker edges correspond to a tree (N4, &4)
involving 4 nodes. This is assumed to be part of an MST £4,
which consists of all edges shown, with the exception of e*. If the
algorithm selects e*, its cost can be no greater than the cost of e,
and &4 U {e*} is part of an alternative MST, in which e is replaced
bye*.

11

the algorithm selected e* rather than e to be added to [k, we must have
Ce* S Ceo Let us now take the MST £k, delete edge e, and replace it by
e*. We obtain a new spanning tree, call it £k+l, and the cost change is
Ce* - ce S O. By the optimality of £k, we must have Ce* = Ce , and both
spanning trees are optimal. We now note that [k+I is a subset of the MST
£k+l, and the induction is complete.

Having proved the correctness of the algorithm, we now discuss its
computational complexity. We have n - 1 iterations. At each iteration, we
need to examine each edge to see whether it is eligible for becoming part of
the tree, and we then need to find the least expensive one, which can all be
done in time O(n2 ). Thus, the overall complexity is O(n3 ). With a more
clever implementation, it can be brought down to O(n2 ); see Exercise 7.39.

In this chapter, we provided an overview of a broad range of topics related
to network flow problems, and we have covered most of the major available
methodologies.

Network flow problems are special cases of linear programming prob­
and can be solved by applying general purpose methods, suitably
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tuned to exploit the network structure. For example, the primal or the
dual simplex method can be used. As we have pointed out, the underly­
ing network structure allows for simple and efficient rules for updating the
basic variables and the reduced costs. In addition, when the problem data
are integer, integer arithmetic can also be employed.

An important property of network flow problems that we discovered
in the course of our development, relates to integrality of basic solutions.
Assuming that problem data are integer, we have shown that basic solu­
tions to the primal and the dual have integer coordinates. The key
behind this property is that the determinant of any basis matrix B
unit magnitude. Unfortunately, there are only precious few classes of
programming problems that have such remarkable properties.

Besides fine tuning the simplex method, we also developed some
rithms that are specially tailored to network flow problems. These inclucle
the negative cost cycle algorithm of Section 7.4 and the dual ascent
ods of Section 7.7. These two methods are dual to each other in
ways that can be made mathematically precise, but which are beyond
scope. Nevertheless, it is important to point out a common feature. In
methods, a direction of improvement is identified by examining only a
number of possible directions, which are independent of the numerical v
ues of the input data. (In the negative cost cycle algorithm, the directio
considered correspond to simple circulations. In dual ascent methods, th.
directions considered correspond to subsets of the set of nodes.)

Both the negative cost cycle algorithm and the dual ascent metho
can be described at a high level of generality, while leaving a lot of freedQ
on how to choose a cycle or a dual ascent direction. By making so
more specific choices, the worst-case number of iterations can be reduc
Furthermore, the search for a direction of cost improvement, carried out
the course of each iteration, usually has a lot of room for increased efficielly
(An example of this is our development of the primal-dual method, whe
the search for an ascent direction is implemented by means of an auxili
maximum flow problem and the labeling algorithm.) Such refinements I
to improved worst-case complexity bounds. It should be kept in
however, that worst-case complexity bounds may not accurately
performance of an algorithm in practice.

The network flow problem contains some important special
can be solved by suitable special purpose algorithms. We saw the
Fulkerson algorithm for the maximum flow problem, the auction al~~orlth:

for the assignment problem, and a number of (somewhat ad hoc)
for the shortest path problem. Auction algorithms can also be develop
for the general network flow problem, but this is a direction that
not pursue.

The minimum spanning tree problem is somewhat disjoint
rest of the chapter. It was included because of its importance,
because it shares an underlying graph-theoretic structure.



Exercise 7.5 (Equivalence of uncapacitated network flow and trans­
portation problems) Consider an uncapacitated network flow problem and
assume that Cij ~ 0 for all arcs. Let S+ and S- be the sets of source and sink
nodes, respectively. Let dij be the length of a shortest directed path from node

Exercise 7.3 (The tournament problem) Each of n teams plays against
every other team a total of k games. Assume that every game ends in a win or a
loss (no draws) and let Xi be the number of wins of team i. Let X be the set of all
possible outcome vectors (Xl, ... ,xn ). Given an arbitrary vector (Xl, ... ,xn ), we
would like to determine whether it belongs to X, that is, whether it is a possible
tournament outcome vector. Provide a network flow formulation of this problem.

Exercise 7.4 (Piecewise linear convex costs)

(a) Consider the capacitated network flow problem except that the cost at each
arc is a piecewise linear convex function of the flow on that arc. Show that
the problem can be reduced to one with linear costs, but in which we allow
multiple arcs with the same start node and end node.

(b) Show that a capacitated problem in which we have multiple arcs with the
same start node and end node can be reduced to a problem without any
such multiple arcs.
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Exercise 7.2 Consider a wood product company that owns M forest units and
wants to find an optimal cutting schedule over a period of K years. Forest unit i
is predicted to have aij tons of wood available for harvesting during year j. The
company wants to meet a demand of dj tons during year j. However, due to
capacity limitations, it can only harvest up to Uj tons during that year. Wood
harvested in past years can be stored and used to meet demand in subsequent
years, but there is a cost of Cj for storing one ton of wood between year j - 1
and j. We also assume that wood that is available but not harvested during a
year remains available for harvesting in later years. Formulate the problem of
determining a minimum cost harvesting schedule that meets the demand as a
network flow problem.

Exercise 7.1 (The caterer problem) A catering company must provide to a
client ri tablecloths on each of N consecutive days. The catering company can buy
new tablecloths at a price of p dollars each, or launder the used ones. Laundering
can be done at a fast service facility that makes the tablecloths unavailable for
the next n days and costs f dollars per tablecloth, or at a slower facility that
makes tablecloths unavailable for the next m days (with m > n) at a cost of 9
dollars per tablecloth (g < f). The caterer's problem is to decide how to meet
the client's demand at minimum cost, starting with no tablecloths and under the
assumption that any leftover tablecloths have no value.

(a) Show that the problem can be formulated as a network flow problem. Hint:
Use a node corresponding to clean tablecloths and a node corresponding to
dirty tablecloths for each day; more nodes may also be needed.

(b) Show explicitly the form of the network if N = 5, n = 1, m = 3.



Figure 7.36: The transportation problem in Exercise 7.6.

i E S+ to node j E S_. (Let dij = 00 if no path exists.) We construct a trans­
portation problem with the same source and sink nodes, and the same values for
the supplies and the demands. For every source node i and every sink node j, we
introduce a direct link with cost dij . Show that the two problems have the same
optimal cost.

Exercise 7.6 (Equivalence of capacitated network flow and transporta­
tion problems) Consider a capacitated network flow problem defined by a graph
G = (N,A) and the data Uij, Cij, bi. Assume that the capacity Uij of every arc
is finite. We construct a related transportation problem as follows. For every arc
(i, j) E A, we form a source node in the transportation problem with supply Uij.

For every node i EN, we construct a sink node with demand L::{kICi,k)EA} Uik-bi .

At every supply node (i, j) there are two outgoing infinite capacity arcs: one goes
to demand node i, and its cost coefficient is 0; the other goes to demand node j
and its cost coefficient is Cij. See Figure 7.36 for an illustration.

Network flow problemsChap. 7348

Show that that there is a one-to-one correspondence between feasible
in the two problems and that the cost of the two corresponding flows is the

Exercise 7.7 (Lower bounds on arc flows) Consider a network flow
lem in which we impose an additional constraint jij 2': d ij for every arc
Construct an equivalent network flow problem in which there are no nOnZt~r9

lower bounds on the arc costs. Hint: Let f ij = jij dij and construct a

network for the arc flows fij' How should bi be changed?

Exercise 7.8 Consider a transportation problem in which all cost coeffideI11GS
Cij are positive. Suppose that we increase the supply at some source nodes
the demand at some sink nodes. (In order to maintain feasibility, we
that the increases are such that total demand is equal to total supply.)
true that the value of the optimal cost will also increase? Prove or nr,mnrlP

counterexample.

Exercise 7.9 Consider the uncapacitated network flow problem shown in
ure 7.37. The label next to each arc is its cost.

(a) What is the matrix A corresponding to this problem?

(b) Solve the problem using the network simplex algorithm. Start
tree indicated by the dashed arcs in the figure.



Exercise 7.11 (Degeneracy in a transportation problem) Consider a
transportation problem with two source nodes 81, 82, and n demand nodes 1, ... , n.
All arcs (8i, j) are assumed to be present and to have infinite capacity. Let
D I:~=1 di be the total demand. Let the supply at each source node be equal
to D /2. Assume that di > a for all i.

(a) How many basic variables are there in a basic feasible solution?

(b) Show that there exists a degenerate basic feasible solution if and only if
there exists some set S C {I, ... , n} such that I:iES di = D/2.

Exercise 7.10 Consider the uncapacitated network flow problem shown in Fig­
ure 7.38. The label next to each arc is its cost. Consider the spanning tree
indicated by the dashed arcs in the figure and the associated basic solution.

(a) What are the values of the arc flows corresponding to this basic solution?
Is this a basic feasible solution?

(b) For this basic solution, find the reduced cost of each arc in the network.

(c) Is this basic solution optimal?

(d) Does there exist a nondegenerate optimal basic feasible solution?

(e) Find an optimal dual solution.

(f) By how much can we increase CS6 [the cost of arc (5,6)] and still have the
same optimal basic feasible solution?

(g) If we increase the supply at node 1 and the demand at node 9 by a small
positive amount 8, what is the change in the value of the optimal cost?

(h) Does this problem have a special structure that makes it simpler than the
general uncapacitated network flow problem?
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k

'I:Jij 1, j = 1, ... ,k,
i=l

k

'L/ij 1, i = 1, ... , k,
j=l

!ij > 0, i,j = 1, ... ,k.

Figure 7.38: The network flow problem in Exercise 7.10.
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(a) Show that P has k! basic feasible solutions and that if k > 1, every
feasible solution is degenerate.

(b) Show that there are 2k
-

1
kk-2 different bases that lead to any given

feasible solution.

Exercise 7.12 * (Degeneracy in the assignment problem) Consider

polyhedron P C ~k2 defined by the constraints

Exercise 7,13 Suppose that we are given a noninteger optimal solution
uncapacitated network flow problem with integer data.

(a) Show that there exists a cycle with every arc on the cycle carrying a
flow. What can you say about the cost of such a cycle?

(b) Suggest a method for constructing an integer optimal solution,
solving the problem from scratch. Hint: Remove cycles.

Exercise 7.14 (Decomposition of circulations) Let A be the nnrfp.-HT·~

cidence matrix associated with a directed graph with m arcs. Suppose



Exercise 7.19 Consider the maximum flow problem. Describe an algorithm
with Q(iAI) running time that determines whether the value of the maximum
flow is infinite.

Exercise 7.15 (Flow decomposition theorem) State and prove a result
analogous to the one in Exercise 7.14, for the case of a flow vector f that satisfies
Af b. Hint: Besides cycles, use paths as well.

Exercise 7.18 Show that there is a one-to-one correspondence between aug­
menting paths in the maximum flow algorithm and negative cost unsaturated
cycles in the network flow formulation of the maximum flow problem.
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vector f satisfies Af = O. Show that there exists a nonnegative integer k (with
k :::: m), cycles Gl , ... , Gk , and nonnegative scalars al, ... , ak, such that:

(i) f = 2:::=1 aihci ,

(ii) for every arc (k, £) on a cycle Gi , hfl and fk£ have the same sign.

Furthermore, show that if f is an integer vector, then the coefficients al,· .. ,ak
can be chosen to be integer. Hint: Reverse the arcs that carry negative flow and
apply Lemma 7.1.

Exercise 7.17 Consider a network flow problem and assume that there exists
at least one feasible solution. We wish to show that the optimal cost is -00 if
and only if there exists a negative cost directed cycle such that every arc on the
cycle has infinite capacity.

(a) Provide a proof based on the flow decomposition theorem.

(b) For uncapacitated problems, provide a proof based on the network simplex
method.

Exercise 7.16 * (Negative cost cycle algorithm under the largest im­
provement rule) Consider the variant of the negative cost cycle algorithm in
which we always choose a cycle G with the largest value of 5(G)lc' h

c l. Let f be
the current flow and let f* be an optimal flow.

(a) Show that f* - f is equal to a nonnegative linear combination of at most
m simple circulations, where m is the number of arcs. Furthermore, each
such simple circulation is associated with an unsaturated cycle. Hint: Use
the result in Exercise 7.14.

(b) Show that under the largest improvement rule, the cost improvement at
each iteration is at least (e'f c'f*)/m.

(c) Assuming that all problem data are integer, show that the algorithm termi­
nates after Q(mlog(mGU)) iterations, where G and U are upper bounds
for leij I and Uij, respectively.

Exercise 7.20 (Duality and the max-flow min-cut theorem) Consider
the maximum flow problem.

(a) Let Pi be a price variable associated with the flow conservation constraint
at node i. Let qij be a price variable associated with the capacity constraint
at arc (i,j). Write down a minimization problem, with variables Pi and qij,

whose dual is the maximum flow problem.



(b) Show that the optimal value in the minimization problem is equal to the
minimum cut capacity, and prove the max-flow min-cut theorem.

Exercise 7.21 (Finding a feasible solution) Show that a feasible solution to
a capacitated network problem (if one exists) can be found by solving a maximum
flow problem.

Exercise 7.23 (The marriage problem) A small village has n unmarried
men, n unmarried women, and m marriage brokers. Each broker knows a subset
of the men and women and can arrange up to bi marriages between any pair of
men and women that she knows. Assuming that marriages are heterosexual
that each person can get married at most once, we are interested in determining
the maximum number of marriages that are possible. Show that the answer can
be found by solving a maximum flow problem.
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Exercise 7.24 * (Konig-Egervary theorem) Consider an m x n matrix
whose entries are zero or one. We refer to a row or a column as a line.
say that a set of lines is a cover if every unit entry lies on one of the lines in
set. A set of unit entries are called independent if no two of them lie on the
line. Prove that the maximum cardinality of an independent set is equal to
smallest cardinality of a cover. Hint: Formulate an appropriate maximum
problem.

Exercise 7.22 (Connectivity and vulnerability) Consider a directed graph,
and let us fix an origin node s and a destination node t. We define the connec­
tivity of the graph as the maximum number of directed paths from s to t that do
not share any nodes. We define the vulnerability of the graph as the minimum
number of nodes (besides sand t) that need to be removed so that there exists
no directed path from s to t. Prove that connectivity is equal to vulnerability.
Hint: Convert the connectivity problem to a maximum flow problem.

Exercise 7.25 (The scaling method for the maximum flow prob,lelm)
This exercise illustrates the scaling method, a common technique for reducing
complexity of network flow algorithms.

Consider a maximum flow problem II. Let n be the number of nodes, let
be the capacity of arc (i, j), assumed integer, and let v be the value of a m1tximllm
flow. We construct a scaled problem II s in which the capacity of each arc (i,
is lUij /2J, and we let V s be the corresponding optimal value. (The notation
stands for the largest integer k that satisfies k s: a.)

(a) Consider an optimal flow for the problem II s , and multiply it by 2.
that the result is a feasible flow for the original problem II.

(b) Show that 2vs s: v s: 2vs + n 2
•

(c) Consider running the Ford-Fulkerson algorithm on problem II, starting
the feasible flow described in (a). How many flow augmentations
needed, and what is the total computational effort?

(d) Show how to solve the maximum flow problem with a total of O(n4 log
arithmetic operations, where U is an upper bound on the capacities



Figure 7.39: The transportation problem in Exercise 7.27. Arc
costs are shown next to each arc.

Exercise 7.27 Consider the transportation problem shown in Figure 7.39, and
solve it using the primal-dual method. Use p = (1,1,0,0) to start the algorithm.
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j rt SU{k}.

min (Cij +Pj Pi)'
{iESI(i,j)EA}

()~
J

lJ·- min (c+p-p)
J - {iESU{k}l(i,j)EA}"J J ",
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(a) Show that ()* = minUS ();.

(b) Suppose that some node k rt S satisfies ()'k = ()*, and that node k is about
to enter the set S. Let

Show that lJj = min{()j,ckj +Pj Pk}.

(c) Explain how to carry out each dual update in time proportional to n times
the number of previously unlabeled nodes that become labeled.

Show that the primal-dual method can be implemented so that it runs in
time O(n3B), where B = maxi Ibil.

Exercise 7.26 * (Birkhoff-von Neumann theorem) A square matrix A is
called doubly stochastic if E~=l aij = 1 for all j, E7=1 aij = 1 for all i, and all
entries are nonnegative. A matrix P is called a permutation matrix if each row
and each column has exactly one nonzero entry, which is equal to 1.

(a) Let ... , Pk be permutation matrices, and let '\l, ... ,'\k be nonnegative

scalars that sum to 1. Show that E~=l '\iPi is doubly stochastic.

(b) Let A be a doubly stochastic matrix. Show that there exist permutation
matrices PI, ... , P k, and nonnegative scalars '\1, ... , '\k that sum to 1, such
that A = E~=l '\iPi . Hint: Consider the assignment problem.

.I!.;){elrciise 7.28 This exercise develops a more efficient method for computing ()*

the primal-dual method. Let S be the set of nodes whose prices are to increase,
in the description of the general dual ascent algorithm. For every j rt S, let

R1CP1·ri",1P 7.29 Consider a bipartite matching problem and suppose that every
has the same degree d. Show that there exists a perfect matching. Hint:

VVHV'tOH to a maximum flow problem and use the max-flow min-cut theorem.
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Exercise 7.30* (The primal-dual method as steepest dual ascent) Con­
sider the dual ascent algorithm. Show that the choice of the set S in the primal­
dual method maximizes (ds)'b over all sets S for which d S is a feasible direction.

Exercise 7.31 (Dual simplex method for network flow problems) Con­
sider the uncapacitated network flow problem.

(a) Show that every spanning tree determines a basic solution to the dual
problem.

(b) Given a dual feasible basis, associated with a certain tree, show that it is
an optimal basis if and only if the corresponding tree solution to the
is feasible.

(c) If the tree solution in part (b) is infeasible, remove an arc that
negative flow. Given that we wish to maintain dual feasibility, how
an arc be chosen to enter the tree?

(d) Note that the entering arc divides the tree into two parts. Consider the
variables following a dual simplex update. Show that the dual variables
one part of the tree remain unchanged and in the other part of the
they are all changed by the same amount.

Exercise 7.32 (Termination of the auction algorithm) Consider a
ation of the assignment problem in which we are given a subset A of the
person-project pairs, and we allow iij to be nonzero only if (i, j) E A. We
ify the bidding phase of the auction algorithm as follows. A person i takes
consideration only the profits Pk - Cik of those projects k for which (i, k) E
Suppose that this form of the auction algorithm fails to terminate. Let I be
set of persons that bid an infinite number of times. Let J be the set of pr'::Jject$
that receive an infinite number of bids.

(a) Show that if i E I and (i,j) E A, then j E J.

(b) Show that the cardinality of I is strictly larger than the cardinality

(c) Show the problem must be infeasible.

Exercise 7.33 (Shortest path lengths and Bellman's equation)
the all-to-one shortest path problem, and let p* be the vector of shortest
lengths.

(a) Show that if every (directed) cycle has positive length, then Bellman':
equation has a unique solution, equal to the shortest path lengths.

(b) Show that if every (directed) cycle has nonnegative length, and if p
solution to Bellman's equation, then p ~ p*. Hint: Consider max{pi,p

Exercise 7.34 (From shortest path lengths to shortest paths) Supp
that all directed cycles in a directed graph have nonnegative costs. Furtherm
suppose that the shortest path length pi from any node to node n is kno
Provide an algorithm that uses this information to determine a. shortest
from node 1 to node n.

Exercise 7.35 (Convergence of the Bellman-Ford algorithm)
ercise develops an alternative proof of the convergence of the He:llnlall-1'ord
rithm. Assume that the length of every cycle is nonnegative.



where n is the number of nodes.
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for all i,

for all arcs (i, j).

min {Cij + pj(t)},
jEO(i)

pi(t + 1)

Exercises

maximize A

subject to Pi + A :S Pj + Cij,

Sec. 7.12

(a) Show that this maximization problem is feasible.

(b) Show that if (A, p) is a feasible solution to the maximization problem, then
the mean cost of every directed cycle is at least A.

(c) Show that the maximization problem has an optimal solution.

(d) Show how an optimal solution to the maximization problem can be used
to construct a directed cycle with minimal mean cost.

(a) Prove that pet) 2: p* for all t, and conclude that pet) has a limit.

(b) Prove that pet) can take only a finite number of values and therefore con­
verges after a finite number of steps.

(c) Prove that the limit satisfies Bellman's equation.

(d) Prove that the algorithm converges to p *.

initialized with Pi(O) ='" 0 for all i. Show that pi(t) is equal to the length of
a shortest walk that starts at i and and traverses t arcs.

(b) Prove that the optimal mean cycle cost A satisfies

\. (Pi(n) PiCk»)/\ = mIn max ,
i=l, ... ,n O:':Jk:':Jn-I n - k

Exercise 7.36 of the mean cost of a cycle linear
prog;ralmminlg) Consider a directed graph in which each arc is associated with
a cost Cij· For any directed cycle, we define its mean cost as the sum of the costs
of its arcs, divided by the number of arcs. We are interested in a directed cycle
whose mean cost is minimal. We assume that there exists at least one directed
cycle.

Consider the linear programming problem

of the mean cost of a the
BI3U:mliH-F,or,d aJe:oritllrrll Consider a directed graph in which each arc is as­
sociated with a cost Cij. For any directed cycle, we define its mean cost as the
sum of the costs of its arcs, divided by the number of arcs. We are interested in a
directed cycle whose mean cost is minimal. We assume that there exists at least
one directed cycle.

(a) Consider the algorithm

·~:li:erciE;e 7.38 (Floyd-Warshall all-pairs shortest path algorithm) Con­
the all-pairs shortest path problem and assume that there are no negative



dO = {Ci j , if (i,j) E A,
'J 00, otherwise.

cost cycles. Let d7j be the length of a shortest path from node i to node j using
only nodes in {I, ... , k} as intermediate nodes. Let

Exercise 7.39 (Complexity of the greedy MST algorithm) Consider the
greedy algorithm for the MST problem. For a given node j tf- N k , we examine
all nodes i E Nk, and let Vk(j) be that node i E N k for which the cost C{i,j} is
smallest. Let us assume that Vk(j) is available for every j tf- N k.

(a) Show that the node selected to enter the tree can be determined in time
O(n).

(b) For each j tf- Nk+I, show that Vk+I(j) can be determined in time 0(1).

(c) Show that the MST algorithm can be implemented in time 0(n2
).

for i =1= j.
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dk+I . {dk dk dk }ij = mIn ij, i,k+I + k+I,j ,
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Show that

7.13

Network flow problems are discussed in several textbooks, starting
the classic book by Ford and Fulkerson (1962) .. Some subsequent
are Hu (1969), Lawler (1976), Bertsekas (1991), Ahuja, Magnanti, and
lin (1993). The last one is rather comprehensive, containing a wealth
methods and applications, and can be consulted for further infonnaticill
most of the subjects that were introduced in this chapter. In addition,
textbooks on linear programming cover the subject of network flow
lems to some degree. A somewhat different view of the subject, that
heavily on duality, is provided by Rockafellar (1984). Sophisticated
structures are an important element of efficient network flow algorith
Suitable data structures are discussed by Cormen et al. (1990), and
et al. (1993).

7.1. The material in this section is a standard part of all books Ue,:Llll1g

with combinatorial algorithms.

7.2. Numerous applications of network flow problems can be found
Ahuja et al. (1993).

7.3. The simplex method for uncapacitated network flow problems
developed by Dantzig (1951), as a special case of the general simpl
method. The theory in Section 7.3 was obtained as a byproduct. T
capacitated case was addressed a little later, and these developme
are discussed in Dantzig's (1963) book. The simplex method has
been extensively studied for special cases, such as the maximum
assignment, and shortest path problems; see Ahuja et al.
an overview.



Practical experience has indicated that network flow problems tend
to be highly degenerate, and that most of the pivots are also de­
generate. A special purpose anticycling rule for the network simplex
algorithm, based on "strongly feasible" trees, was proposed by Cun­
ningham (1976), and also by Barr, Glover, and Klingman (1977) for
the assignment problem. Still, network simplex can take an exponen­
tial number of iterations, in the worst case. Tardos (1985) has devised
a strongly polynomial algorithm for network flow problems, in which
the number of arithmetic operations is bounded by a polynomial func­
tion of the number of nodes and arcs, independent of the numerical
values of the problem data. This raises the question whether the same
can be accomplished by the simplex method. At present, a version of
the simplex method that requires a number of iterations polynomial
in n is not available. However, this objective has been attained by
variants of the dual simplex method; see Orlin (1984), and Plotkin
and Tardos (1990).

Network flow problems have an important property known as total
unimodularity, which is reflected in the integrality of the inverse basis
matrix B-1 . See Schrijver (1986) for a discussion of this topic.

The negative cost cycle algorithm is attributed to Klein (1967). The
maximum improvement rule was proposed by Weintraub (1974), and
was further studied by Barahona and Tardos (1989). The mean cost
rule was studied by Goldberg and Tarjan (1989), who show that it
leads to a polynomial time algorithm.

Example 7.4 on preemptive scheduling is due to Federgruen and Groen­
evelt (1986). The Ford-Fulkerson and labeling algorithms are due to
Ford and Fulkerson (1956a). The max-flow min-cut theorem is due
to Fulkerson and Dantzig (1955), Ford and Fulkerson (1956a), and
Elias, Feinstein, and Shannon (1956). A nonterminating example, for
the case of irrational capacities, can be found in Ford and Fulker­
son (1962), and is also included in many textbooks. Edmonds and
Karp (1972) have shown that the number offlow augmentations is
GUNI·IA!), when an augmenting path with the least number of arcs
is used. For other polynomial time algorithms for the maximum flow
problem, and an overview of the literature, see Ahuja et a1. (1993).

For capacitated problems, the most natural form of the dual is ob­
tained if dual variables are associated with the flow conservation con­
straints, but not with the capacity constraints. (This goes along the
lines discussed in Section 4.10.) See Rockafellar (1984), Bertsekas
(1991), and Ahuja et a1. (1993). The relation between network flow
theory and electrical circuits is discussed in Recski (1989).

Our presentation of dual ascent methods is in the spirit of Rock­
afellar (1984), and Bertsekas (1991). The primal-dual method was
first developed for the assignment problem by Kuhn (1955). Kuhn

7.13 Notes and sources 357
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named it the Hungarian method, because it was inspired by the work
of two Hungarian mathematicians, Konig and Egervary. A historical
account is provided by Kuhn's article in Lenstra, Rinnooy Kan, and
Schrijver (1991). The extension to general network flow problems was
carried out by Ford and Fulkerson (1956b). Using the scaling ideas
of Edmonds and Karp (1972), the complexity of the algorithm can
be made proportional to the logarithm of B. The relaxation algo­
rithm, which uses a different method for selecting ascent directions,
was proposed by Bertsekas (1981) for the assignment problem, and
it was subsequently extended to general network flow problems; see
Bertsekas (1991), and Bertsekas and Tsitsiklis (1989), for textbc)ok
expositions. The dual network simplex method is discussed in Sec­
tion 11.9 of Ahuja et al. (1993).

7.8. Algorithms for bipartite matching can be found in Papadimitriou
Steiglitz (1982), and Ahuja et al. (1993). The auction algorithm
due to Bertsekas (1979), has been extended to general network
problems, and is also known as E-relaxation; see Bertsekas
and Bertsekas and Tsitsiklis (1989), for textbook presentations.
preflow-push algorithms of Goldberg and Tarjan (1988), for the
imum flow problem, are closely related and have also been ex1Genlded
to the general network case.

7.9. The Bellman-Ford algorithm goes back to the work of Ford
and Bellman (1958), and is a special case of dynamic pn)grarrlm.ing
methods, to be discussed further in Section 11.3. Dijkstra's algonthll
is from Dijkstra (1959). The literature on shortest path prclblE:ms
extensive and the reader is referred to Ahuja et al. (1993)
overview.

7.10. The minimum spanning tree algorithm that we have presented is
tributed to Prim (1957) and Dijkstra (1959). For other algorith
see Papadimitriou and Steiglitz (1981), Cormen et al. (1990),
Ahuja et al. (1993).

7.12. The transformation of a network flow problem to a trcmsporta,tiQ
problem (Exercise 7.6) is attributed to Wagner (1959). The
idea used in Exercise 7.25 is due to Edmonds and Karp (1972) w
applied it to general network flow problems, and obtained algorit
whose running time is proportional to the logarithm of the num€:ric
values of the input data. The mean cost cycle algorithm develop(
in Exercise 7.37 is due to Karp (1978). The all-pairs alg:orithlTI
Exercise 7.38 is from Floyd (1962) and Warshall (1962).
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is an instance of the linear programming problem. We define these
more generally, as follows.
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2x + 3y
x + y < 1
x,y 2: 0,

minimize
subject to
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The simplex method described in previous chapters has been very effective
over the years in solving linear programming problems arising in applica­
tions. For specially constructed problems, however, the simplex method can
take an exponential number of iterations, as we have seen in Section 3.7.
These examples motivate the discussion in Section 8.1 regarding computa­
tional complexity and efficient algorithms. In Sections 8.2-8.4, we address
the question of whether linear programming can be solved efficiently and
show that the ellipsoid method, an algorithm developed in the Soviet lit­
erature, is indeed theoretically efficient. In Section 8.5, we demonstrate its
applications to linear programming problems with a large (even exponen­
tial) number of constraints.

The ellipsoid method did not lead to a practical algorithm for solving
linear programming problems. Rather, it demonstrated that linear pro­
gramming is efficiently solvable from a theoretical point of view. This is
important, because once a problem is shown to be efficiently solvable, usu­
ally more efficient and practical algorithms follow. Indeed a new class
algorithms, known as interior point methods, that are both practical
theoretically efficient have been proposed, and are the subject of the next
chapter.

8.1 algorithms
complexity

In Section 1.6, we have discussed the notion of an efficient algorithm
a computational problem. In this section we refine that discussion
particular emphasis on linear programming problems.

In Section 3.7, we introduced a linear programming problem
variables and 2n inequality constraints, for which the simplex method
a particular pivoting rule, requires 2n - 1 iterations to find an optimal
tion. On the other hand, there is strong empirical evidence suggesting
the simplex method "typically" takes O(m) iterations to find an op1tirtla,
solution to standard form problems with m equality constraints.

This discussion raises the question: should we consider the
method an efficient algorithm for linear programming? More ge.ueJl1;Lll;)

what are the criteria for calling an algorithm efficient?
Before answering these questions, it is useful to draw a distinLCtiQ

between a problem and an instance of a problem. For example,
programming" is a problem, whereas



Given that arbitrary real numbers cannot be represented in binary,
this definition is geared towards instances involving integer (or rational)
numbers. Note that any nonnegative integer r smaller than or equal to U
can be written in binary as follows:

r ak2k + ak_12k-1 + ... + a121 + ao,

361Efficient algorithms and computational complexitySec. 8.1

Instances of a problem need to be described according to a common
format. For example, instances of linear programming in standard form
can be described by listing the entries of b, and c.

Note that some instances are "larger" than others, and it is convenient
to define the notion of the "size" of an instance. While several definitions
are possible, the definition given below applies to all problems in a uniform
fashion. In addition, this definition is geared towards digital computers in
which information is represented by binary numbers.

where the scalars ao, ... , ak, are 0 or 1. The number k is clearly at most
llog2 UJ, since r :s: U. We can then represent r by the binary vector
(ao, al, ... , ak)' With an extra bit for the sign, we can also represent neg­
ative numbers. In other words, we can represent any integer with absolute
value less than or equal to U using at most llog2 UJ+ 2 bits.

Consider now an instance of a linear programming problem in stan­
dard form, i.e., an m x n matrix A, an m-vector b, and an n-vector c, and
assume that the magnitude of the largest element of A, b, c is equal to U.
Since there are (mn + m + n) entries in A, b, and c, the size of such an
instance is at most

In fact, this count is not exactly correct: more bits will be needed to encode
"flags" that indicate where a number ends, and another starts. However,
our count is right as far as the order of magnitude is concerned. To avoid de­

of this kind, we will be using instead the order-of-magnitude notation,
we will simply say that the size of such an instance is O(mnlogU).

Optimization problems are solved by algorithms. Note at this point a
important distinction. Algorithms are designed for problems (e.g., the
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simplex method is an algorithm for linear programming), but are applied
to individual instances. We say that an algorithm solves a problem if it
terminates in finite time and produces the correct answer for all instances
of the problem. Of course, it is to be expected that when the algorithm is
applied to instances of larger size, it may take longer to terminate. For this
reason, the running time of an algorithm is usually expressed as a function
of the size of the instance to which it is applied. In order to make this
discussion precise, we need to define exactly what an algorithm is, how
running time is counted, etc. While this can be done with absolute rigor,
a rough description is sufficient for our purposes.

As we mentioned in Section 1.6, an algorithm is a finite set of in­
structions of the type used in common programming languages (arithmetic
operations, conditional statements, read and write statements, etc.). The
running time of an algorithm is then the total number of steps involved
in carrying out these instructions until a termination statement is reached.
In the simplest of circumstances, we can assume that each instruction (in­
cluding arithmetic operations) takes unit time; we call this the arithmetic
model.

In an alternative model, the bit model, each instruction is decoJmr:losed
into a set of elementary instructions that operate on single-bit numbers,
each such elementary instruction is assumed to take unit time. This
model is more natural and can capture the fact that the time to add
numbers increases with the size of these numbers. On the other hand,
complicates the calculation of running time.

The running time of an algorithm will, in general, depend on
instance to which it is applied. Let T(n) be the worst-case running time
some algorithm over all instances of size n, under the bit model. In
words, out of all instances of size n, we consider an instance on which
algorithm takes the longest.

We next give a very important definition.



p {x E !Rn IAx :::: b}
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minimize c'x
subject to Ax:::: b.
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The essential reason that makes this fact true is that arithmetic op­
erations can be carried out by subroutines that take polynomial time under
the bit model. (Think of the algorithms taught in elementary school!)

Matrix inversion can serve to illustrate these issues. As mentioned
in Section 1.6, an n x n matrix can be inverted using O(n3 ) arithmetic
operations, by means of the Gaussian elimination algorithm. to
assert that matrix inversion can be performed in polynomial time
the bit model) requires the additional fact that the algorithm only produces
numbers whose size is bounded by a polynomial in n and in the size of the
entries in the matrix to be inverted. Fortunately, this turns out to be the
case.

In order to make the discussion in this section fully rigorous, we would
need to be much more specific regarding our choice of programming lan­
guage, instruction set, and model of computation. Could an algorithm be
polynomial under some set of choices and non-polynomial under another?
In principle, this is indeed possible. However, it has been observed that
polynomiality is a fairly "stable" property; that is, the set of polynomial
time algorithms is essentially the same under all reasonable models of dig­
ital computation that have been studied.

As we mentioned in Section 1.6, an algorithm is considered efficient if
its running time grows polynomially with the size of the input; otherwise, it
is usually considered inefficient. Clearly, this view of algorithmic complexity
has its problems. In our counting of the running time we consider the worst­
case running time. Therefore, it only takes one instance to pronounce an
algorithm inefficient, while the algorithm might be very fast in the vast
majority of instances. Thus, this view of worst-case efficiency, although
insightful, may not always reflect reality. The simplex method is a case
in point. As discussed earlier in the book, it solves routinely large scale
problems fast, even though it takes exponential time in the worst case.

8.2 key geometric
ellipsoid

In this section, we prepare the ground for a new algorithm for linear pro­
gramming, called the ellipsoid method, by developing its key geometric
elements.

The ellipsoid method can be used to decide whether a polyhedron

is empty or not. Later in this chapter, we provide an extension that solves
problem



is called a ball centered at z, of radius r.

For any r > 0, the ellipsoid
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{x E iRn I (x - z)'(x z)::; r 2 }

{x E iRn Illx-zll::; r}
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We first give some definitions.

S(L) = {y E iRn Iy Dx+ b, for some x E L}.

Vol(L) =1 dx.
xEL

A positive definite matrix D has only real and positive eigenvalues,
and is nonsingular. Moreover, is also positive definite. We now define
ellipsoids, which are higher dimensional generalizations of the familiar twQ--'
dimensional ellipses.

Note that an affine transformation is always invertible, since the
trix D is nonsingular. If L is any subset of iRn , we define the image
under the affine transformation S (.) as

The volume of a set L c iRn , which is denoted by Vol(L), is defined as

In the sequel, we will use the following property of affine trcmsformctB
tions.



P = {x E fRn IAx :2': b}

If we change variables in the above multivariable integral, using the trans­
formation y = Dx + b, we obtain

As we mentioned earlier, the ellipsoid method can be used to decide
whetller a given polyhedron

365

1 dy.
yES(L)

Vol(S(L))
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Proof. The volume of S(L) is given by

Here, J(x) is the Jacobian matrix associated with the transformation S(·):
the (i,j)th component of J(x) is 8Si (x)/8xj, where Si(X) is the ith com­

of S(x). Because the transformation is affine, we have J(x)
leads to the formula in the lemma.

Vol(S(L)) = r Idet(J(x)) Idx.
JXEL

nonelnpty. We will first explain intuitively how the algorithm works. The
Ugclrithm generates a sequence E t of ellipsoids with centers Xt, such that

is contained in E t . If Xt E P, then P is nonempty and the algorithm
rminates. If Xt rt. P, then there exists a constraint which is violated, i.e.,
satisfies a/xt < b, where a/ is one of the rows of A, and b is the corre­

onding entry of b. Any element x of P satisfies a/x :2': b and, therefore,
x:2': a/xt. Thus, P is contained in the halfspace {x E fRn I a/x :2': a/xd.
other words, if Xt is infeasible, P is contained in the intersection of the

lipsoid E t and a halfspace that passes through the center of the ellipsoid
e Figure 8.1). We call this intersection a half-ellipsoid. A key geometric

operty of ellipsoids is that we can find a new ellipsoid Et+l that covers
e half-ellipsoid and whose volume is only a fraction of the volume of the

revious ellipsoid E t . Repeating this process, we either find a point in P,
r we conclude that the volume of P is very small and, therefore, P is

pty. The last step is based on the fact, to be proved in Lemma 8.4, that
.e volume of a nonempty "full-dimensional" polyhedron cannot be smaller

a certain threshold.

In the next theorem, we analytically construct the ellipsoid Et+l and
:a1C:Ul~1te the reduction of its volume explicitly.
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Figure 8.1: An iteration of the algorithm, in which Xt rf- P but
Xt+l E P. The shaded area is the intersection of the ellipsoid E t

with the halfspace {x I a'x :::: a'xt}, and is covered by the new
ellipsoid E t+1 .
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Proof. (a) We first prove the theorem for the case z 0, D = I, and
el = (1,0, ... ,0) (see Figure 8.2). (The more general case will be
by means of a suitable coordinate transformation.) Here, the C;UJLp"'J>U

is the unit ball Eo = {x E ~n I x'x :s; I} and the halfspace H
Ho {x E ~n IXl 2: O}.



Eb = {x E Rn I (n: 1) 2 (Xl - n: 1) 2 + n2n~ 1~ x; ~ 1} .

can rewrite the previous expression and obtain
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n2 - 1~ 2 2(n + 1) 2
--2- .L..Xi + 2 Xln n

i=l
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Figure 8.2: Illustration of Theorem 8.1 for the case E = E(O, I)
and H = {x E Rn IXl ~ o}.

( )2( ) }n + 1 2XI 1
+ -n- - n + 1 + (n + 1)2 ~ 1

n2 -1 n 2 1 2(n+l) }
--2-LXi +2"+ 2 XI(XI-l)~I.

n i=l n n

Let x E Eo n Ho. Then 0 ~ Xl ~ 1 and therefore XI(XI - 1) ~ O.
x E Eo, we have I:~=l x; ~ 1. Therefore,

Sec. 8.2

In this case, the ellipsoid E' (written as Eb to indicate that the initial
ellipsoid is Eo) becomes:

, (e l n
2

( 2 '))Eo=E --, I---elel ·
n+l -1 n+l

The ellipsoid Eb can be written as follows:



tion

x E E {.:} (x - z)'D-1(x - z) :::: 1

{.:} (x z)'D-1/2R'RD-1/2(X z):::: 1

{.:} RD-1/ 2 (x - z) E Eo

{.:} T(x) E Eo,

The ellipsoid methodChap. 8368

T(x) = RS(x) = RD- 1/ 2 (x - z).

We next introduce the affine transformation

T(E) = Eo.

i.e., x E Eb, proving that Eo n Ho c Eb.
We now consider the general case. We will construct an affine trans­

formation T(-), such that T(E) Eo, T(H) Ho and T(E') = Eb. Then,
the desired result will follow from the elementary observation that affine
transformations preserve set inclusion, i.e., if A c B c ?Rn and T(·) is an
affine transformation, then T(A) C T(B).

Given the ellipsoid E E(z, D), we consider the affine transforma-

S(x) = D-1/ 2 (X z).

Here D 1/2 is a symmetric matrix such that (D1/2) (D1/2) D and D-l/2 is

its inverse. Both Dl/2 and D-1/2 are guaranteed to exist and can be taken
to be positive definite. It can be shown that S(E) = Eo. However, S(H)
Ho and S(E') -::J Eb. For this reason, we modify the affine transformation
S(-) as follows.

In Exercise 8.1, the reader is asked to show that for every vector u,
there exists a matrix R (called a rotation matrix), such that

xEH {.:} a'(x-z)20
{.:} a'D1/2R'RD-1/2(x - z) 20

{.:} IIDl/2alle~T(x) 20

{.:} e~T(x) 20
{.:} T(x) E Ho,

I, Ru = Ilullel'

where Ilull (U'U)1/2. Note that the matrix R basically rotates the
ball so that u is aligned with the first unit vector el. Let R be the roi;ation
matrix corresponding to the vector u D 1/ 2a, i.e.,

Note that

which implies that

Similarly,



We introduce the affine transformation

which implies that

Vol(Eb)
Vol(Eo) .

_2-e1e~))VOl(EO)'
n+I

(~) n/2 (1 __2 )1/2
n2 -1 n + 1

det (+-(1n -1

Vol(E') _ Vol(T(E'))

Vol(E) Vol(T(E))

E' =E(~ ~(I- 2 )o n + l' n2 - 1 n + 1 .

Vol(Eb)
Vol(Eo)

Vol(Eb) =

hence,

T(E') Eb,

T(H) = Ho.

EnHcE',

After some algebraic manipulations that we omit (Exercise 8.2) we
can show that
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and that the matrix is positive definite. We have shown earlier that
Eo n Ho c Eb, i.e., T(E) n T(H) c T(E'). Affine transformations preserve
set inclusion. Thus, we obtain that

proving the first part of the theorem.

(b) From Lemma 8.1 (affine transformations multiply volumes by a con­
stant factor), we obtain

Recall that

It is elementary to show that F(Eb) = Eo. [This is the same as the argu­
ment used earlier to show that T(E) = Eo, with R = I.] Applying Lemma
8.1, we obtain

Vol(Eo) /det ( (n
2n2

1 (I - n ~ 1e1 e~ ) ) -1/2) /VOl(Eb).

Therefore, using the property Idet(D-1/ 2)I I/vldet(D)I,
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n (~) (n-l)/2

n + 1 n 2 1

( 1 ( 1) (n-l)/2
1- 1 1+-2--1

n+ n

< e-1/(n+l) (e1/(n2 -1)) (n-l)/2

e- 1/(2(n+l)) ,

Vol(E') -1/(2(n+l))
Vol(E) < e .

p {x E ~n IAx ~ b}

Figure 8.3: A bounded and full-dimensional polyhedron contains
a ball and is contained in a ball.

In order to simplify the presentation and highlight the furlda.m€mt.3.1
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where we applied twice the inequality 1+a < ea , which is true for all a i= O.
Therefore,

8.3 The ellipsoid method for the
problem

In this section, we describe formally the ellipsoid method for de(~ldJmg

whether a polyhedron

is empty or not. We will first present the algorithm for tull-dlmen:sIO:uaf
polyhedra defined as follows.



geometric ideas we make the following two assumptions, which we relax
later.

(a) The polyhedron P is bounded and either empty or full-dimensional
(see Figure 8.3). Boundedness implies that there exists a ball Eo =
E(xo, r 2 I), with volume V, that contains P. The second part requires
that either P is empty, or P has positive volume, i.e., Vol(P) > v for
some v > a (for other characterizations oHull-dimensional polyhedra,
see Exercise 8.5). We will assume initially that the ellipsoid Eo, as
well as the numbers v, V, are a priori known.

(b) We can make our calculations in infinite precision. In particular, we
assume that square roots can be computed exactly in unit time.
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p = {x E ~ Ix 2: o,x 2: 1,x::; 2,x::; 3}.
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We next prove the correctness of the algorithm.

Vol(Et*) < e-t* /(2(n+l)).

Vol(Eo)

Proof. If Xt E P for t < t*, then the algorithm correctly decides that P is
nonempty. Let us now assume that Xo,.·., Xt*-l t/:. P. We will show that P
is empty. To achieve this we will prove by induction on k that PeEk for
k = 0,1, ... , t*. Note that P C Eo, by the assumptions of the algorithm,
and this starts the induction.

We assume that PeEk for some k < t*. Since Xk t/:. P, there'
exists a violated inequality. Let a~(k)x 2: bi(k) be a violated inequality, i.e.,

a~(k)xk < bi(k)' where Xk is the center of the ellipsoid E k . For any x E
we have

a~(k)x 2: bi(k) > a~(k)xk'

Hence, Pc H k where H k is the halfspace

H k = {x E ?Rn
I a~(k)x 2: a~(k)xk}'

Therefore, Pc EknHk. The new ellipsoid Ek+l is constructed byap1plyin19
Theorem 8.1. From Theorem 8.1(a) we obtain E k nHk C Ek+l'

P C Ek+l and the induction is complete.
From Theorem 8.1(b), we obtain

Vol(Et+l) < e-1/(2(n+l)),
Vol(Et )

and

Therefore,

Vol(Et*) < Ve- i2(n+l) log ¥1/(2(n+l)) ::s; Ve- Iog ¥ = v.

If the ellipsoid method has not terminated after t* iterations, then
Vol(Et*) ::s; v. According to the assumptions of the algorithm, this Im:plHJS
that P is empty.

Example 8.1 (The ellipsoid method and binary search) In this
we show that in dimension n = 1, the ellipSOid method closely resembles
search, a technique to decide if several intervals in the real line have a
intersection. In one dimension, ellipsoids are intervals. Consider the DolvhEJdr,



Cramer's rule, the jth component of x = A-Ib is
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Let Eo be the interval [0,5], centered at Xo = 2.5. Since Xo f: P, the algorithm
chooses the violated inequality x s: 2 and constructs an ellipsoid E l that contains
the interval Eo n {x I x s: 2.5} = [0,2.5J. The ellipsoid E l is the interval [0,2.5J
itself. Its center Xl = 1.25 belongs to P. Notice that this is a binary search
algorithm, i.e., it always halves the search interval.

The assumptions of boundedness and full-dimensionality
revisited

In our development of the ellipsoid method, we have assumed that the
polyhedron P is bounded and is either empty or full-dimensional. Moreover,
we assumed that numbers v and V were available, such that if P is full­
dimensional, then v < Vol(P) < V. We next show how to modify the
input to the ellipsoid method if the polyhedron P is unbounded or not full­
dimensional. Moreover, we compute bounds on v and V that depend only

the number of variables n and the largest number in A and b.

We first show that we can restrict our attention to bounded polyhe-

(a) Let x be an extreme point of P. By choosing n linearly
in<ieI)erldEmt active constraints, we see that x satisfies Ax b, where is

n x n invertible submatrix of A, and b is an n-dimensional subvector of
Solving for x, we obtain
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where

n

i.e., the jth column of AJ is the vector b. We can expand the determinant
det(Aj) in the form

n

det(Aj) = 2.':(-1)10-1 ai,o-(i) ,

0- i=l

Since lai,o-(i) I~ U, we obtain

jdet(Aj)j ~ 2.': lai,o-(i) I·
0- i=l

where the summation is over all n! permutations rY = (rY(1), ... ,rY(n») of

(1, ... ,n), aij bj , and aik = CLik for k =J j. Note that IrYl denotes the
number of inversions of the permutation rY [we say that the permutation rY
has an inversion if i < j and rY(i) > rY(j)]. Therefore,

Furthermore, since A is invertible, det(A) =J O. Since all entries in A
integer, Idet(A)j ~ 1. Therefore, the extreme point x satisfies IXjl:::;
for all j.

(b) Exactly the same argument proves the result for polyhedra in stand:artl
form. The only difference is that instead of the n x n matrix A, we
basis matrix B. The dimensions of Bare m x m if A has linearly inclepeIl·
dent rows; otherwise, we eliminate redundant rows of A, and B has
smaller dimension. In any case, n can be replaced by m.

The previous lemma establishes that all extreme points x of the
hedron P = {x E ~n IAx ~ b} are contained in the bounded polybledrbtii
PB defined by

Assuming that the rows of A span ~n, P is nonempty if and only if it h
an extreme point. This is the case if and only if PB is nonempty, and
algorithm can be applied to PB instead of P. Notice that PB is a boun,::!ec
polyhedron contained in the ball E (0, n(nU)ZnI). Therefore, we can
the ellipsoid method with Eo E(O,n(nU)ZnI). Note that the voluITle
Eo is less than



(a) Suppose that P is empty. Consider the infeasible linear pro­
gra,mlnirlg problem

Since the primal problem is infeasible, the dual problem has value +00.
Therefore, there exists some p 2: 0 with
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p'b = 1.p'A=O',
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This number V will be part of the input of the ellipsoid method.
We next discuss the assumption that the polyhedron P, if nonempty,

has full dimension, i.e., it has positive volume. Why do we need this
assumption? If P is nonempty, but has dimension lower than n, then
Vol(P) O. Consider for example the polyhedron P = {(Xl, X2) I Xl +X2

1, Xl, X2 2: a}. Clearly, its volume is zero, even though the polyhedron is
nonempty. Because the polyhedron has zero volume, the algorithm could
terminate after t* steps and decide incorrectly that P is empty.

We next prove that a small perturbation of a nonempty polyhedron
produces a polyhedron that has full dimension.

minimize O'x
subject to Ax > b,

and its dual
maximize p'b

subject to p'A 0'
p > o.

By Lemma 8.2(b), there exists a basic feasible solution p to the constraints
p'A 0', p'b = 1, P 2: 0, such that

(We have n + 1 instead of n, because there are n + 1 equality constraints.)
Since p is a basic feasible solution, at most n + 1 of its components are



Clearly, Q is contained in P. Therefore, Vol(P) :?: Vol(Q). The volurrle
Q can be calculated (Exercise 8.6) as follows:

The ellipsoid method

m 1
f "pA. > - > O.
L.t "- 2
i=l

n n

LAkyk , LAk
k=O k=O

n n

LaijXj - n~ L laiil
j=l j=l

> b· - _f_nU
" nU

bi - f.

m

LPi:S; (n + 1)((n + I)Ur+
1

.

i=l

Chap. 8

p'(b - fe) = 1

n

LaijYj >
j=l
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nonzero and we have

Therefore,

Hence, when b is replaced with b-fe, the value ofthe dual problem remains
+00, the primal problem remains infeasible, and PE is empty.

(b) Let x be an element of P, so that Ax:?: b. Let y be a vector such
IYj - xjl :s; f/(nU) for all j. The ith component of Ay satisfies

Vol(Q) = ~ /det [ 10n. y

Therefore, any such vector y belongs to PE' Furthermore, the set of
vectors y is a cube whose volume is positive.

Part of the input of the ellipsoid method, is a number v such
if the polyhedron P is nonempty, then Vol(P) > v. We next establish
bound on v in terms of the problem data.

Proof. If P has full dimension and has at least one extreme point,
has n +1 extreme points yO, ... , yn which are not on a common hy])erp12Lll
(Exercise 8.5). Let



where a is a nonzero integer, i.e., lal 2: 1. Therefore,
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These estimates lead to an upper bound on the number of iterations of the
ellipsoid method, which is

o(n 4 log(nU)).

If the polyhedron P is arbitrary, we first form the bounded polyhedron
PB [ef. Eq. (8.1)], and then perturb PB as in Lemma 8.3, to form a new
polyhedron PB,t" As already noted, P is nonempty if and only if it has
an extreme point, in which case PB is nonempty. By Lemma 8.3, PB is
nonempty if and only if PB,E is nonempty. We can therefore apply the
ellipsoid algorithm to PB,E, and decide whether P is empty or not. It is not
hard to check that the number of iterations is

complexity of the ellipsoid method

Consider now a polyhedron P = {x E ?Rn I Ax 2: b}, where A, b have
integer entries with magnitude bounded by some U, and assume that the
rows of A span ?Rn . If the polyhedron P is bounded and either empty or
full-dimensional, we have shown in Theorem 8.2 that the ellipsoid method
correctly decides whether P is empty or not in 0 (n log(Vj v)) iterations.
We have shown that we can choose v and V in terms of nand U as follows:

112
~Tol(Q) > = n-n(nU)-n (n+l),
V' nn n~l n~=o(nU)n

and hence Vol(P) > n-n(nU)-n
2
(n+l).

Vol(Q) 2: ~! In~=l ~~=o qf I,

Notice that the ith coordinate of v k is a rational number p1 jqf with Iqf I :::;
(nU)n, using the argument in the proof of Lemma 8.2. Expanding the
above determinant, we obtain

In order to argue that the ellipsoid method correctly decides whether
P is nonempty in polynomial time, we also need to ensure that the number
of arithmetic operations per iteration is polynomially bounded in nand
log U. There are two difficulties, however. First, the computation of the
new ellipsoid involves taking a square root. Although this might seem easy,
taking square roots in a computer cannot be done exactly (the square root
of an integer can be an irrational number). Therefore, we need to show



8.4 The ellipsoid method for optimization

By strong duality, both the primal and dual optimization problems
optimal solutions if and only if the following system of linear inequalities
feasible:

So far we have described the ellipsoid method for deciding whether a poly­
hedron P is empty or not. We next consider the following optimization
problem and its dual:

c

p ~ O.

The ellipsoid method

p > O.

maximize b' P

subject to A'p

Chap. 8

A'p c,Ax~b,b/p = c'x,

minimize c'x

subject to Ax ~ b,

378

that if we only perform calculations in finite precision, the error we make
at each step of the computation will not lead to large inaccuracies in later
stages of the computation. Second, we need to show that the numbers we
generate at each step of the computation have polynomial size. A potential
difficulty is that as numbers get multiplied, we might create numbers as
large as 2u . The number of bits needed to represent such a number would
be O(U), which is exponential in log U.

We can overcome the difficulties mentioned in the preceding para­
graph. It has been shown that if we only use O(n 3 log U) binary digits of
precision, the numbers computed during the algorithm have polynomially
bounded size and the algorithm still correctly decides whether P is empty
in O(n6 10g(nU)) iterations. We do not cover these results as they are very
technical and do not offer much insight.

This discussion leads to the following theorem.

Let Q be the feasible set of this system of inequalities. We can apply the
ellipsoid method to decide whether Q is nonempty. If it is indeed noneJm[)ty
and a feasible solution (x, p) is obtained, then x is an optimal solution
to the original optimization problem and p is an optimal solution to its
dual. If the polyhedron Q is not full-dimensional and is first perturbed
to QE1 as in Lemma 8.3, the ellipsoid method may terminate with
(xc, Pc) E Qc, which does not necessarily belong to Q. However, nrrnr"'1,,rl
that E is sufficiently small, an element of Q can be obtained using a smtalble
rounding procedure. This fact together with Theorem 8.3, leads to
following result.



Sliding objective ellipsoid method
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Figure 8.4: The ellipsoid method initially found a feasible solu­
tion Xt of P. It is then applied to pi = Pn {x E iRn Ic'x < C'Xt},

and generates the ellipsoid indicated in the figure. Its center Xt+l

belongs in pl. The method is then applied to P n { x E iRn I c' X <
C'Xt+l }.

Sec. 8.4

P n {x E iRn Ic'x < c'Xo }

An alternative but more direct method of solving the linear program­
ming problem is to use the so-called sliding objective ellipsoid method, which
we describe next.

We first run the ellipsoid method to find a feasible solution Xo E P = {x E
iRn I Ax 2 b}. It can be shown that the same ellipsoid method can be
applied to linear programming problems involving some strict inequality
constraints. We apply the ellipsoid method to decide whether the set

is empty. If it is empty, then Xo is optimal. If it is nonempty, we find a new
solution Xl in P with objective function value strictly smaller than c'xo.
More generally, every time a better feasible solution Xt is found, we take
P n {x E iRn I c'x < c'xt} as the new set of inequalities and reapply the
ellipsoid method.

Note that in every iteration we add a constraint in the direction of
vector c. All the constraints c'x < C'Xt we add in the course of the algo­
rithm are parallel to each other. This explains the name of the algorithm.
Figure 8.4 illustrates a typical iteration.



8.5 Problems with exponentially many
constraints*
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Performance of the ellipsoid method in practice

The ellipsoid method solves linear programming problems in 0 (n6 Iog(nU))
iterations. Since the number of arithmetic operations per iteration is a poly­
nomial function of n and log U, this results in a polynomial number of arith­
metic operations. This running time compares favorably with the worst­
case running time of the simplex method, which is exponential. However,
the ellipsoid method has not been practically successful, because it needs a
very large number of iterations even on moderate size linear programming
problems. In contrast, the theoretically inefficient simplex method needs a
small number of iterations on most practical linear programming problems.

This behavior of the ellipsoid method emphasizes the pitfalls in iden­
tifying polynomial time algorithms with efficient algorithms. The difficulty
arises because we insist on a universal polynomial bound for all instances
of the problem. The ellipsoid method achieves a polynomial bound for all
instances. However, it typically exhibits slow convergence. There have been
several proposed improvements to accelerate the convergence of the ellip­
soid method, such as the idea of deep cuts (see Exercise 8.3). However, it
does not seem that these modifications can fundamentally affect the speed
of convergence.

Rather than revolutionizing linear programming, the ellipsoid method
has shown that linear programming is efficiently solvable from a theoretical
point of view. In this sense, the ellipsoid method can be seen as a tool
for classifying the complexity of linear programming problems. This is
important, because a theoretically efficient algorithm is usually followed by
the development of practical methods. This has been the case with interior
point methods, which are the subject of the next chapter.

In this section, we explain how the ellipsoid method can be applied to
problems with exponentially many constraints, in order to solve them in
polynomial time. We first describe the main ideas, and then discuss
some length, two particular examples.

Consider the linear programming problem of minimizing dx subject
to constraints of the form Ax 2': b. We assume that A is an m x n matrix
and that the entries of A and b are integer. Recall that the number of
iterations in the ellipsoid method is polynomial in n and log U, where n
is the dimension of x, and U is a bound on the magnitude of the entries
of and b. What is remarkable about this result is that the number of
iterations is independent of the number m of constraints. This suggests
that we may be able to solve, in time polynomial in n and log U, problems
in which the number m of constraints is very large, e.g., exponential in n.



no matter what nand h is. Note that the size of a typical instance of this
problem, as described by nand h, is 0 (nk log Uo).

If we apply the ellipsoid method to a problem with the above struc­
ture, the number of iterations is

which is polynomial in the size of the primary problem data. Does this mean
we have an algorithm which is polynomial in nand Uo? Not necessarily,

bec~allSe we also need to account for the computational complexity of a
typical iteration.

In reference to our description of the ellipsoid method, there are some
algebraic manipulations, such as in Step 2(d). These can be carried out in
polynomial time, up to the necessary precision, as discussed at the end of
Section 8.4. The critical steps, however, are 2(b) and 2(c). In these steps,
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(8.2)

for all subsets 8 of {I, ... ,n}.I>iXi 2: 181,
iES
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This turns out to be possible in several situations, but there are a couple
of obstacles to be overcome, which we discuss next.

The first obstacle is the following. If m is, for example, equal to 2n ,

we need O(2n ) time just to input problem data, such as the matrix A. An
algorithm which is polynomial in n would then appear to be impossible.
The way around this obstacle is to assume that the input A and b is not
given as an explicit listing of all entries. Instead, we will assume that A
and b are given in some concise form, maybe in terms of formulas involving
a relatively small number of parameters. For a concrete example, consider
the set of constraints

(More natural examples will be provided in Examples 8.2 and 8.3.) We have
here a total of 2n constraints, but they are described concisely in terms of
the n scalar parameters al,'." an.

We are interested in the problem of minimizing a linear cost function
over a polyhedron P, where P is assumed to belong to a particular family
of polyhedra. The polyhedra in this family can have arbitrary dimension,
but they must have a special structure, in the following sense. A typical
polyhedron is described by specifying the dimension n and an integer vector
h of primary data, of dimension O(nk), where k 2: 1 is some constant. [In
our example, h = (al,.'" an) and k = 1.] Let Uo be the largest magnitude
of the entries of h. We then have some mapping which, given nand
defines an integer matrix A, with n columns, and an integer vector b. No
restriction is placed on the number of rows of A. Let U be the largest
magnitude of the entries of A and b. The only assumption that we make
is that there exist constants C and i! such that



In fact, under some technical conditions the converse is also
i.e., we can solve the separation problem for a family of polyhedra in
polynomial in n and log U, if and only if we can solve the optiuQizatjon

we need to check whether the current vector x is feasible and, if not, we
have to display a violated constraint. In general, this is accomplished by
examining each one of the m constraints. But if m is exponential in n,
this would result in an exponential time algorithm. Hence, the key to a
polynomial time algorithm, when m is large, hinges on our ability to carry
out Steps 2(b)-(c), in polynomial time. These steps are important enough
to have a name of their own.

In the terminology of Chapter 4, if x 1- P, then the separation problem
is nothing but the problem of finding a separating hyperplane. It is also
the same as the problem encountered in each iteration of the cutting plane
method of Section 6.3.

Let us note a small difference between the above definition and Steps
2(b)-(c) of the ellipsoid method. The ellipsoid method, in the form that we
gave it, asks for a separating hyperplane which corresponds to one of the
constraints in the description of P. In the separation problem, however, any
separating hyperplane is acceptable. It turns out that this difference is of no
significance. It can be easily verified that all the properties of the ellipsoid
method remain valid if we allow for general separating hyperplanes.

Let us now assume that we can somehow solve the separation problem
(for the polyhedra within the family of interest) without having to examine
all the constraints, and that this can be accomplished in time polynomial
in n and log U. As will be seen in Examples 8.2 and 8.3, this is sometimes
possible. Then, the computational requirements of each iteration are poly­
nomial in n and log U, and the overall running time of the ellipsoid method
is also polynomial in n and log U (as well as polynomial in n and log Uo).
We summarize our discussion in the following theorem.

The ellipsoid methodChap. 8382



b(S)={ele {i,j}, iES, j'f-S}.

In particular, b({i}) is the set of edges incident to i. Since in every tour, each
node is incident to two edges, we have

The following linear programming problem provides a lower bound (see also Sec­
tion 10.2) to the optimal cost of the traveling salesman problem:
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iEN,

SeN, S=f'0,N,

i EN.

SeN, S=f'0,N.L X e 2: 2,
eEo(S)
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minimize LCeXe

eEE

subject to
L

X e 2,
eEoC{i})

L X e 2: 2,
eEo(S)

X e :::: 1,

X e 2: O.
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L X e =2,
eEo({i})

In addition, if we partition the nodes into two nonempty sets Sand N \ S, then
in every tour there are at least two edges connecting Sand N \ S. Therefore,

problem over the polyhedra in that family in time polynomial in nand
log U. We illustrate these ideas with the following two examples. (See also
Exercise 8.10 for an application of the converse to Theorem 8.5.)

Example 8.2 (A bound for the traveling salesman problem) One of the
most famous problems in discrete optimization, the traveling salesman problem,
is defined as follows. Given an undirected graph G = (N, E) with n nodes, and
costs Ce for every edge e E E, the goal is to find a tour (a cycle that visits all
nodes) of minimum cost. In order to model the problem, we define for every edge
e E E a variable X e , which is 1 if edge e is included in the tour, and 0 otherwise.
To facilitate the formulation we define for every nonempty SeN,

This problem has an exponential number of constraints, because N has 2n
- 2

nonempty proper subsets S. From the previous discussion, in order to solve this
problem in polynomial time, it suffices to be able to solve the separation problem
in polynomial time.

We next show how to solve the separation problem in polynomial time.
Given a vector x*, we need to check whether it satisfies the above constraints and
if not, to exhibit a violated inequality. We first check whether

L x: =2,
eEo({i})

for all i E N (there are only nof these constraints). The constraints 0 :::: x: :::: 1
are also easily checked. In order to check whether one of the remaining constraints



L x: < 2.
eE8(So)

where the notation peA) denotes the probability of event A. Moreover, we
made a judgement on a lower bound for the joint probability of these events.
particular, we believe that
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i E N,

i,jEN,i<j.

P(A i ) ::: pi,

peA; n A j ) 2 Pij,
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L x: 2 L x: 22.
eE8(S) eE8(So)

If not, then the inequality corresponding to the set So is violated, i.e.,

Example 8.3 (A probability consistency problem) We are given n events
A l , ... , An in a probability space. Let N = {I, ... , n}. Based on some informa­
tion we have obtained, we believe that

is violated, we consider the graph G and assign a capacity x; to every edge e E E.
We then calculate a minimum cut, where the minimum is also taken over all
choices of the source and sink nodes. Let So be a minimum cut. If the capacity
of this cut is larger than or equal to 2, then the point x* is feasible, since for all
S,

Finding a minimum cut in a directed graph is equivalent to solving a maximum
flow problem (see Section 7.5), and this can be done in polynomial time. By
replacing each undirected edge e by two directed arcs, it follows that we can also
solve the minimum cut in an undirected graph in time polynomial in n. Thus, we
can solve the separation problem in polynomial time and therefore, by Theorem
8.5, this particular bound to the cost of an optimal traveling salesman tour can
be computed in polynomial time.

L xeS) 2 Pij·

{S[i,jES}

Given the numbers Pi and Pij, which are between 0 and 1, we would like to
whether these beliefs are consistent with the laws of probability.

In order to completely specify a probability space we should assign
ical values to the probabilities

L xeS) :::Pi.

{S[iES}

Moreover, since P(A i n A j ) 2 Pij,

for all2n subsets S of N = {I, ... ,n}. Here, Ai are the complements of the
Ai. Note that xeS) represents the probability that events Ai, i E S, occur
none of the events Ai, i t/:. S, does. We treat the probabilities xeS) as variables.
Since P(Ai ) ::: Pi, we have



L PijY;j + LPiU; + z* ::::: -1,
i,jEN,i<j iEN

L Yij + LUi + Z ~ 0, V 8,
i.jES,i<j iES
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i,jEN, i<j.

1(8) = L Y;j + LU;'
i,jES,i<j iES

L Y;j +L u; + z* ~ °
i,jES,i<j iES

L x(8) ::::: Pi, i E N,
{SliES}

L x(8) > Pij, i,j E N, i < j,
{SIi,jES}

LX(8) 1,
S
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Yij ::::: 0, Ui ~ 0,

L PijYij + LPiUi + z ::::: -1,
i,jEN,i<j iEN

Sec. 8.5

Finally,

Y;j ::::: 0, Ui ~ 0,

satisfied. Ifnot, we have identified a violated inequality. Otherwise, it remains
check whether the inequality

for all 8.
Since there are exponentially many sets 8 we cannot check them individ­

lly in polynomial time. We will instead look for a set 8 that minimizes 1(8),

LX(8) = 1,
S

and x(8) ~ °for all sets 8. Therefore, the beliefs regarding the probability
distribution are consistent if and only if the following system of linear inequalities
is feasible:

x(8) > 0, V 8.

Note that this system has an exponential number of variables, namely 2n
.

Consider the problem of maximizing Ls Ox(8) subject to the above con­
straints. Using duality, this linear programming problem is feasible if and only if
there does not exist a vector (u, y, z) such that

We have therefore reduced the probability consistency problem to checking wheth­
er the above system of (exponentially many) inequalities is infeasible. We will
show that the corresponding separation problem is solvable in polynomial time.

The separation problem is as follows: given a vector (u*, y*, z*) we would
to check whether it satisfies all of the constraints and if not, find a violated

illElqtlalilty. We first check whether the inequalities



Let 50 be a set that achieves the minimum. If f(50 ) :::: -z*, the vector (u*, y*, z*)
is feasible. If not, we have

L Y;j + L u; + z* < 0,
idESo,i<j iESo

The ellipsoid method
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c(5) = f(5)-
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Therefore, the problem of minimizing f(5) reduces to the problem of finding
minimum cut in G. Since we can find a minimum cut in a network in po!ynLoITlial
time, we can solve the separation problem in polynomial time. Therefore, by
orem 8.5, we can solve the original probability consistency problem in polyn.OITlia!
time.

Arcs of the form (s,(i,j)), have capacity -Y;j' Arcs of the form (i,t) have

capacity u;. Arcs of the form ((i,j),i), and arcs of the form ((i,j),j) have
infinite capacity. For an example, see Figure 8.5.

In Exercise 8.7, the reader is asked to verify that every minimal capacity
s-t cut in the network G is of the form {s} U W U 5, where 5 is some subset
of {I, 2, ... ,n}, and W = {(i, j) liE 5, j E 5}. In particular, the cut can be
completely characterized by the set 5, and we use c(5) to denote its capacity.
Furthermore, c(5) is given by

A = {(s, (i,j)) I (i,j) E VI}

U {(i, t) liE V2 }

U {((i,j),i) I (i,j) E VI, i E V2}

U {((i,j),j) I (i,j) E VI, j E V2}'

and the inequality associated with 50 is violated.
We next reduce the problem of minimizing f(5) to a minimum cut problem.

We construct a network G = (VI U % U {s, t},A), where VI = {(i,j) I i,j E
N, i < j, Y;j < O}, V2 = {i liE N, u; > O}, and

In the exercises, we will use the equivalence of separation and
timization to show that we can compute bounds for the optimal cost
difficult integer programming problems in polynomial time. These bOlllncls
are obtained by solving linear programming problems with an exponelltl:al
number of constraints.

As a final note, we remark that an efficient algorithm for the Sel)aJ~a..
tion problem leads not only to a polynomial algorithm for the optimizatio
problem, but also to a potentially practical cutting plane method (see al
Section 12.5). As discussed in Section 6.3, the cutting plane method
lies on the ability to identify a violated constraint, whenever we have
infeasible solution. This is the same as solving a separation problem.
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](8) + z* 2: ](80 ) + z* = -1 + 2 = 1 > 0, 'i 8,

and the given solution (y*, u *,z*) is feasible.

Summary

Figure 8.5: Suppose we want to check whether the solution
yi2 = -2, yi3 = yi4 = -4, Y~3 = -4, Y~4 = -1, Y34 = -7,
ui = 9, u~ = 6, Us = 4, u~ = 2, and z* = 2 satisfies the family
of constraints I.:i,jES y7j + I.:iES u7 + z* 2: °for all 8 c N. We
construct the network G shown in the figure and compute the min­
imum cut. (The numbers next to each arc are the arc capacities.)
The minimum cut indicated corresponds to the set 80 {3,4}.
The value of the cut is c(80 ) 21. Then,

](80 ) L Y;j+ Lu;=-7+4+2=-1,
i,jESo,i<j iESo

Sec. 8.6

this chapter, we presented the notion of an efficient algorithm, defined
one that solves all instances of a problem in time polynomial in the
of the instance. We recalled that the simplex method is not an efficient

algorithJffi in this sense, as there are examples where it needs an exponential
numt)er of iterations to find an optimal solution. We then showed that the
llipsoid method is a polynomial time algorithm.

In addition, we introduced the separation problem for a family of
polyhedra and showed that the ellipsoid method can solve linear program­
'rning problems with an exponential number of constraints in polynomial
ime, provided that the separation problem is solvable in polynomial time.

this respect, the ellipsoid method can be seen as a tool for classifYing
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8.7 Exercises

the complexity of large scale linear programming problems.
The fact that the linear programming problem belongs to the class of

polynomially solvable problems is a fundamental and deep property. How­
ever, given that the ellipsoid method is not a practical algorithm, one might
have legitimate concerns about the relevance of the concept of polynomial
time solvability. In the next chapter, we resolve this question by intro­
ducing algorithms for linear programming that are polynomial as well as
practical.

R'R I,

Exercise 8.1 Let e1 = (1,0, ... ,0) and u ERn. We introduce the following
matrix:

Exercise 8.2 Let D be a symmetric positive definite matrix and z E Rn
.

a vector a, let R be a rotation matrix such that RD1/2a = IID1/ 2alle1
Exercise 8.1). Let T(x) be the affine transformation defined by

Let E' = E(z,

Let

Prove that

Exercise 8.3 * (Deep cuts) In this exercise, we show how to construct
that are deeper than the ones we have used in this chapter. Let P = {x E

Ax:::: b}. Let E = E(z,D) be an ellipsoid in Rn such that PeE.
that a'x :::: b is a violated inequality and hence a'z < b. In Theorem 8.1,
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C'Xt :s; z + E,

minimize c'x
subject to Ax 2: b,

b - a'z
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P {xERn[Ax2:b}

be full-dimensional if it has positive volume. Assume that P is bounded and
I rows of A are nonzero. Show that the following are equivalent.

The polyhedron P has full dimension.

There exists a point x in P such that Ax > b.

There are n+1 extreme points of P that do not lie on a common hyperplane.

let z be the optimal cost. We assume that the entries of A, b, and care
and have absolute value bounded by U. Fix some E > O. Prove that the

objective ellipsoid method finds a solution Xt with cost

constructed a new ellipsoid E' that contains E n {x I a'x 2: a'z}. However, the
polyhedron P is also contained in the smaller set E n {x Ia'x 2: b}. Let

a number of iterations polynomial in n, logU, and log(l/E).

Let also

EJi:ercisie 8.4 * (The sliding objective ellipsoid method) Let P = {x E
I Ax 2: b} be a bounded full-dimensional polyhedron with at least one ex­

point. Consider the linear programming problem

The matrix D can be shown to be positive definite and thus E" = E(z, D) is an
eHips()id. Show that:

(a) E n {x Ia'x 2: b} C E".

(
2( 2») (n-l)/2 ( )

(b) Vol(E") = n 1 anI a Vol(E).
n 2 1 n + 1

I<;Ji(lP.lr~islP. 8.5 (Characterization of fun-dimensional polyhedra) We have
a polyhedron
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VeE E.

i,jEN,i<j

f(8) -

minimize LCeXe

eE£

subject to LXe > 1, V K E lC,
eEK

0:::; X e :::; 1, VeE E.

subject to L X e 2: f(8), 8 eN, 8 i= 0,N,
eE8(S)

0:::; X e :::; 1,
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Exercise 8.7 Consider the network G in Example 8.3.

(a) Show that every minimal capacity s-t cut in the network G is of the form
{s} U W U 8, where 8 is some subset of {I, 2, ... ,n}, and W = {(i,j) liE
8, j E 8}.

(b) Show that the capacity of such a cut is equal to

minimize L CeX e

eE£

Prove that

Exercise 8.6 Let V
k

, k = 0, ... ,n, be n + 1 given vectors in R n
. Let

Exercise 8.8 (The min-cut problem, revisited) Given an undirected graph
G = (N, E), two special nodes s, tEN and weights Ce for all e E E, we would
to find a minimum weight set of edges that intersects every path from s to t.
lC be the set of all such paths. One way of formulating this problem is as follows:

It turns out that the extreme points of the feasible set are vectors with 0 ­
coordinates, and that an optimal basic feasible solution corresponds to a minirnUJm
cut. Prove that the associated separation problem can be solved in po.lynoIYlial
time.

Exercise 8.9 Given a complete undirected graph G = (N, E) (all possible
are present) and a function f(8) defined for all 8 eN, consider the problem

The above linear programming problem provides a lower bound for the opti
cost of the corresponding integer programming problem, in which each X e

take values 0 or 1. Solve the separation problem for the linear pn)gI'aullI1Jlit
problems corresponding to the following cases.



and the following linear programming problem:

The corresponding integer programming problem is called the Steiner tree
problem.
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V S,T c N.

for 1 :;. j :;. k,

for j > k.

if S cT,

if S n T i: 0, T,
otherwise.

f(sj-I ),

{
1,
0,

f(S) :;. f(T),

f(S)

f(S) + f(T) 2': f(S n T) + f(S U T),

Exercises

and f(0) = O. Consider the polyhedron

(a) Let

pC!) = {x 2': 0 I I>j:;' f(S), V Se N},
jES

n

maximize L CjXj

j=1

subject to L Xj :;. f(S), S c N,
jES

Xj 2': 0, j EN.

Suppose that CI 2': Cz 2': ... 2': Ck > 0 2': CHI 2': ... 2': Cn· Let sj
{1, ... ,j} for j E N, and Sa 0. By considering the dual problem, prove
that the following solution is optimal

f(S) = max r e ,
eE8(S)

where re 2': 0, for all e E E. The corresponding integer programming
problem is called the survivable network design problem.

(b) Given a set T c N, let

Sec. 8.7

(b) Consider a submodular, but not necessarily nondecreasing, set function
f(S). Let

frnon(S) = min {J(T) IS c T c N} - min {f(T) IT c N}.

Exercise 8.10 * (Submodular function minimization) We are given a fi­
nite set N = {1, ... ,n}, and a function f (S) defined for all subsets S of N. We
assume that f(S) is submodular, that is

In this exercise, we show how to use the equivalence of separation and optimiza­
tion to solve the problem of minimizing f(S) over all S c N.

(a) Suppose first that f(S) is submodular and nondecreasing, Le.,



8.8 Notes and sources

(c) Assume that for all S, f(S) is integer and If(S)1 :::; U, for some U. Using
the equivalence of separation and optimization show that the problem of
minimizing a submodular function can be solved in a number of iterations
polynomial in n and log U, where each iteration involves evaluating the
given submodular set function f(S) for a particular set S. Assume that any
technical conditions needed for the converse of Theorem 8.5 are satisfied.

The ellipsoid methodChap. 8

P(f) = P(fman).

Prove that fman(S) is submodular and nondecreasing, and that
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8.1 The idea to measure the running time of an algorithm as a function
of the size of its input is quite old. The polynomial time criterion
is mentioned implicitly by von Neumann (1953) and explicitly by
Cobham (1965) and Edmonds (1965a). Edmonds (1965b) introduced
the term "good" for polynomial time algorithms. The relationship
between the arithmetic and the bit model is discussed in Schrijver
(1986). This reference provides a careful analysis of the fact that the
Gaussian elimination algorithm only produces numbers whose size is
bounded by a polynomial in n and in the size of the entries of the
matrix to be inverted.

8.3 The ellipsoid method was developed by Shor (1970), and Yudin and
Nemirovskii (1977). It has its origin in the method of centers of
gravity due to Levin (1965), in which simplices rather than ellipsoids
were used. The polynomial time complexity of the method was shown
by Khachian (1979). A full proof of the polynomiality of the ellipsoid
method can be found in the books by Papadimitriou and Steiglitz
(1982), and Grotschel, Lovasz, and Schrijver (1988).

8.4 The book by Grotschel et al. (1988) contains an extended treat­
ment of the ellipsoid method (including the sliding objective ellipsoid
methDd)"-

8.5 The observation that the ellipsoid method can be used to solve
programming problems with an exponential number of COllstraints
was made independently by Padberg and Rao (1980), Grotschel et
(1981), and Karp and Papadimitriou (1982). The book by Gr(jtsc;hel
et al. (1988) establishes the equivalence of separation and optimiza­
tion and contains several further applications of the ellipsoid mE~th<od.

8.7 The ellipsoid method with deep cuts (Exercise 8.3) is described
the survey paper by Bland, Goldfard, and Todd (1981). The pro'blern
of minimizing a submodular set function (Exercise 8.10), is a
tral problem in discrete optimization. For a thorough discussion,
Grotschel et al. (1988).
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The simplex method solves linear programming problems by visiting ex­
treme points, on the boundary of the feasible set, each time improving the
cost. In the mid 1980s new algorithms for linear programming were devised
that find an optimal solution while moving in the interior of the feasible set;
for this reason, they are generally called interior point methods. In practice,
these methods are competitive with the simplex method and, especially for
large, sparse problems, they often outperform the simplex method.

Interior point methods represent a significant development in the the­
ory and practice of linear programming. They combine the advantages of
the simplex method and of the ellipsoid algorithm. From a theoretical
point of view, they lead to efficient (polynomial time) algorithms and use
interesting geometric ideas; from a practical point of view, they allow the
solution to large scale problems that arise in many applications.

In order to understand the key aspects of interior point methods, we
will present their three major types and discuss their geometry.

(a) The affine scaling algorithm. This is perhaps the simplest inte­
rior point algorithm. It combines simplicity with very good practical
performance. In some ways, this algorithm is the closest to the sim­
plex method. It has been observed empirically that if we start the
algorithm near an extreme point, it moves (approximately) along the
edges of the feasible set. The algorithm illustrates well one of the
central geometric ideas in interior point methods: approximating a
polyhedron by an ellipsoid. We have already seen this idea in the con­
text of the ellipsoid method. The difference is that in interior
methods, the approximating ellipsoid is contained in the polybledrOIl,
while in the ellipsoid method the approximating ellipsoid contains
polyhedron.

(b) The potential reduction algorithm. This algorithm mtroc[uces
the second idea in interior point methods. Rather than m(~asurjlrig;

progress towards optimality by the reduction in the objective
tion value (as both the simplex and affine scaling algorithms do),
measure progress by the reduction in a certain nonlinear poteIltilil.
function. This potential function attempts to balance two COll1ti:lcting;
objectives:

(i) decreasing the objective function value, and,

(ii) staying away from the boundary of the feasible set.

We will construct an algorithm of this type, which has po[ynoIIlial
time complexity.

(c) Path following algorithms. This class of algorithms combines
cellent behavior in theory and practice. It is based on three

(i) transform the constrained linear programming problem to
unconstrained one, by incorporating the constraints in a 10
rithmic barrier function that imposes a growing penalty as



9.1 The affine scaling algorithm

In this section, we present one of the most efficient and yet simple interior
point algorithms for solving the linear programming problem

approach the boundary (this barrier function is similar to the
potential function in the potential reduction algorithm);

(ii) solve the unconstrained logarithmic barrier problem approxi­
mately by applying Newton's method, which is a technique for
solving nonlinear equations or unconstrained optimization prob­
lems;

(iii) as the strength of the barrier function is decreased, the optimum
of the unconstrained problem follows a certain path (hence the
term "path following") that ends at an optimal solution to the
original problem.

We present both a primal version that matches the time complexity
of the potential reduction algorithm and a primal-dual version that
has excellent practical performance and is the method of choice in
large scale implementations.

395The affine scaling algorithmSec. 9.1

minimize e'x
subject to Ax b

x > 0,

and its dual
maximize p'b

subject to p'A::; e',

where A is an m x n matrix.
The main geometric idea in this algorithm is the following. Let P =

{x I Ax = b, x ~ O} be the feasible set. We will call {x E P I x > O}
the interior of P and its elements interior points. While it may be difficult
to minimize c'x over the polyhedron P in closed form, it is rather easy
to optimize the same cost function over an ellipsoid, and the solution can
be obtained in closed form. So, instead of minimizing directly over P,
we solve a series of optimization problems over ellipsoids. Starting with
a feasible solution x O > 0, in the interior of P, we form an ellipsoid So
centered at x O, which is contained in the interior of P. We then optimize
the linear objective c'x over all x E So, and find a new interior point Xl.

We draw another ellipsoid Sl centered at xl and proceed in a similar way.
See Figure 9.1 for an illustration.

We now recast these geometric ideas in algebraic terms. The first step
is to create an ellipsoid centered at a given vector y such that all elements
of the ellipsoid are positive.
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Figure 9.1: Illustration of the affine scaling algorithm. The
vector Xl minimizes c'x over all x in the ellipsoid centered at xo.
The vector x 2 minimizes c'x over all x in the ellipsoid centered at
Xl.
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Proof. Let x E 8. Then, for each i, we have (Xi - Yi? :::; f32 y'f <
Therefore, IXi Yil < Yi' In particular, -Xi + Yi < Yi and it follows th
Xi> O.

Fix some y E ~n satisfying y > 0 and Ay = b. Let Y = diag(Yl'
Yn) denote the n x n diagonal matrix whose diagonal entries are Yl, ... ,
(Note that Y is invertible, since its diagonal entries are positive.)
the relation x E 8 can be written as

where 11·11 stands for the Euclidean norm. The set 8 is an ellipsoid
at y. The set 80 = 8 n {x I Ax = b} is a section of the ellipsoid
and is itself an ellipsoid contained in the feasible set; see Figure 9.2.
next replace the original linear programming problem with the nrl.hlpl'li



We introduce a new variable d = x y. Since y is feasible, we have
Ay = b. Furthermore, for every x E So, we have Ax b. It follows that
Ad = O. If we optimize over d, instead of x, the problem (9.1) becomes

minimizing over the ellipsoid So:

397

(9.1)

(9.2)
minimize c'd

subject to Ad 0
Ily-1dll :s; p.

minimize c'x
subject to Ax b

lIy-l(x y)ll:s; p.

The affine scaling algorithm

Figure 9.2: The sets S and So for the case where n = 2 and
there is a single equality constraint Xl + X2 1.

Sec. 9.1

We now derive a closed form solution to the problem (9.2).



y-1d* _ -(3 Y(e - A'p)
- IIY(e-A'p)II'

e'd = (e' piA)d

(e' - p'A)yy-1d

> I/Y(e - A'p)/I· Ily-1dll

> -(3/1Y(e A'p)/I.
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which shows that Ily-1d* II = (3. In order to show that Ad* = 0, it SUitiCfoS

to show that Ay2 (e - A'p) 0, and this follows from the definition of p.
We next show the optimality of d*. For any feasible solution d

problem (9.2), we have Ad 0 and lIy-1dll :S (3. Using these facts
the Schwartz inequality (see Section 1.5), we obtain

e'd* (e' piA)d*

I I y 2 (e - A'p)
-(e - p A)(3//Y(e A'p)/I

(Y(e - A'p)) I (Y(e A'p ))

-(3 /lY(e - Alp)/I

-(3/1Y(e - A'p)/I·

On the other hand,

Proof. Let d* and p be as defined in the statement of the lemma. We
first argue that the matrix Ay2A' is invertible so that p is well defined. If
it is not invertible, there exists some z =1= 0 such that ZlAy2 A'z = O. Let
w = YA'z. We then have w'w = 0 which implies that w = O. Since Y
has positive diagonal entries, it follows that A'z 0, which means that the
rows of A are linearly dependent, contradicting our assumption. Also, since
c is not a linear combination of the rows of A, it follows that e A'p =1= 0
and d * is well defined.

We now show that d* is a feasible solution to problem (9.2). We have

It follows that d* is optimal. In addition, e'x = e'y + e'd* =
(3/1Y(e - A'p)/I, which is strictly smaller that e'y because e - A'p
Finally, x E P, because the feasible set So of the problem (9.1) is corltai]J.'
in P.

Note that if d* 2: 0, the feasible set of the original linear pf()gr'anlmi
problem is unbounded, since x+ad* > 0 for all a > 0, and Ad* = O.
that e'd* < 0 (Lemma 9.2), it follows that the optimal cost in the
problem is -00.

We next provide an interpretation of the formula for p. r1.1 I,UU' U!',J

Lemma 9.2 we use some y > 0, let us examine what happens if we
be a nondegenerate basic feasible solution and apply the same formuls
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A'p is nonnegative. In this case, the vector p
Note, in addition, that

The afEne scaling algorithmSec. 9.1

which is the corresponding dual basic solution (see Chapter 4). Hence,
we call the vectors p, corresponding to the primal solutions y, the dual
estimates even if y is not a basic feasible solution. Moreover, the vector

c - A'p becomes

the difference in objective values between the primal solution y and the
solution p is simply r'y. We call this difference the duality gap. By
duality, the duality gap r'y is always nonnegative. If r'y 0, then

complementary slackness conditions hold and the vectors y and pare
and dual optimal solutions, respectively.

We next show that if the duality gap satisfies r'y < c, where c > 0 is
then the primal and the dual solutions are near-optimal.

define a vector p. Let B be the corresponding basis. We assume without
loss of generality that the first m variables are basic, so that A = [B N] for
some matrix N of dimensions m x (n - m). If Y diag(Yl' ... , Ym, 0, ... ,0)
and Yo = diag(Yl,"" Ym), then AY = [BYo 0] and

p (Ay2A')-lAy2c

(B')-lYo2B-IBY6cB

(B')-lCB,

which is the reduced cost vector in the simplex method. Notice that if y is
degenerate, then the matrix Ay2A' is not invertible, and this interpretation
breaks down. We will assume that all primal basic feasible solutions are
nondegenerate.

Suppose that r = c
is a dual feasible solution.

Since y is a primal feasible solution and y* is an optimal primal
~olution, c'y* ~ c'y. By weak duality, h'p ~ c'y*. Since e'y h'p < c, we



There are other variants of the affine scaling algorithm, which
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h'p* = e'y* s: e'y < h'p + E.
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Similarly, we obtain

The previous lemma suggests a termination criterion. The algorithm
terminates when r 2: 0 (dual feasibility) and the duality gap r'y y'r
e'Yr is small, where e (1,1, ... ,1). Then, the primal and dual solutions
y and p are "near-optimal" in the sense that their cost is within E from
optimality (E-optimal).

We can now provide a complete description of the algorithm. Here, k
is an integer variable used to index successive iterations and Eis a no:nn4~g­

ative constant used to measure the closeness to optimality in the sense
Lemma 9.3. Furthermore, the vector x k and the matrix X k play the
of y and Y, respectively.

The affine scaling algorithm algorithm uses the following inputs:

(a) the data of the problem (A, h, e);

(b) an initial primal feasible solution xO > 0;

(c) the optimality tolerance E> 0;

(d) the parameter (3 E (0,1).
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(9.4)

maxi IUil,

max{Ui IUi > O}.

Ilull oo

'Y(u)

The affine scaling algorithm

the choice of stepsize. Given a vector u, we introduce the notation:

is easy to check that

X 2 k

xk+1
= xk

- (3 'YC;:rk ) . (9.5)

that the new vector x k+l, as determined by both long-step versions,
also feasible and positive. This is because Eq. (9.4) yields

Sec. 9.1

The version of affine scaling we presented is called the short-step method.
In contrast, in long-step variants, we update in the same direction - X%rk

but take a larger step. More specifically, Eq. (9.3) is replaced by

In particular, we have for all i, Ix7+l - xfl/xf ~ (3 < 1, which implies that
x7+l > O. [The argument under the stepsize in Eq. (9.5) is similar]. In
addition, since long-step methods make a larger step along a direction of
cost decrease, the resulting reduction in the objective function is largest for
the stepsize in Eq. (9.5) and smallest for the stepsize in Eq. (9.3). As a
result, the stepsize in Eq. (9.5) is more popular in practice.

At this point, several questions arise naturally and will be addressed
shortly.

(a) Does the affine scaling algorithm terminate?

(b) How do we start the algorithm?

(c) How does the algorithm perform in practice?

convergence of the affine scaling algorithm has attracted a lot of re­
activity. Nevertheless, its convergence has been understood only

:rec:ently We state some assumptions and summarize the main convergence
that are available. A related convergence result will be proved in

next section.
We will first impose the following set of assumptions, without loss of
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Note that if Assumption 9.1(b) fails to hold, then there exists some
vector p such c' = piA. In that case, the cost of every feasible vector x is
the same, namely c'x = piAx = p'b, and every feasible solution is optimaL
Regarding Assumption 9.1(d), we will show later that any problem can be
modified so that it has a positive feasible solution.

We will also invoke the following nondegeneracy assumption for the
primal and the dual problems.

Assumption 9.2(b) implies that for every basic feasible solution to
primal, the corresponding dual basic solution is nondegenerate.
Assumptions 9.2(a)-(b) and 9.1(c) imply that both the primal and the
problems have a unique optimal solution.

Next, we present the principal convergence results for the lOIH!-:Ste
affine scaling variants. The results for the short-step algorithm are
and we will discuss them in detail in the next section.

Note that in part (b) of the theorem, degeneracy is allowed.
proof for this case is rather involved, and is not well understood



Initialization

In order to start the affine scaling algorithm, we need an interior feasible
solution. Such a feasible solution can be constructed as follows. Let e E !Rn
be the vector with all components equal to 1. We introduce a new variable
Xn+l' We create a new column A n +1 = b Ae and consider the problem

rically. Moreover, there exists an example (see Exercise 9.4) that satisfies
Assumption 9.1, but not Assumption 9.2, such that if (3 > 2/3, the sequence
pk does not converge. However, no example has been constructed so far,
in which the primal iterates also fail to converge. Thus, although we know
that the value (3 = 2/3 is the right threshold below which dual convergence
is guaranteed, the corresponding threshold for primal convergence is not
known.
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b
c'x + MXn +l
Ax + (b Ae)xn +l
(x, Xn +l) ::::: 0,

minimize
subject to

The affine scaling algorithmSec. 9.1

Computational performance

The main advantages of the affine scaling algorithm are its simplicity and
its excellent performance in practice. At each iteration, the computational
bottleneck is the calculation of the dual estimates pk. This involves com­
puting the matrix AXkA', which takes O(m2n) arithmetic operations. We
then solve a system of linear equations involving the matrix AXkA', which
takes O(m3 ) arithmetic operations. In total, each step of the algorithm
needs O(m2n + m 3 ) arithmetic operations. Since m ::; n, the total number
of arithmetic operations per iteration is O(n3 ).

It has been observed that if we start the algorithm very close to an
extreme point, it tends to travel along the edges ofthe feasible set (approx­
imately). As a result, it is widely believed, but not formally proven, that
the running time of the affine scaling algorithm is exponential in the worst
case. Moreover, if the current point is near the boundary of the feasible
set, the approximating ellipsoids can be very small and the algorithm takes
small steps. On the other hand, if the current point lies "deep" inside the
feasible set, the approximating ellipsoids are large and the algorithm makes
rapid progress. Indeed, it has been observed that the objective function

where M is a large positive scalar. Notice that (x, Xn+l) = (e, 1) is a
positive feasible solution to the augmented problem and the affine scaling
algorithm can be applied. If M is very large, and as long as the original
problem has an optimal solution, it can be shown that an optimal solution
to the augmented problem will have Xn+l 0, and will therefore provide an
optimal solution to the original problem. (See also Theorem 9.6 in Section
9.3 for some related results.)



By introducing slack variables we transform the problem to:

Example 9.1 In order to illustrate how the algorithm works, we consider
following example:

Interior point methods

scaling*

Chap. 9

maximize Xl + 2X2

subject to Xl + X2 :s; 2
-Xl + X2 < 1

Xl, X2 2" o.

minimize -Xl 2X2

subject to Xl + X2 + X3 2
-Xl + X2 + + X4 1

XI,X2,X3,X4 2" o.

Convergence of a..l.Jl.l. ...... 'C'

Figure 9.3: The trajectory of the the short-step affine scaling
algorithm in Example 9.1.
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value decreases very fast in early iterations, but the rate of decrease
down considerably in the vicinity of an optimal solution.

Starting with the vector (Xl, X2, X3, X4) = (0.1,0.1,1.8,1) and using (3 =
obtain the sequence of iterates for the short-step affine scaling algorithm
in Table 9.1. The trajectory of the algorithm is depicted in Figure 9.3.

In this section, we prove the convergence of the short-step affine
algorithm, in the absence of degeneracy, for every (J E (0,1). Under
same assumptions, the proof for the long-step version with the stE)psize
Eq. (9.4) is similar and will be left as an exercise.

In preparation for the proof, we introduce some terminology. Co
sider a sequence x k , k = 1,2, ... , and let kj , j = 1,2, ... be an increasi

9.2



(a) Consider some x E P and let N = {i I Xi > O}. If the columns Ai,
i E N, are linearly dependent, there exist coefficients Ai, i E N, not
all of them zero, such that

Xl 0.100 0.144 0.198 0.262 0.364 0.530 0.546 0.499

X2 0.100 0.188 0.359 0.667 1.068 1.339 1.439 1.491

405Convergence of affine scaling*

Table 9.1: The results of consecutive iterations of the short-step
affine scaling algorithm with j3 = 0.995. Note that the optimal
solution is xt = 1/2 and X2 = 3/2.

Sec. 9.2

sequence of positive integers. Then, the sequence x k1 , x k2 , ... , is said to
be a subsequence of the original sequence. The limit of a subsequence, if it
exists, is said to be a limit point of the original sequence. We will use the
following basic fact from real analysis, which we state without proof.

/
We will also use some consequences of our nondegeneracy assump­

tions, which are summarized in the following result. Roughly speaking, it
that for the nondegenerate case, any feasible solution has at least m

nn:~it:ivp components and if it has exactly m positive elements, then it must
a basic feasible solution.



which shows that complementary slackness holds in the limit.

Interior point methods

i = 1, ... ,n,

Chap. 9

L Ai (Xi + BAi) = b, I::j B.
iEN

Note that we have
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Let us choose Bso that Xi +BAi ~ 0 for all i E N, and Xk +BAk = 0 for
some kEN. (Such a k exists because a standard form polyhedron
contains no lines, and, therefore, there exists a value B for which
one of the constraints is about to be violated.) We then obtain an
element x of P such that {i I Xi > O} is a proper subset of N. By
repeating this procedure as many times as needed, we arrive at some
x E P, such that I = {i I Xi > O} is a proper subset of N, and
the columns Ai, i E I, are linearly independent. If III < m, we can
augment the columns Ai, i E I, to obtain m linearly independent
columns (a basis). The corresponding basic feasible solution is x,
which is degenerate, and we have arrived at a contradiction. Hence
111= m. This implies that INI ~ m. Furthermore, since leN,
columns Ai, i E I, are m linearly i1dependent columns asE,ociat;ed
with positive components of x. ;

(b) Using the result of part (a), the m vectors Ai, i E N, are Im(3arJy
independent and, therefore, x is a basic feasible solution.

Proof. Let x* be an optimal basic feasible solution to the primal prc)bl(~m.,

By Assumption 9,2, the reduced costs of all nonbasic variables are po:sitive,
This implies that x* is the unique optimal solution to the primal probleru;

Using the optimality of x*, and Lemma 9.2 with y = x k , X =
we have

Thus, the sequence c'xk is monotonically decreasing and bounded
which implies that it converges. In particular, C'Xk+1 - c'xk converges
zero, and we conclude that Xk(c A'pk) converges to zero. Using
definition of X k , we obtain



n

The above problem has finite optimal cost, because x* is the only feasible
solution. Therefore, using Theorem 4.14, the same is true for the problem

We will now show that the sequence x k is bounded. Consider the
problem

407

maximize I>ii=I
subject to Ax b

c'x < c'x*

x > o.

n

maximize I>ii=I
subject to Ax b

c'x < c'xo

x > o.

Convergence of affine scaling*Sec. 9.2

It follows that the set {x IAx = b, x?: 0, c'x::; c'XO} is bounded. Since
c'xk ::; c'xo, the sequence x k is bounded.

Recall that Eq. (9.6) establish€lf complementary slackness, in the
limit. Given Assumptions 9.1 and 9.2, It can be shown that if a pair (x, p),
with x primal feasible, satisfies complementary slackness, then x is a basic
feasible solution (Exercise 9.3). Using similar arguments, we will show next
that complementary slackness, in the limit, implies that x k approaches the
set of basic feasible solutions.

Having shown that the sequence x k is bounded, we use Theorem 9.2
to conclude that there exists a sequence kj of positive integers such that
x kj converges to some x. It is easily seen that x is a feasible solution.
Let N {i I Xi > O}. Using Lemma 9.4(a), the set N has at least
m elements and there exist B(l), ... ,B(m) E N such that the columns
AB(I),"" AB(m) are linearly independent, and such that the correspond­
ing basic solution x is feasible. Let B be the corresponding basis matrix

and let CB = (CB(I)," ., CB(m»)' Using Eq. (9.6), x7 j
(Ci - A~pkj) converges

to zero as j -+ 00, for all i. For i = 1, ... , m, we have B(1), ... ,B(m) EN
and x~(i) converges to XB(i) , which is positive because B(i) EN. It follows

that cB(i) A~(i)pkj converges to zero. In matrix notation, we have that

CB - B'pkj converges to zero. Hence, pkj converges to (B')-I CB . Con­
sequently, for every i, Ci A~pkj converges to Ci - A~(B')-ICB, which is
the reduced cost of the ith variable, at the basic feasible solution x. By
Assumption 9.2(b), we have Ci - A~(B')-ICB =1= 0 for i =1= B(l), ... ,B(m).

for i =1= B(l), ... ,B(m), Ci - A~pkj converges to a nonzero value. We
Eq. (9.6) once more to conclude that Xi = 0 for i =1= B(l), ... ,B(m).

particular, N {B(l), ... ,B(m)} and x is the basic feasible solution
associated with the basis matrix B.
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We have proved so far that the sequence x k has at least one limit
point and that every limit point must be a basic feasible solution. We now
argue that there can only be a single limit point. Let 8 > 0 be such that
every basic variable at every basic feasible solution is larger than 8. Because
of the nondegeneracy assumption, basic variables are always positive and,
therefore, such a 8 exists. Let E 8/3. Since every possible limit point of
the sequence x k is a basic feasible solution, it follows that there exists some
K such that for all k larger than K, x k is within E of some basic feasible
solution. (If this were not the case, we could construct a subsequence
Xii such that each Xii is more than E away from the closest basic feasible
solution. This subsequence must have a limit point but no basic feasible
solution could be one of its limit points, a contradiction.)

Suppose that there exists some k 2: K and two different basic feasible
solutions X, x such that Ilxk xII:::; E, Ilxk+l - xii :::; E. We assume that
the ith variable is nonbasic at x (in particular, Xi 0) and basic at x (in
particular, Xi 2: 8). It then follows that xf :::; E and X~+l 2: 8 - E = 2E. On
the other hand, Eq. (9.3) yields

xk+l k (1 (3 xfrf ) < k(l (3) 2k < 2 < k+l
, Xi - IIXkrk11 - Xi + < Xi _ E _ Xi .

This is a contradiction. It establi~hes that if k 2: K and if x k is within E of
then the same must be true for x k+1. We conclude that no basic !mtsllble

solution other than x can be a limit point and therefore the sequence
converges to x. As shown earlier, pk also converges to the associated
basic solution.

It remains to show that the limit x must be optimal. If x is
optimal, then there exists some nonbasic variable Xi whose reduced
negative. As shown earlier, rf Ci - A~pk converges to the reduced
of Xi and, therefore, rf eventually becomes and stays negative. It
from Eq. (9.3) that eventually xf becomes a strictly increasing secluencI8..
On the other hand, xf converges to Xi, which is zero because Xi is a nonbas:ic
variable, and we obtain a contradiction.

Despite its intricacy, the proof we have given provides us with a
amount of understanding of the convergence mechanism. In particular,
proof indicates that there are three different regimes:

(a) If x k is sufficiently far from every basic feasible solution,
sufficiently different than zero and this results in a substantial
improvement. Since an infinite number of substantial cost im.proV"'~..,

ments would drive the cost to -00, the algorithm must eVI8nt:ua,lly
come close to a basic feasible solution.

(b) A nonoptimal basic feasible solution is "repelling." In particular,
the vicinity of a nonoptimal basic feasible solution, every nonb.aSli
variable with negative reduced costs must increase, thus driving
away from that basic feasible solution.



under the following assumption.

In this section, we develop an interior point algorithm for linear program­
ming that only requires a polynomial number of iterations. The algorithm
solves the linear programming problem
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potential reduction algorithm

The potential reduction algorithm
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minimize c'x
subject to Ax b

x > 0,

and its dual

\ maximize p'b
subject to p'A + s' c'

s > 0,

(c) Finally, once the algorithm reaches the vicinity of the optimal basic
feasible solution, it is attracted to it. This fact is amplified by a
result (developed in Exercise 9.1) which shows that if x k is near the
optimal basic feasible solution, the cost c'xk decreases at the rate of
a geometric progression.

G(x,s) =qlogs'x- Llogxj
j=l

n

In Section 9.1, we have seen that the affine scaling algorithm decreases
the objective function value at each step (d. Lemma 9.2). As a result, the
sequence of iterates approaches the boundary of the feasible set quickly
and then the algorithm is forced to take very small steps as the approxi­
mating ellipsoids become smaller and smaller. A possible way to address
this difficulty is to "repel" the current point away from the boundary of
the feasible set, so that the algorithm can make significant progress in fu­
ture steps. Speaking intuitively, we would like an interior point algorithm
to make progress towards optimality by decreasing the objective function
value while staying away from the boundary of the feasible set.

In order to capture these two conflicting objectives, we introduce the
potential function G(x, s) defined by

where q is a constant larger than n. If x and (p, s) are primal and dual
feasible solutions, respectively, the observation

c'x b'p = (s' + p'A)x - x'A'p s'x,



Proof. Note that

Fix some 8 > 0 and suppose we have an algorithm with the property

(9.7)

Interior point methodsChap. 9

n

I:: log Sj ::: n log n.
j=1

n

nlogs'x - I::logxj
j=1
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n n

G(x,s) = qlogs'x I)ogXj - I:: log Sj
j=1 j=1

n n

nlogs'x - I::logxj I::logsj + (q n) log SiX

j=1 j=1

> n log n + (q - n) log S'x.

implies that the first term is a measure of the duality gap. The second and
third terms penalize proximity to the boundary of the feasible sets for the
primal and the dual, respectively. In the next theorem, we show that if we
can decrease the potential function G(x, s) at each step by a certain amount,
we can get an E-optimal solution to the linear programming problem after
a small number of iterations.

The inequality follows, because the expression n log SiX - 2.:7=1 log Xj ­

2.:7=1 log Sj attains its minimum when XjSj s'x/n. This can be verified by
setting the derivative to zero and then checking that the second derivative
is nonnegative. Hence,

After K steps we have



(SK)'XK :::; E,

i.e., we can bring the duality gap below the desired tolerance E with K
iterations.
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(9.8)d*

The potential reduction algorithmSec. 9.3

1
G(xK, sK) :::; -(q - n) log - + nlogn.

E

For the value of K stated in the theorem, we obtain

Using the definition of G(x, s) and Eq. (9.7), we obtain

Therefore,

The previous theorem motivates us to devise an algorithm that de­
creases the potential function G(x, s) by a constant amount at each step.
For this reason, the algorithm is called the potential reduction algorithm.

Intuitively, the main idea is as follows: starting with a primal feasible
solution x > 0 and a dual feasible solution with s > 0, we try to find a
direction d, such that G(x+d, s) < G(x, s). The direction d should satisfy

minimize VxG(x, s)'d

subject to Ad = 0

IIX-1dll :::; (3,

Ad=O,

so that the new point x + d is feasible, as we have shown in Lemma 9.1.
The problem of minimizing G(x+d, s) subject to the above constraints is a
difficult nonlinear optimization problem. For this reason, we approximate
the nonlinear potential function G(x + d, s) by its first order Taylor series
expansion in d, and solve the following problem:

for some (3 < 1. Note that the above problem is the same 8B the one en­
countered in affine scaling [ef. Eq. (9.2)], except that the objective function
vector is c = VxG(x,s) instead of c. In particular, the ith component of
the cost vector is

A aG(x, s) qSi 1
Ci = =

aXi SiX Xi

Applying Lemma 9.2 with Y X and c = C, we obtain that the optimal
direction is

where



u (I XA/(AX2A /)-lAX) (s;xxs e)'

Moreover, G(x, s) decreases by ,6llull + 0(,62), where the first term comes
from Lemma 9.2 and the second term is due to the omitted higher order
terms in the Taylor series expansion of G(x, s).

By bounding the higher order terms carefully, we can show (cf. Theo­
rem 9.5) that if lIuli is larger than a certain threshold "I, then the potential
function decreases by at least a constant amount. Notice that in this step
of the algorithm, the dual variables sand p remain unchanged. If, how­
ever, Ilull < "I, we cannot decrease the potential function sufficiently, so we
update the dual variables to achieve the required decrease of the potential
function.

The potential reduction algorithm uses the following inputs:

(a) the data of the problem (A, b, c); the matrix A is assumed to have
full row rank;

(b) the initial primal and dual feasible solutions xO > 0, SO > 0, pO;

(c) the optimality tolerance t > 0;

(d) the parameters ,6, "I, q.
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Since

we obtain

Xc
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q
-Xs-e
s'x '
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It is easily shown that for every k, the vectors x k and (pk, sk) are
primal and dual feasible solutions, respectively. If IlukII 2: "f we say that
the algorithm performs a primal step, while if Ilukll < "f, we say that the
algorithm performs a dual step. We have given an interpretation of the
primal step. Unfortunately, an equally intuitive motivation of the dual
update formulas is not available. We next analyze the behavior of the
algorithm.

Proof. As explained in the motivation of the algorithm, if we perform a
primal step, the potential function decreases by

We now develop a more detailed estimate of the cost decrease.
Let x and (p, s) be the current solutions to the primal and dual prob­

lems respectively. If the potential reduction algorithm takes a primal step,



Since Idj/xjl = IfJujl/liull :S fJ < 1, we apply inequalities (9.10) and (9.11
to Eq. (9.9), and obtain

Moreover, from the Taylor series expansion of log(l + y), we obtain for
Iyl :S fJ < 1,

(9.9)

(9.10)

t 1og(1 + :j).
j=l J

't:/ y > -1.
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log(l + y) :S y,

fJ2
G(x + d, s) - G(x, s) :S -fJ"f + 2(1 _ fJ)

sid n (d. d2
)G(x+d,s) -G(x,s) :S q- - ~ -.2.. _ J

SiX 0 xJ' 2(1 - fJ)xJ
2

J=l

(
S -1 ) I IIX-1dl/ 2

qSIX- X e d+ 2(1-fJ)

( )
, fJ2

S -1
qSiX Xed + 2(1 - fJ)

AId fJ2
= C + 2(1- fJ)

fJ2
= -fJlluli + 2(1 - fJ) ,

(
sid)G(x+d,s)-G(x,s)=qlog 1+ SiX

the new point is (x + d, s), where d = -fJXu/lluli. Then,
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Since 1 + Y :S eY for all y, we obtain

where the last equality follows from our discussion of the motivation of
algorithm and its connection with affine scaling (cf. Lemma 9.2). l'hE~retl)fe,

if Ilull 2: "f,



Alp + S Alp + S = c.

Notice that since Ilull < "( < 1, we have u+ e > 0, and therefore, S > O.
Hence, the solution (15, s) is dual feasible.

The difference in the potential function after a dual step becomes

We next bound the various terms appearing in (9.12). Note that X
/X- 1 = e l

and therefore,

SiX SiX
SiX = XiS = -X

/X- 1 (U + e) = -(e/u + n). (9.13)
q q
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(9.12)

(9.14)

o.S

Since

SiX)-e,
q

n n

Llogsj +L log Sj'

j=l j=l

SiX) SiX-e + -X-1 (u + e)
q q

e) + u + e - ~Xs = O.
SiX

(
SiX)

qlog SiX

= tlOg((S/X)(~+Uj))
j=l q J

SiX n n

nlog +L log(l + Uj) L logxj
q j=l j=l

> nlog SiX + n (u. _ u; ) tlogXj
q j=l J 2(1 - "() j=l

XiS n "(2
> n log - + e l u - L log x . - -----,---'----.,..

q j=l J 2(1 "() ,

AI (15 p) + s S = 0,

SiX
S -X-1 (u+e)

q

15 = p+ (AX2A /)-lAX (XS

The potential reduction algorithm

n

We next address the case Ilull < "( (dual step).

- ( qu = (I - A) -I-XS
SX

G(X, s) G(x, s)

Sec. 9.3

we obtain by rearranging,

A(+XSsx

This leads to

A/(AX2A/)-lAX(Xs

If we select

we obtain

and thus,

Moreover,



Initialization

Using Eq. (9.7) to bound the last part ofthe above expression, we obtain

where we have used Eq. (9.11) and the fact that IUjl :::; Ilull :::; 'Y. Substi­
tuting Eqs. (9.13) and (9.14) into Eq. (9.12), we obtain

Chap. 9 Interior point methods

e'u + n ,'Y2

G(x,s) :::; qlog +nlogq-eu+ ( )
q 2 1 'Y

-(n log(s'x) - t, log Xj t, log 8j).

minimize c'x + M 1x n +1

subject to Ax + (b Ae)xn +1 b
(e-c)'x + X n +2 M 2

Xl,···, X n +2 2: 0,

maximize p'b + Pm+l M2

subject to p'A + Pm+l(e - c)' + s' = c'
p'(b Ae) + 8n +1 M 1

Pm+1 + 8n +2 = 0
81,···,8n +2 2: O.

G(x,s)

-Vii + nlog (l + In) + --'--'---0- :::; -0,3 + 2(1'Y~ 'Y)

(
q - n - e'u) q "'?

G(x,s)-G(x,s):::; qlog 1- q +nlog
n

e'u+
2

(1_'Y)

(
q - n - e'u) q 'Y2

< q - + n log - - e'u + -,-;---'-----:-
q n 2(1 'Y)

(q n) + n log q + --,-'---:-
n
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For q = n + Vii, the potential change after a dual step is less than or
equal to

Using fJ = 0.28537 and 'Y = 0.479056, and substituting in the bOllncis
we have obtained, we find that both the primal and the dual step
G(x, s) by at least 8 = 0.079 at each iteration.

In this subsection, we show how to select an initial solution that can
used to start the algorithm. Consider the following pair of artificial
and dual problems:



Since (p*)'A + (s*)' = e', xn+l > 0, and M1 > (b - Ae)'p*, we obtain
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(e,1,M2 (e c)'e),

(O,-1,e,M1,1),

(p*)' (Ax + (b - Ae)xn+l)'

The potential reduction algorithm

,* M * ( *)'bex + lXn+1 = P
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Here, Xn+l, Xn+2 are artificial primal variables, Pm+l, Sn+l, Sn+2 are arti­
ficial dual variables, and M1, M 2 are large positive numbers to be specified
later. The coefficient M 2 must satisfy M 2 > (e - e),e. The vectors

are feasible solutions to the artificial primal and dual problems, respectively,
and can be used to start the potential reduction algorithm. The relation
between the artificial and the original problems is described next.

Proof. (a) Let (x, Xn+l, Xn+2) be an optimal solution to the artificial
primal problem. We will first show that xn+l O. Assume that xn+l > O.

Since x* is feasible for the original problem, we can define X~+l = 0
and x~+2 = M 2 - (e - e)'x*, so that the solution (x*, X~+l' X~+2) is feasible
for the artificial primal problem. Then,

because (s*)'x 2': O. This contradicts the optimality of (x, Xn+l, Xn+2).
Therefore, xn+l = O. In addition, the previous inequality shows that the
solution (x*, x~+l' X~+2) is optimal for the artificial primal problem and
the optimal cost of the artificial primal problem is e'x = c'x*. Since x
satisfies all the constraints of the original primal problem, it must be an
optimal solution.



after

On the complexity of the algorithm
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K = 0 ( vnlog ~ + nZIOg(nU))

iterations. Moreover, the dependence of this bound on Eis tight, since there
exist examples that require at least

G(XO, SO) = O(qnlog(nU)).

Applying Theorems 9.4 and 9.5 with q = n+vn andG(xO, sO) given above,
we conclude that the potential reduction algorithm finds solutions x K , sK,

with duality gap

Suppose that A, b, and c have integer entries whose magnitude is bounded
by U. If x* and (p*, s*) are optimal basic feasible solutions to the primal
and dual problem, respectively, the components of x* and p* are bounded
by (nU)n [see Lemma 8.2(b) in Section 8.3]. From Theorem 9.6, it follows
that we can select some M1 , Mz of the order of (nU)n+Z, solve the arti­
ficial problems, and obtain an optimal solution to the original problems.
Furthermore, it is easily checked that the initial potential function satisfies

Conversely, let x* be an optimal solution to the original primal prob­
lem. Then (X,Xn+l,Xn+Z) with x x*,Xn+l O,Xn+Z Mz-(e-c)'x*,is
feasible for the artificial primal problem. The objective value c'x+M1xn+l
coincides with the optimal cost c'x* + MIX~+l' and therefore we have an
optimal solution to the artificial primal problem.

(b) The proof of this part is similar and is left as an exercise. 0

iterations (see Exercise 9.6).
The work per iteration involves the matrix inversion (AX~A')-l and

two matrix multiplications to calculate A k. Therefore, each iteration re­
quires O(nmZ+ m 3 ) arithmetic operations. Since m :::; n, each iteJrat:lon
requires at most O(n3 ) arithmetic operations. As a result, the po1;ential
reduction algorithm finds an E-optimal solution using

o (n3
.
5 log ~ + n5 10g(nU))

arithmetic operations. Notice that this bound grows only polyrlOrnia,lly
in n, log U, and log(1 / E). If E is taken to be sufficiently small, an
solution can be found by rounding. This results in a polynomial time
n and log U) algorithm. In contrast, the simplex method (cf. Section
can take an exponential (in n) number of iterations in the worst case.
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minimize G(x + ,8d, s)
subject to ,8 ~ O.

419The primal path following algorithmSec. 9.4

n

B{L(x) = c'x f1 I)ogXj.
j=l

minimize c'x
subject to Ax b

x > 0,

Computational performance

The computational performance of the potential reduction algorithm can
be greatly enhanced by allowing line searches in the potential function as
follows. In our presentation of the algorithm, we have found a direction
d such that G(x + d, s) < G(x, s). Having found the direction d, we can
produce a larger decrease in the potential function by solving the one­
dimensional optimization problem

In this way, we obtain the largest possible decrease in the potential
function at each primal update. The potential reduction algorithm with
line searches is a very effective algorithm. However, it can be shown that
the worst-case complexity of the algorithm does not improve, even if we use
line searches (see Exercise 9.7).

In this and the next section, we present a class of interior point algorithms
that matches the best known time complexity, offers interesting geometric
insights and, from a practical perspective, has been incorporated in large
scale implementations. In this section, we present the primal version of the
path following algorithm, and prove that is has polynomial time complexity.
The algorithm solves the linear programming problem

maximize p'b
subject to p'A + s' = c'

s ~ 0.

The first idea in the path following algorithm is motivated from the
observation 1;hat the core difficulty in linear programming is the presence
of the inequality constraints x ~ 0. For this reason, we convert the linear
programming problem to a problem with only equality constraints, using
a barrier function that prevents any variable from reaching the boundary
(Xj 0). We achieve this by adding terms log Xj to the objective func­
tion. These terms will cause the objective to increase without bound as Xj

approaches O. Let f1 > O. We introduce the following barrier function:
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Figure 9.4: The central path and the analytic center.
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n

maximize p'b + P, I)og Sj

j=l

subject to p'A + s' c'.

The barrier function is defined to be infinity, if Xj :::; 0 for some j. We
consider the following family of nonlinear programming problems
barrier problems), parameterized by p, > 0:

minimize BI' (x)
subject to Ax b.

Assume that for all p, > 0, the barrier problem has an optimal solution
denoted by x(p,). [It is not hard to show that it cannot have mllitiple
solutions because the barrier function is "strictly convex."] As p, varies,
minimizers x(p,) form the central path, which is illustrated in Figure
In particular, it can be shown that lim/"-+o x(p,) exists and is an optmlal
solution x* to the initial linear programming problem (see Example
The intuitive reason is that when p, is very small, the logarithmic
negligible almost everywhere, except that it still prevents us from landi
on the boundary.

A barrier problem originating from the dual problem is

Let p(p,), s(p,) be the optimal solution to the problem (9.16) for p,
Problems (9.15) and (9.16) are convex optimization problems, i.e.,
optimizing a convex function subject to constraints that define a
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(9.17)

The primal path following algorithm9.4

n

c'x (p*)'(Ax-b)-/1Llogxj
j=l

n

= (s*)'x+(p*)'b /1Llogxj
j=l

2: /1n + (p*)'b - /1 n log (; ).
j=l J

roof. Let x*, p*, and s* be as in the statement of the lemma, and let x
an arbitrary vector that satisfies x 2: 0, and Ax = b. We then have

n

c'x /1 L log Xj

j=l

he last inequality was obtained because the expression sjXj - /1 log Xj is
inimized when Xj = /1/sj, as can be verified by setting its derivative to
roo The inequality holds with equality if and only if Xj /1/sj = xj for
1 j = 1, ... , n, which proves that B,",(x*) ::; B,",(x) for all feasible x. In
'1rticular, x* is the unique optimal solution to the primal barrier problem

x* = x(/1).
The proof that p* = p(/1) and s* = s(/1) is entirely symmetrical and

omitted. 0

teaslble set (in this case linear equalities). Similar to the complementary
slackness for a linear optimization problem, we show in Lemma 9.5 that

following set of conditions (called the Karush-Kuhn-Tucker optimality
COlldltlOns) are sufficient (they are also necessary) for an optimal solution

problems (9.15) and (9.16):

AX(/1) = b

x(/1) 2: 0

Np(/1) + 8(/1) = c

s(/1) 2: 0

X(/1)S(/1)e e/1,

X(/1) = diag(Xl (/1), ... ,xn (/1)) and S(/1) = diag(Sl (/1), ... , Sn (/1)).
that for /1 = 0, Eq. (9.17) corresponds to the complementary slackness

COIldii;iOIIS for linear programming.
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x
x 2: o.

X2

Xl + X2 + X3 1
X1,X2,X3 2: O.

minimize
subject to

X2 - f.-tlOgX1 - f.-tlogx2 - f.-tlogX3
Xl + X2 + X3 1.

minimize
subject to

minimize
subject to

422

The barrier function in this case is

Let P be the feasible set. In order to compute the central path we need to
the optimization problem

Bp,(x) = x - f.-t log x.

Using calculus, we find that the minimizer x(f.-t) is equal to f.-t. Notice that as f.-t
decreases to zero, the optimal solution approaches x* = O.

1 - X2(f.-t)

2

1 + 3f.-t - \/1 + 9f.-t2 + 2f.-t
2

Example 9.2 (A simple barrier problem) Consider the problem

n

minimize - L log Xj

j=l

subject to Ax = b.

The optimal solution to this problem is called the analytic center of the
feasible set1 (see Figure 9.4).

The minimizer corresponding to f1 = 00 is the solution to the opti­
mization problem

Example 9.3 (Computation of the central path) Consider the problem

Substituting X3 = 1 Xl X2, we need to solve the following un.cons1;raimld
nonlinear optimization problem:

By taking derivatives, and setting them equal to zero we find that the
path is given by

1We can also define the analytic center of a general polyhedron P {(x, s) I
bi, i = 1, ... , m} as the minimizer of the barrier function - 2:.;:1 log(bi - a~x).

the standard form case, the analytic center is not a geometric, i.e., representation in
pendent, property. It depends on the linear system of inequalities used to rep,res.ent
polyhedron: if we add a redundant constraint, the analytic center changes.



9.5: The central path and the analytic center in Example 9.3.
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oBjJ.(x) J-l
OXi

Ci --,
Xi

02 BjJ.(x) J-l

OX; 2 'Xi

02BjJ.(x)
0, i i= j.

OXiOXj

The primal path following algorithm

We next describe an algorithm based On the barrier function. The
problem is still difficult to solve, because the objective function is
linear nor quadratic. For this reason, we approximate the func­

BjJ.(x) around some given x by the first three terms of its Taylor
expansion, thus obtaining a quadratic function. We first calculate

derivatives of the barrier function BjJ.(x), which are:

iven a vector x > 0, the Taylor series expansion of the barrier function is
follows:

analytic center can be found by letting fJ, --+ 00. It is the point (1/3,1/3,1/3).
Let Q be the set of optimal solutions to the original linear programming

prc)bltlm, which is given by

Q {x Ix = (Xl, 0, X3), Xl + X3 = 1, x:::: O}.

The analytic center of the polyhedron Q is the point (1/2,0,1/2). Note that this
is the point we obtain if we let fJ, = 0, showing that the central path for fJ, °

an optimal solution that is the analytic center of the set of optimal solutions.
See Figure 9.5.



This problem can be solved in closed form using the method of La­
grange multipliers as follows. We associate a vector p of Lagrange multi­
pliers to the constraints Ad = 0 and form the Lagrangean function

(9.18)
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0,

o.

0,
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aL(d, p)
api

aL(d,p) = 0
adj ,

c J.1X- 1e + J.1X- 2d - A'p

Ad

= BJ-k(x) + (c'
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We require that

which leads to:

Notice that this is a system of rn+n linear equations, with rn+n unJlmC)WIIS
(dj , j = 1, ... ,n, and Pi, i = 1, ... ,rn). The solution to the system is
by

where X = diag(xl, ... , x n ). Instead of minimizing the barrier function,
we will find a direction d that minimizes the Taylor series expansion of
BJ-k(x + d). Then, the approximating problem becomes:

minimize (c' - J.1e'X- 1)d + ~J.1d'X-2d

subject to Ad = o.

d(J.1) (I-X2A'(AX2A')-lA)(xe AX2c)'

p(J.1) (AX2A')-lA(X2c J.1Xe).

The vector d (J.1) is called the Newton direction and the process of calculating
this direction is called a Newton step. Starting with the given solution x,
new primal solution is x + d(J.1). The corresponding dual solution be(~ODaeS

(p,s) (p(J.1),c A'p(J.1)). We then decrease J.1 to Ti = O'-IJ, and contimte
similarly. Here, ex is a parameter that satisfies 0 < ex < 1 and which is
fixed throughout the algorithm.

We next give a geometric interpretation of the algorithm (see
9.6). If we were to fix J.1 and carry out several Newton steps, then it can
shown that x would converge to x(J.1). By carrying out a single Newton
we can guarantee that x is close to x(J.1). We then reduce J.1 to Ti =
When ex is sufficiently close to 1, then Ti is close to J.1, and x(Ti) is a
close to x(J.1). Thus, x is also relatively close to x(71). By carrying ou
Newton step, with J.1 set to Ti, x moves even closer to x(Ti). Thus, w
our "target" x(J.1) keeps changing with J.1, our feasible solution x



(a) the data of the problem (A, b, c); the matrix A has full row rank;

(c) the optimality tolerance E > 0;
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(9.20)

The primal path following algorithm

Figure 9.6: Approximating the central path with Newton steps.
The vector x is close to x(J.t). We change J.t to Ti, and we have a
new target x(Ji). A Newton step brings us to X, which is close to
x(Ji).

We can now provide a complete description of the algorithm. The
path fonowing algorithm uses the fonowing inputs:

Sec. 9.4

(b) initial primal and dual feasible solutions xO > 0, SO > 0, pO;

(d) the initial value of the barrier parameter fJo, and the parameter (Y,

where 0 < (Y < 1.

stays close to x(fJ) and approximately follows the central path, hence the
name path following. We will show later that throughout the algorithm,
the solutions x and S satisfy for some 0 < fJ < 1:

where X = diag(xl,"" x n ) and S = diag(sl"'" sn). Equation (9.20) can
be viewed as an approximate version of the optimality condition XSe/fJ­

e °[ef. Eq. (9.17)].

As fJ decreases to zero, XSe should tend to zero in order for (9.20)
hold. Therefore, the complementarity slackness condition for linear pro­

gn1mming will be satisfied in the limit.
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In the next theorem, we prove that the primal path following
rithm produces feasible, near-optimal, primal and dual solutions, and
analyze its complexity.
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d 'X-2d
k

(Xk1e ~k1+l C)'d
(Xk1e - ~k~l (sk + Alpk)) I d

The primal path following algorithmSec. 9.4

II ~k~l XkSke - ell II a~k XkSke - ell

II~ (;kXkSke - e) + Yell

ell + 1: allell

Proof. We will first prove by induction on k that x k , sk are primal and
dual feasible solutions with x k > 0, sk > 0 that satisfy

For k = 0 we have assumed that the induction hypothesis is satisfied.
We assume that it holds for k and then show it for k + 1. We first show
that

Indeed, we have

We next show that IIXk1dli ::::: v1J < 1, where d = Xk+l - x k . Recall
that the direction d solves the linear system [cf. Eq. (9.21)]

~k+lXk2d A'p = ~k+lXkle - c,
Ad = O.

By left-multiplying the first equation by d ' , and using the second equation,
we obtain



In addition,
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xk+1 = x k + d = Xk(e + X;ld) > 0,

because IIX;ldll < 1. Hence, xk+1 is a primal feasible solution. Moreover,

( _1 1 k)'
X k e - f.Lk+l s d

_ (f.Lk
1
+l XkSke - e)'X;ld

< II f.Lk
1
+1 XkSk e - ell IIX;ldll

< VPIIX;ldll

and therefore, IIX;ldll :s V/3 < 1.
We next show that x k+1 and (pk+l, sk+l) are primal and dual feasible,

assuming that this is true for x k and (pk, sk). Since Ad = 0, we have

by construction. Also, using Eq. (9.21),

sk+1 = C - A'pk+l = f.Lk+1X;1(e X;ld) > 0,

where again the last inequality follows because IIX;ldll < 1. Hence,

solution (pk+l, Sk+l) is dual feasible.
Note that

Therefore,

We define D = diag(d1, ... , dn ) and we let II . IiI denote the norm
by Ilulll = Li IUil· Note that Ilull :s IlullI- Then, using Eq. (9.22) to
the first equality below,
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(9.23)

minimize c'x
subject to Ax = b

x ~ 0,

Ii f.1k
1
+1 Xk+1Sk+le eli I/X;;2D2ell

< I/X;;2D2elll
= e'X;;2D2e

e'DX;;2De
= d'X;;2d
= I/X;;ldl/2

:s; (v73)2

= {3,

Sec. 9.4 The primal path following algorithm

e now discuss how to start the primal path following algorithm for an
rbitrary linear programming problem,

and hence the induction is complete.
Since at every iteration

ite:rations, the primal path following algorithm finds primal and dual solu­
x K , (pK,sK), that have duality gap (sK)'xK less than or equal to E.



Next, we consider the artificial primal and dual problems

e'
M

°
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+ s'
+ 8n +1
+ 8 n +2
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(e, 1, 1),
(0, -fLo, e + fLoe, M + fLo, fLo),

minimize e'x
subject to Ax b

e'x :::; n+2
x ;::: 0.

minimize e'x
subject to Ax b

e'x < n(mU)m
x > 0,

p'b
p'A
p'(b - Ae)

+ Pm+l(n + 2)
+ Pm+1 e'
+ Pm+l

Pm+1
81, ... ,8n +2 ;::: 0,

maximize
subject to
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and its dual

minimize e'x + MXn +1
subject to Ax + (b - Ae)xn+l b

e'x + X n +1 + X n +2 = n + 2
Xl,.·· ,Xn +2 ;::: 0,

maximize p'b
subject to p'A:::; e',

so that we can guarantee that the initial solution (xO, so, pO) is primal and
dual feasible with xO > 0, sO > 0, and 11,}o XoSoe - ell:::; {J, with (J 1/4.

We assume that all entries of A, b, and e are integer with absolute
values bounded by U. Using Lemma 8.2(b) in Section 8.3 we obtain that
all basic feasible solutions to the primal problem satisfy e'x :::; n(mU)m.
This implies that an optimal solution to the linear programming

is also optimal for the original problem. By setting b = (n+2)b/ (n(mU)m),
we obtain that the latter problem is equivalent to

where Xn +1, Xn +2 are artificial primal variables, Pm+1, 8n +1, 8n +2 are
ficial dual variables, and M is a large positive number.

Let fLo = 4vllel12 + M2. Notice that the vectors

are feasible solutions with all primal and dual slack variables positive.
selecting M large, it can be shown that an optimal solution satisfies



On the complexity of the algorithm
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(9.24)

(9.25)

n

minimize c'x - f.J, log Xj

j=l

subject to Ax

n

maximize p'b + f.J, L log Sj

j=l

subject to + s' c'.

The primal-dual path following algorithmSec. 9.5

O(vnlog E:)

The work per iteration involves solving a linear system with m+n equations
in m + n unknowns. Given that m ::::; n, the work per iteration is O(n3 ).

Let EO (sO)'xO be the initial duality gap. By starting the algorithm
as indicated in the previous subsection, we obtain that the primal path
following algorithm needs

This allows us to apply the algorithm to the artificial problems with (3 = ~,

and use the result in Theorem 9.7 to establish convergence.

iterations to reduce the duality gap from EO to E, with O(n3 ) arithmetic
operations per iteration. It can be verified that for the particular initializa­
tion given in the previous subsection, log EO is polynomial in n and log U.
Therefore, the number of iterations needed to find an E-optimal solution is
polynomial in n, logU, and log(l/E).

oand we, therefore, have an optimal solution to the original problem. It is
easy to check that

9

In this section, we describe the primal-dual version of the path following
algorithm we introduced in the previous section. It uses the idea of ap­
proximating the central path by taking Newton steps, but finds Newton
directions both in the primal and the dual space. This algorithm has excel­
lent performance in large scale applications and it is the method of choice
in commercial implementations of interior point methods.

The point of departure for our development are the barrier optimiza­
tion problems

and



We have mentioned in the previous section that the necessary and sufficient
conditions for the point x(fJ) to be the optimal solution to problem (9.24),
and for (p(fJ),s(fJ)) to be the optimal solution to problem (9.25) are the
following equations:

Interior point methodsChap. 9

ill€ltnO(1 for finding roots of nonlinear
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Newton's
equations

Let F be a mapping from 3ir into 3ir . We are interested in finding a z*
such that

F(z*) O.

Assume that we have a vector zk, which is our current approximation
z*. We develop a method for improving our approximation. We use a
order multivariable Taylor series expansion of the function F(z)
z = zk:

F(zk + d) ~ F(zk) + J(zk)d.

Here J(zk) is the r x r Jacobian matrix whose (i,j)th element is given

AX(fJ) b

x(fJ) > 0

A'p(fJ) + s(fJ) C (9.26)

s(fJ) > 0

X(fJ)S(fJ)e efJ,

where X(fJ) diag(xl(fJ),· .. , xn(fJ)) and S(fJ) = diag(sl(fJ), ... , sn(fJ)).
The above system of equations is unfortunately nonlinear, because

of the equations X(fJ)S(fJ)e efJ, and therefore difficult to solve directly.
Instead we will solve this system of nonlinear equations iteratively using
Newton's method for finding roots of nonlinear equations, which we describe
next.

8Fi (z) I .
8zj z=zk

In an effort to find d such that F(zk + d) = 0, we set its apprc)xiJm.atiori
equal to zero and look for some d that satisfies

F(zk) + J(zk)d = O.

We then set zk+l zk + d. The direction d is called a Newton rlir·p{,l[in'n.'"

When the matrix J (z*) is nonsingular and the starting point zO is

21£ we are interested in minimizing a function f : ~n t---+ iR, we want to set the
of f to zero. Newton's method, then involves the Jacobian of '7f, which is the
second derivatives of f. The resulting iteration is equivalent to forming and minimizirt
a second order Taylor series approximation of f(x + d), with respect to d. Thus, th
Newton method considered in the preceding section is a special case of the one we disc
here.
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(9.28)

(9.29)

(9.30)

= 0,

0,

pke - XkSke.

Adk
x

A'dk + d k
p s

Skd~ + Xkd~

d~ = Dk(I Pk)vk(pk),

d; = -(AD~A')-lADkVk(pk),

d~ = D~lpkVk(pk),

The primal-dual path following algorithmSec. 9.5

[

Ax- b J
F(z) = A'p + s c .

XSe - pe

to" z*, the method converges quickly to z*. However, if zO is not close to
z*, the method can diverge.

Recall that the primal path following method used Newton's method to
solve the barrier problem (9.24). In contrast, the primal-dual method uses
Newton's method to solve the system of nonlinear equations (9.26). In this
case z = (x, p, s), r = 2n + m, and the function F(z) is given by

[We ignore the nonnegativity constraints in Eq. (9.26), since the algorithm
we construct will always satisfy them.] Let (x k , pk, sk) be the current primal
and dual feasible solution, with x k > 0, sk > 0, and let pk be the current
value of p. By applying Eq. (9.27), the Newton direction d = (d~, d;, d~)
is determined by the following system of equations:

Since Axk band A'pk+sk = c, this is equivalent to the following system
of equations:

It can be verified that the solution to this linear system is given by

where



After obtaining a Newton direction at the kth iteration, the new solution
is:

where f3i and f3'D are step lengths for the primal and dual variables, re­
spectively. The nonnegativity requirements for x kH and skH dictate the
choice of f3i and f3'D. One possibility for preserving nonnegativity is to take
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Step lengths

Updating barrier parameter J-l

Note that the Newton direction depends on the parameter p,k. In order
approach the point (x(p,k), p(p,k), s(p,k)) in the central path corres'poIldiIlg'
to the current value of p,k, several Newton steps need to be taken with
kept fixed. However, since we are not interested in the optimal solution
this value of p,k, only one Newton step is taken with the current p,k. In
next iteration, we lower the value of p,k. One way to update p,k that
had excellent computational performance is to let

= min {I, a min (_ xf )} ,
{il(d~)i<O} (d~)i

min{l,a min ( ~)},
{il(d~)i<O} (d~)i

where 0 < a < 1. Here (d~)i and (d~)i is the ith component of d~ and d~,

respectively. The reason we want a to be less than 1 is to avoid approaching
the boundary of the primal and dual feasible set, respectively. We
note that the equality constraints of the primal and the dual pr<)blerrlS
are also satisfied, because of Eqs. (9.28)-(9.29). Thus, the new solution is
feasible.

where Pk is typically set to 1, except if the algorithm has not pr<)gressed,
in which case Pk is set to a value smaller than 1.

We now summarize the algorithm. The primal-dual path .lV.lIVVVll.l1

algorithm uses the following inputs:

(a) the data of the problem (A, b, c); the matrix A is assumed to
full row rank;

(b) the initial primal and dual feasible solutions xo > 0, sa> 0, po;

(c) the optimality tolerance E > 0;



Infeasible primal-dual path following methods

Worst-case complexity

With a slightly different choice of J.ik and the step length, it has been shown
that the algorithm takes 0 (Vii log(EO / E)) iterations to reduce the duality
gap from EO to E.

435The primal-dual path following algorithm

(d) the parameter (Y, with 0 < (Y < 1.

Sec. 9.5

In practice, a variation of the primal-dual path following method has also
proved to be very successful. This method starts from an initial point
xO > 0, SO > 0, pO, which is not necessarily feasible for either the primal
or the dual problem, i.e., Axo -I- b and/or A/po +sO -I- c. The algorithm is
the same as the standard primal-dual path following algorithm, except that
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Self-dual methods

(9.31)

(9.32)

Z = c'xo + 1c= c-A'po

o
A'
o

b = b Axo,

mInImIZe ((xo)'so + 1)0

subject to Ax bT + bO
- A'p + CT cO - s

b'p c'x + zO - K,

-,
-b p + c'x ZT

x ::::: 0, T::::: 0, s::::: 0, K,::::: 0,

iterates are not necessarily feasible at each iteration. The Newton direction
d (d~, d;, d ~) is derived in exactly the same manner and requires us to
solve the following system of equations:

The method is known to converge to an optimal solution, and has been
implemented with excellent results.

In this subsection, we present an alternative method for initializing the
primal-dual path following algorithm that finds an E-optimal solution after
a polynomial number of iterations without using large numbers ("big M"
constants) .

We consider the linear programming problem

minimize c'x
subject to Ax b

x > 0,

and its dual
maximize p'b

subject to p'A+s' c'
s > o.

Given an initial possibly infeasible point (XO, po, SO) with xO > 0 and sO
0, we consider the problem

where

It is easy to check that the above linear programming problem is selT-a:um;

i.e., its dual is equivalent with itself. Note that



(Such a solution satisfies a condition known as strict complementarity,
which is the subject of Exercise 4.19). In addition, the following result
is known to hold.

Computational performance

The primal-dual path following algorithm (especially the infeasible variant)
has been used in several large scale implementations. While the worst-case
behavior of path following algorithms is

o(vnlog(EO/E))
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(9.34)

The primal-dual path following algorithmSec. 9.5

is a feasible interior solution to problem (9.33). Since both the primal and
the dual problems are feasible, they have optimal solutions. Since the dual
is equivalent to the primal, the optimal value of (9.33) is zero.

It has been established that the primal-dual path following method
finds an optimal solution (x*, p* , s* ,T*, B* , r;;*) that satisfies

B* = 0, x* + s* > 0, T* + r;;* > 0,

(s*)'x* = 0, T*r;;* = 0.

Using Theorem 9.8, it follows that the primal-dual path following
algorithm applied to problem (9.33), initialized with the interior solution
(XO, pO, so, 1, 1, 1), correctly solves the original linear programming prob­
lems (9.31) and (9.32). This solution approach has several advantages:

(a) It solves linear programming problems without any assumptions con­
cerning the existence of feasible, interior feasible, or optimal solutions.

(b) It can start at any solution, feasible or not.

(c) Its computational requirements per iteration are comparable to those
for other path following methods.

(d) It finds an E-optimal solution in polynomial time without using any
"big M" constants.
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iterations to reduce the duality gap from EO to E, the observed ("average")
behavior is

9.6 An overview

00 [recall that in this case x(p,) is the
is called the centering direction and is

minimize c'x
subject to Ax b

x > o.

In this section, we provide some more geometric intuition into the interior
point algorithms that we covered in this chapter.

Let x > 0 be a feasible solution to the linear programming problem

1
dpath-following = dcentering + -daffine ,

p,

Note that the objective function decreases along this direction.
In contrast, the primal path following algorithm takes a step that is

proportional to the direction [ef. Eq. (9.19)]

dpath-following = (I - X2 A'(AX2A,)-lA) (xe - AX2c)'

O(lognlog(Eo/E»)

iterations. There has been some theoretical analysis of this behavior, but
no satisfactory explanation has been achieved yet.

Let X diag(xl,""Xn ). Recall (ef. Lemma 9.2) that the affine scaling
algorithm takes a step that is proportional to the direction

The direction corresponding to p,
analytic center of the feasible set]
given by

dcentering = (I - X2 A'(AX2A,)-l A)Xe.

This direction corresponds to a move towards the analytic center of Ax b,
x;:::: O. Note that

i.e., the direction along which the path following algorithm moves is a lin­
ear combination of the affine scaling direction and the centering direction.
This equation gives insight into the behavior of the primal path following
algorithm. When p, is large, then the centering direction dominates, i.e., in
the beginning, the path following algorithm takes steps towards the ana­
lytic center. When p, is small, then the affine scaling direction dominates,
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i.e., towards the end, the path following algorithm behaves like the affine
scaling algorithm.

We now turn our attention to the potential reduction algorithm. From
Eq. (9.8), the direction in the primal step of the algorithm is proportional
to

Interior point methods represent a significant advance in the computational
practice of linear programming. Although the determination of whether the
simplex or an interior point method performs better depends on the problem
as well as on the instance, we provide next some qualitative guidelines:

(a) The simplex method tends to perform poorly on large, massively de­
generate problems, whereas interior point methods are much less af­
fected. So, one can expect an interior point algorithm to outperform
the simplex method to the extent that the underlying problem has
massive degeneracy. This is the case in certain large scheduling prob­
lems, for instance.

439

-X(I XA'(AX2A')-lAX) C:xxs - e)

-X(I-XA'(AX2A')-lAX)(s:xX(C A'p) -e)

-X(I XA'(AX2A')-lAX) C:xxc - e)
(I X2A'(AX2A,)-lA)Xe

_}Lx2 (I A'(AX2A,)-lAX2)c
s'x

q
dcentering + -,- d affine .

sx

An overview

dpotential
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As before, the direction of the potential, reduction algorithm is a linear
combination of the affine scaling and the centering directions. When the
duality gap is large (presumably in the beginning of the algorithm), and
the algorithm takes a primal step, then the centering direction dominates.
When the duality gap is small (presumably at the end of the algorithm)
and the algorithm takes a primal step, then the affine scaling direction
dominates.

Recall that both the primal path following and the potential reduction
algorithms take a polynomial number of iterations to find a near-optimal
solution, while there is no polynomial bound for the number of iterations
of the affine scaling algorithm. This suggests that the presence of the
centering direction is responsible for the polynomiality of the path following
and potential reduction algorithms.



(b) Show that

(c'x k
- C'X*).
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, k , * 1 ( , k , k+l) (
CX -cx :'S:7Jcx -cx n

(AX%A')d = f.

(b) The most computationally intensive step of an interior point method
is the solution of a linear system of equations of the form

In implementations of interior point methods, the matrix AX%A' is
usually written as

AX%A' =
where L is a square lower triangular matrix called the Cholesky factor
of the matrix AX%A' . Then, the system of equations (AX%A')d = f
can be solved by first solving for y the triangular system Ly = f, and
then solving for d the triangular system L'd = y. These triangu­
lar systems can be solved easily in O(n2 ) arithmetic operations. The
construction of the Cholesky factor L requires O(n3

) arithmetic oper­
ations, but the actual computational effort is highly dependent on the
sparsity (number of nonzero entries) of L. For this reason, large scale
implementations employ heuristics that aim at improving the sparsity
of L. These heuristics involve a reordering of the rows and columns
of A. To the extent that the matrix A is conducive to producing rel­
atively sparse Cholesky factors of the matrix AX%A' , interior point
methods can be expected to outperform the simplex method. Such is
the case in large staircase multiperiod linear programming problems
for example.

For further discussion of computational issues regarding interior point
algorithms in the context of large scale applications, see Sections 12.2 and
12.3.

9.7 Exercises

Exercise 9.1 Consider the short-step affine scaling algorithm, under Assump­
tions 9.1 and 9.2. Let x* be the optimal solution and assume that Xl, ... , X m are
the basic variables at x*. Suppose that Ix7 - xr 1/x7 :'S: 'Y for i 1, ... ,m, where
'Y is a positive constant.

(a) Show that

Exercise 9.2 Indicate where and how the proof of Theorem 9.3 should be mod­
ified to prove the same result for the affine scaling method with stepsize given in
Eq. (9.4).



Exercise 9.5 (Behavior of affine scaling near extreme points) Consider
the following linear program

Xi(Ci - A:p) = 0, Vi.

Show that x is a basic feasible solution.

We assume that the rows of A are linearly independent and that Assumption 9.2
holds. Let x be some feasible solution and suppose that we have a vector p such
that
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o

j = 2, ... ,n,

c'x
Ax b

x 2: o.

Op
OS::pS::1.

Xl + X2 + X3

Xl + X2 X3 X4

Xl,X2,X3,X4 2: 0,

minimize
subject to

maximize
subject to

X n

10 s:: Xl s:: 1
EXj_1 s:: Xj s:: 1- EXj-l,

minimize
subject to

maximize
subject to
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Exercise 9.3 We consider the linear programming problem,

and its dual

(a) Calculate, for the affine scaling algorithm with stepsize given in Eq. (9.5),
the scalar pk and the vectors r k

, X
k+ l

, as a function of x k
.

(b) Show that the sequence of dual solutions pk does not converge for (3 > 2/3.

Exercise 9.4 * (Nonconvergence of the affine scaling algorithm for
large step lengths) We have shown that in the absence of degeneracy in the
primal and in the dual problem, the affine scaling algorithm converges for all step
lengths (3 such that 0 < (3 < 1. In this exercise, we show that in the presence
of degeneracy, the sequence of dual solutions generated by the affine scaling al­
gorithm with stepsize given in Eq. (9.5) can fail to converge for (3 > 2/3. This
bound is sharp because the algorithm converges for (3 s:: 2/3, when the problem
is degenerate.

Consider the degenerate linear programming problem

where 0 < 10 < 1/2. In Section 3.7, we have seen that the simplex method could
take 2n

- 1 pivots to find an optimal solution. Implement the affine scaling
algorithm with stepsize given in Eq. (9.5) and test it on the above problem, for
n 3 and n 4. Initialize the algorithm at the following points and report the
behavior of the algorithm.

(a) In the interior of the feasible set but close to the extreme point (10,10
2

, ... ,

En). Vary the degree of closeness and report the algorithm's behavior. Does
it resemble the path of the simplex method ?

(b) At the point ~e.



i=l

i=l i=l

i,j:'::n/2,

i,j > n/2.

Interior point methods

o 1 n
P = -- + 2

2 '

n
1, ... , 2'

. n 1
~ = 2 + ,... ,n,

S? = S;,
S? = S;,
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k kXi = Xj,
X? X;,

p+ Si = 2n
,

Sl,· .. ,sn :::': O.

1;;;,e,

maximize p

subject to p + Si 2
n + 1,

u? = u;,
u? u;,
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_C'-'.(X-,-k--o+_1__X ,.-!-*) > 1 _ ,jif3
c'(xk x*) - y7i ,

where x* is an optimal solution to the problem.

n/2

minimize LXi + 2
n L Xi

Xl, ••• , X n :::': 0,

y7i I 1
2,jif3 og 2€

iterations to find a primal and dual solution with duality gap at most
Hint: Use log (1 - x) > -2x, for 0:':: X :':: 3/4.

subject to LXi 1

n

(c) In the interior of the feasible set but close to the extreme point (€, 1 ­

€2, ... ,€n-2 (1_€2»). Vary the degree of closeness and report the algorithm's
behavior. Does it resemble the path of the simplex method ?

(c) Suppose that n :::': 32f32/9. Show that the potential reduction alg;orithlrn
needs at least

(b) Prove that the primal objective values before and after iteration k of the
potential reduction algorithm satisfy:

Exercise 9.6 * (Worst-case complexity of potential reduction algo­
rithms) Let n be an even positive integer. Consider the linear programming
problem

and its dual

We choose as initial solution:

where en /2 is an n/2-dimensional vector with all entries equal to l.

(a) Prove that at the kth iteration of the potential reduction algorithm, we
have



2n
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i 1'= n, i 1'= 2n,

iE{1,n+1},

i E {n,2n},

i 'I: {1,n,n + 1,2n},

1,

1,

1,

O'y + O'S

1
(2 +

+
1, i::: n,

k
Ui

(2 + ;n)tk

-1, i2':n+l.
r k + t k

minimize Xi

Sl, ... ,S2n 2': O.

i=l

subject to Xi = Xi+1,

Xl, ... ,X2n 2': 0,

Exercises

maximize

subject to Yi + Si

-Yi + Si

Yi Yi-1 + Si
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(a) Let q = 2n + vvn, in the potential reduction algorithm, where v is a

positive constant. Prove that A k is independent of k and that

Here, In is the n x n identity matrix and en is an n-dimensional vector
with all entries equal to one.

(b) For every iteration, prove that u7 u7+1, for all i t/:. {n, 2n}, and that

(c) Suppose that at every primal step, a stepsize fJ is chosen that minimizes
G(xk + fJd k

) over all fJ 2': O. Show that the optimal step size only depends
on the ratio r k /t k

, i.e., prove that there exists a function g : R 1--+ R, such
that fJ g(r k /t k

). Furthermore, show that

Exercise 9.7* (Potential reduction with line searches) In this exercise,
we show that we cannot improve the worst-case complexity of potential reduction
algorithms, even if we use line searches at each iteration. We consider the linear
programming problem

and its dual

Obviously the primal iterates in the potential reduction algorithm have x7 =
r k for i ::: n, and x7 t k for i 2': n + 1, where r k and t k are some positive scalars.
Moreover, the duality gap is (Xk)'Sk = n(rk + t k

).



(f) Show that the potential reduction algorithm with exact line searches needs
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Xl + XZ
Xl + XZ + X3 = 1
XI,XZ,X3 2: O.

minimize
subject to

(d) Let v = viVii, and

(e) Show that for all primal steps, (3k (3*. Moreover, show that

r k t k + l

tk r k + l '

444

( Vii 1)n ---;:;-log-;

(a) Show that the central path is given as follows:

1 + 3J-l vII + 9J-lz - 2J-l

4

(3* 2 +v
-(l+vp'

Let x~ = rO = 1+(viVii), X~+l = to = 1, SO = e, and yO = 0 be the initial
interior solutions to the problem. Show that

t l r O

to'
(3* argminG(xo - (3Xouo,so).

/3>0

(b) Show that as J-l decreases to zero, (Xl (J-l), Xz (J-l), X3 (J-l)) converges to the
unique optimal solution.

primal steps to find an E-optimal solution, when started from the solution
xO,sO,yo.

Exercise 9.8 (Implementation of the potential reduction algorithm)
Implement the potential reduction algorithm and test it on Example 9.1 and on
the class of instances in Exercise 9.5. Compare the behavior of the algorithm to
the behavior of the affine scaling algorithm with stepsize given in Eq. (9.5).

Exercise 9.9 (Implementation of the primal path following algorithm)
Implement the primal path following algorithm and test it on Example 9.1 and
on the class of instances in Exercise 9.5. Compare the behavior of the algorithm
to the behavior of the affine scaling algorithm with stepsize given in Eq. (9.5).

Exercise 9.10 (Implementation of the primal-dual path following al­
gorithm) Implement the primal-dual path following algorithm and test it on
Example 9.1 and on the class of instances in Exercise 9.5. Compare the behavior
of the algorithm to the behavior of the affine scaling algorithm with stepsize given
in Eq. (9.5).

Exercise 9.11 (Computation of the central path) Consider the problem



Exercise 9.14 * Prove Theorem 9.8.
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f.t l.= log Xj

j=l

, 1,
c x+ 2"x Qx

Ax=b

x 2: 0,

minimize

subject to

minimize
, 1,

c x+ 2"x Qx

subject to Ax = b.
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Ad~

-Qd~ +A'd; +d~

Skd~ + Xkd~

Exercise 9.15 (Primal-dual path following algorithm for convex quad­
ratic programming) Consider the optimization problem

(b) Show that the solution to the system of equations in part (a) is given by

d; (A(Sk + X kQ)-l XkA') -lA (Sk + X kQ)-ly k(f.tk),

d~ (Sk +XkQ)-l(XkA 'd; + yk(f.tk)) ,

d~ X;;l (yk (f.tk) Skd~).

Exercise 9.12 * (The dual step in the potential reduction algorithm)

(a) Suppose that we wish to compute x k , sk, recursively, according to the
potential reduction algorithm. What are the computational requirements
during a typical dual step?

(b) Suppose that the parameter q in the potential reduction algorithm satisfies
q 2: n + v'n and that the direction uk that the algorithm calculates at the
kth step satisfies (uk)'e 2: O. If the kth step in the algorithm is a dual step,
show that

Exercise 9.13 Prove Theorem 9.6(b).

where Q is an n x n positive semidefinite matrix (that is, x'Qx 2: 0 for all x).
We introduce the logarithmic barrier problem:

The associated Karush-Kuhn-Tucker optimality conditions are:

Ax(f.t) b,

-Qx(f.t) + A'p(f.t) + s(f.t) c,

X(f.t)S(f.t)e ef.t,

where X(f.t) = diag(x1 (f.t), . .. ,xn(f.t)) and S(f.t) = diag(Sl(f.t), . .. , Sn(f.t)).
(a) By applying the ideas of Section 9.5, show that a Newton direction can be

found by solving the following system of equations.



Conversely, ify satisfies the system (9.35), then it is easy to check that x satisfies
the system (9.36), where

(9.35)

(9.36)

Interior point methodsChap. 9

I>j = 1,
j=l

Yl,···,Yn 2: 0,

n

n

~PjXj = 0,
j=l

~Xj 1,

j=l

Xl,··. ,Xn 2: 0.
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where A j , j = 1, ... , n, and b are vectors in 3{m. Let

Note that liP j II 1. The constraints (9.35) are feasible if and only if the same is
true for the following constraints:

Exercise 9.16 (The yon Neumann for linear programming)
The goal of this exercise is to develop an early "interior" point algorithm for
linear programming. Consider the problem of finding a feasible solution to the
following set of constraints, which includes a convexity constraint:

with yk(f-lk) = f-lk e XkSke.

(c) Based on part (b) develop a primal-dual path following interior point algo­
rithm. You do not need to prove convergence.

To see this we argue as follows. If x is a feasible solution to (9.36), then it is easy
to check that y is a feasible solution to (9.35), where

Geometrically, the columns P j can be viewed as points in 3{m lying on a
hypersphere with radius 1 and center at the origin (see Figure 9.7). Problem
(9.36) then becomes one of assigning nonnegative weights Xj to the points Pj,

so that their center of gravity is the origin O. We next propose an algorithm for
problem (9.36):



1. (Initialization) Let Xl = el, Zl = PI, Ul = Ilzlll, t = 1. Here, el is the
first unit vector.

2. (Computation of direction) At the start of iteration t, one is given an
approximate solution x = x t

, such that e'x t 1. Let
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j # s,
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Figure 9.7: Illustration of the von Neumann algorithm.

1 - Vt

U; - 2Vt + l'

zt+ l Azt +(l A)Ps ,

xt'+ l {Ax j ,
J AX; + (1 - A), j = s.

Let t := t + 1 and go to Step 2.

Show that if Vt > 0, then Problem (9.36) is infeasible.

Verify the formulas in Step 4 of the algorithm.

n

zt = 2:: PJxj,
J=l

Among all vectors P J, j = 1, ... , n, find a vector P s, such that

3. (Check for infeasibility) Let Vt P:zt
. If Vt > 0, stop; the problem (9.36)

is infeasible.

4. Choose as the next approximation zt+ l the closest point to the origin on the
line segment joining zt and P s (see Figure 9.7). This can be accomplished
by letting

Sec. 9.7

(a)

(b)
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(c) Show that

(d) Show that

448

Note the remarkable property that the number of iterations to find an
approximately feasible solution is independent of the dimensions of the
problem.

(e) Suppose that the problem is feasible. Show that after O(1/c2
) iterations,

the algorithm finds a solution such that

9.1 The field of interior point methods has its origins in the work of Kar­
markar (1984), who introduced the first interior point algorithm with
polynomial time complexity. His algorithm is of the potential reduc­
tion type. He introduced the potential function idea (although he
used a slightly different potential function) as a way of measuring
progress towards optimality. In addition, his algorithm uses certain
projective transformations. In contrast, the affine scaling algorithm
uses affine transformations. The affine scaling algorithm was intro­
duced much earlier by Dikin (1967), but remained mostly unnoticed.
After the appearance of Karmarkar's paper, the affine scaling algo­
rithm was rediscovered by Barnes (1986), and Vanderbei, Meketon,
and Freedman (1986). Megiddo and Shub (1989) indicated that the
trajectory leading to the optimal solution by the affine scaling algo­
rithm depends strongly upon the starting solution.

9.2 Dikin (1974) analyzed the convergence of short-step affine scaling un­
der a primal nondegeneracy assumption [see Vanderbei and Lagarias
(1990) for a discussion of Dikin's proof]. Convergence results for
different variants of affine scaling, without any nondegeneracy as­
sumptions, have been developed by Tsuchiya (1991), Tseng and Luo
(1992), and Tsuchiya and Muramatsu (1995). The latter paper con­
tains a proof of Theorem 9.1 (b). The proof of convergence of the affine
scaling algorithm that we give here is adapted from Barnes (1986).

9.3 The potential reduction method is due to Ye (1991) [see also Gonzaga
(1990)]. The algorithm we presented is due to Freund (1991), and is
a simplification of Ye's method.



9.4-5 Path following algorithms are widely considered the most effective in­
terior point methods; see e.g. McShane, Monma, and Shanno (1991).
The idea of using a logarithmic barrier function for convex program­
ming problems can be traced back to Frisch (1956). Its properties
in the context of nonlinear programming have been carefully studied
by Fiacco and McCormick (1968). Megiddo (1989) introduced them
in linear programming through the study of the central path, and
proposed a primal-dual framework. Using this framework Kojima,
Mizuno, and Yoshise (1989) presented an O(nlog(cojc)) iterations
path following algorithm for linear programming problems. Rene­
gar (1988) presented the first O(vnlog(cojc)) iterations path fol­
lowing algorithm for linear programming, using Newton's method.
Monteiro and Adler refined the primal-dual algorithm to converge in
O(vnlog(cojc)) iterations for linear programming (1989a) and for
convex quadratic problems (1989b). The particular primal path fol­
lowing algorithm we present is from Gonzaga (1989). The complexity
analysis is from Tseng (1989). The local rate of convergence of path
following algorithms is discussed by Zhang and Tapia (1993). For
a comprehensive summary of infeasible path following methods see
Mizuno (1996). Self-dual interior point methods were developed in
Ye, Todd, and Mizuno (1994). Theorem 9.8 is from that reference.
For a textbook presentation of Newton and barrier methods in non­
linear optimization, see Bertsekas (1995b).

9.6 The state of the art of interior point computation is discussed in
Lustig, Marsten, and Shanno (1994), and Andersen et al. (1996).

9.1 Exercise 9.1 on the asymptotic rate of convergence of affine scaling
is from Barnes (1986). Exercise 9.4 on the nonconvergence of the
affine scaling algorithm with stepsize given in Eq. (9.5) is from Hall
and Vanderbei (1993). Exercises 9.6 and 9.7 on the tightness of the
bound O(vn1og(ljc)) are from Bertsimas and Luo (1997). Exer­
cise 9.15 touches upon the topic of convex optimization using interior
point methods. A comprehensive reference on this topic is the mono­
graph by Nesterov and Nemirovskii (1994). Exercise 9.16 describes
an early (unpublished) interior point algorithm due to von Neumann
[see Dantzig (1992)].
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minimize
subject to

Modeling techniques
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In discrete optimization problems, we seek to find a solution x* in a discrete
set F that optimizes (minimizes or maximizes) an objective function c(x)
defined for all x E F. Discrete optimization problems arise in a great
variety of contexts in science and engineering. A natural and systematic
way to study a broad class of discrete optimization problems is to express
them as integer programming problems.

The (linear) integer programming problem is the same as the linear
programming problem except that some of the variables are restricted to
take integer values. In general, given matrices A, B, and vectors b, c, d,
the problem

c'x+d'y
Ax+By=b
x, y ;:: 0
x integer,

is the mixed integer programming problem. Notice that even if there
inequality constraints, we can still write the problem in the above
by adding slack or surplus variables. If there are no continuous va:ria,bl(~s

y, the problem is called the integer programming problem. If furthl~rnlore,

there are no continuous variables and the components of the vector x
restricted to be either 0 or 1, the problem is called the zero-one (or n1.'f1'.n.r'1I1

integer programming problem (ZOIP). Finally, it is customary to aSSUllle
that the entries of A, B, b, c, d are integers.

Integer programming is a rather powerful modeling framework
provides great flexibility for expressing discrete optimization problems.
the other hand, the price for this flexibility is that integer pn)gramlmipg
seems to be a much more difficult problem than linear pf()gl~arnilling.

this chapter, we introduce general guidelines for obtaining "strong"
programming formulations for discrete optimization problems. We
duce modeling techniques, discuss what constitutes a strong for'm'u12Lti<
and compare alternative formulations of the same problem.

10.1

Binary choice

In this section, we outline some modeling techniques that facilita,te
mulation of discrete optimization problems as integer pr,ogJrarnnlinlg
lems. In comparison to linear programming, integer programming is sig
cantly richer in modeling power. Unfortunately, there is no systematic
to formulate discrete optimization problems, and devising a good
often an art, which we plan to explore through examples.

An important use of a· binary variable x is to encode a choice
two alternatives: we may set x to zero or one, depending on the
alternative.



n m n

x:::; y,

minimize L Cj Yj + L L dij Xij

j=l i=l j=l
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(10.1)Vi,

V i,j,

V i,j.

j = 1, .. . n.

LWjXj::; K
j=l

Xj E {a, I},

n

subject to

n

subject to L Xij = 1,
j=l

Xij ::; Yi,

Xij,Yj E {a, I},

Modeling techniquesSec. 10.1

Forcing constraints

Example 10.1 (The zero-one knapsack problem) The knapsack problem
was introduced in Chapter 6. We discuss here another variant of the problem, in
which the decision variables are constrained to be binary. We are given n items.
The jth item has weight Wj and its value is Cj. Given a bound K on the weight
that can be carried in a knapsack, we would like to select items to maximize the
total value. In order to model this problem, we define a binary variable Xj which
is 1 if item j is chosen, and °otherwise. The problem can then be formulated as
follows:

n

maximize L CjXj

j=l

A very common feature in discrete optimization problems is that certain
decisions are dependent. In particular, suppose decision A can be made
only if decision B has also been made. In order to model such a situation,
we can introduce binary variables x (respectively, y) equal to 1 if decision
A (respectively, B) is chosen, and aotherwise. The dependence of the two
decisions can be modeled using the constraint

i.e., if y = a (decision B is not made), then x = a (decision A cannot be
made). Next, we present an example where forcing constraints are used.

Example 10.2 (Facility location problems) Suppose we are given n poten­
tial facility locations and a list of m clients who need to be serviced from these
locations. There is a fixed cost Cj of opening a facility at location j, while there
is a cost dij of serving client i from facility j. The goal is to select a set of facility
locations and assign each client to one facility, while minimizing the total cost.

In order to model this problem, we define a binary decision variable Yj for
each location j, which is equal to 1 if facility j is selected, and °otherwise. In
addition, we define a binary variable Xij, which is equal to 1 if client i is served
by facility j, and 0 otherwise. The facility location problem is then formulated
as follows:



n
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m

Let x be a nonnegative decision vector. Suppose that we are given two
constraints a'x ;::: band c'x ;::: d, in which all of the components of a and c
are nonnegative. We would like to model a requirement that at least One of
the two constraints is satisfied. In order to achieve this, we define a binary
variable Y and impose the constraints:

a'x > yb,

c'x > (1 - y)d,

y E {O, 1}.

I:Yj = 1,
j=l

YjE{O,1}.

Xj :::: 1,
j=l

where all variables are binary, implies that at most one of the variables Xj

can be one. Similarly, if the constraint is of the form L?=l Xj = 1, then
exactly one of the variables Xj should be One.

A constraint of the form

Relations between variables

Here, the forcing constraint Xij :::: Yj captures the fact that if there is no facility
at location J' (Yj = 0), then client i cannot be served there, and we must have

Xij = O.

More generally, suppose we are given m constraints a~x ;::: bi , i
where ai ;::: 0 for each i, and require that at least k of them are saltisitie<i.
We can achieve this by introducing m binary variables Yi, i = 1, ... , m,
the constraints:

a~x > biYi, i 1, ... ,m,
m

I:Yi > k,
i=l

Yi E {O,1}, i 1, ... ,m.

Restricted range of values

Suppose we want to restrict a variable x to take values in a set {aI, ,
We can achieve this by introducing m binary variables Yj, j = 1, .
and the constraints



k

f(x) = L Ad(ai).
i=l

k

X = LAiai,
i=l
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Figure 10.1: A continuous piecewise linear cost function.
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Arbitrary piecewise lWleaLr cost functions

where AlJ ... ,Ak are nonnegative scalars that sum to one.

The critical observation is that the choice of coefficients AI, ... , Ak
used to represent a particular x is not unique. However, it becomes unique
if we require that at most two consecutive coefficients Ai can be nonzero. In
this case, any x E [ai, ai+l], is represented uniquely as x = Aiai + Ai+l ai+l,
with Ai + Ai+! 1, and

We have seen in Chapter 1 that a minimization problem involving a piece­
wise linear convex cost function can be modeled as a linear programming
problem. Let us now model the more general case of an arbitrary piecewise
linear cost function using binary variables. Suppose that al < a2 < ... <
ak, and that we have a continuous piecewise linear function f(x) specified
by the points (ai, f(ai)) for i = 1, ... , k, defined on the interval [aI, ak] (see
Figure 10.1). Then, any x E [al, ak] can be expressed in the form

We also need to model the additional constraint that at most two consecu­
tive coefficients Ai are nonzero. To this effect, we consider a binary variable
Yi, i = 1, ... , k -1, which can be equal to 1 only if ai ::; x ::; ai+l, and must
be 0 otherwise. The problem is then formulated as the following mixed
integer programming problem:



Ai 2: 0,

Yi E {O, I}.

Notice that if Yj = 1, then Ai = °for i different than j or j + 1.

i = 2, ... , k 1,

Integer programming formulationsChap. 10

Figure 10.2: A cover, a partition, and a packing.

i=l

k

minimize L Ad(ai)
i=l

k

subject to L Ai = 1,
i=l

A1 :SY1,

Ai :S Yi-1 + Yi,

Ak :S Yk-l,

k-1

LYi 1,
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The previous collection of examples is by no means an exhaustive
of possible modeling devices. They only serve to illustrate the power
modeling with binary variables. In order to acquire more confidence,
introduce some more examples.

Example 10.3 (The set covering, set packing, and set
problems) Let M = {I, ... ,m} and N = {I, ... ,n}. Let M 1 , Mz, ... , M n

given collection of subsets of M. For example, the collection might consist of
subsets of size at least k. We are also given a weight Cj for each set Mj in
collection. We say that a subset F of N is a cover of M if UjEFMj = M. We
that F is a packing of M if M j n Mk is empty for all j, kEF, j i k. We say
F is a partition of M if it is both a cover and a packing of M (see Figure
The weight of a subset F of N is defined as "LjEF Cj.

In the set covering problem we would like to find a cover F of m~'ni7J~ur)

weight, in the set packing problem we would like to find a packing F of maximu



A sequencing problem with setup times

We also define a decision variable Xj, j 1, ... ,n, which is equal to 1 if j E F,
and °otherwise. Let x = (Xl, ... ,xn ). Then F is a cover, packing, partition if
and only if

weight, while in the set partitioning problem both minimization and maximiza­
tion versions are possible. In order to formulate these problems as integer pro­
gramming problems, we introduce the m x n incidence matrix A of the family
{Mj I j EN}, whose entries are given by
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Ax=e,

if i E M j ,

otherwise.

Ax::; e,

if job i is the rth job processed,
otherwise.

{
I,

aij = 0,

Ax 2: e,

{
I,
0,

Modeling techniquesSec. 10.1

respectively, where e is an m-dimensional vector with all components equal to 1.

The previous formulation types encompass a variety of important prob­
lems such as the assignment problem, crew scheduling problems, vehicle routing
problems, etc.

A flexible machine can perform m operations, indexed from 1 to m. Each
operation j requires a unique tool j. The machine can simultaneously hold

tools in its tool magazine, where B < m. Loading or unloading tool
j into the machine magazine requires 5j units of setup time. Only one
tool at a time can be loaded or unloaded. At the start of the day, n jobs

waiting to be processed by the machine. Each job i requires multiple
operations. Let Ji denote the set of operations required by job i, and assume

simplicity that for all i, IJil is no larger than the magazine capacity B of
the machine. Before the machine can start processing job i, all the required
tools belonging to the set Ji must be setup on the machine. If a tool j E Ji ,

is already loaded on the machine, we avoid the setup time for tool j. If tool
j E Ji is not already loaded, we must set it up, possibly (if the tool magazine
is currently full) after unloading an existing tool that job i does not require.
Once the tools are setup, all IJil operations of job i are processed. Notice

because of commonality in tool requirements for different jobs and
limited magazine capacity, the setup time required prior to each job

sequence dependent. We want to formulate an integer programming
problem to determine the optimal job sequence that minimizes the total
setup time to complete all the jobs. We assume that at the start of the day,
the tool magazine is completely empty. We define decision variables that
r-alntlJrp the job sequence:



Since exactly one job will be processed at a time,

V j,r,

V j,r.
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Zjr 2: Yjr ~ Yj,r-I,

Zjr 2: Yj,r-1 Yjr,

if tool j is on the magazine, while the rth job is processed,

otherwise.{
I,

Yjr = 0,
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m

LYjr::; B, V r.
j=l

m n

minimize L L sjlYjr ~ Yj,r-1!'

j=lr=l

m n

mm1m1ze L L SjZjr>

j=lr=l

In addition, we define decision variables that describe the magazine setups:

n

LXir = 1, V r.
i=l

n

LXir = 1, Vi.
r=l

We also let YjO = 0 for all j, which represents the fact that we are starting
with an empty magazine. Since every job needs to be processed,

In order to process job i, all tools in the set Ji need to be in the magazine.
Therefore, we have

Since the total capacity of the magazine is B, we have

We incur a setup delay only if we load or unload a tool, which is the
if Yjr i=- Yj,r-1 for some j. Therefore, the objective function is

We obtain an integer programming problem by defining a new de<3isi0Il.
variable Zjr> writing the objective function as

and by introducing the constraints
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V j,r,

V j,r,

Vi,

V r,

m

LXir 1,

r=l
n

LXir = 1,
i=l

Xir :::: Yjr,

n

LYjr:::: B, Vr,
j=l

Xin Yjr, Zjr E {O, I}.

of NSF fellowships

Modeling techniques

m n

minimize L L SjZjr

j=lr=l

subject to Zjr:2': Yjr - Yj,r-l,

Zjr :2': Yj,r-l Yjn

overall formulation becomes

of the most prestigious fellowships for graduate students are the ones
aw·anied by the National Science Foundation (NSF) every year. Applicants

throughout the US in 19 disciplines apply for these fellowships. Each
is given a rank reflecting academic merit and professional po­

as determined by screening panels and test scores. Rank 1 then
co:rresDcmcls to the strongest applicant. In addition to rank, the follow­

information is taken into account for each applicant: the state of high
graduation, the applicant's gender, the applicant's discipline, and

grade level (undergraduate, first year graduate student, or second year
grc~duat€ student).

As a govermentally funded organization, NSF needs to distribute
"fairly" amongst states. For this purpose, NSF assigns a fixed per­

cerlta~~e of the available fellowships to the applicants with the best rank,
iTfiesp1ec1;ivE of other considerations. We refer to these recipients as group 1

The next K applicants in the ranked list form group 2 (G2), where
depends on the funds available. The problem is to allocate fellowships

applicants in group 2 "fairly." The following are some possible def­
ini1;iorlS of fairness:

Calculate a target number, T(s), for each state S E {I, 2, ... , 50},
based on the percentage of total US high school graduates from that
state. In 1994, there were about 250,000 high school graduates from
California, which represents 9.3% of the total number. If there are
1,000 fellowships available, T(CA) = 93. It is desirable that these
targets be met, as long as there are enough applicants from each
state.



What should the objective function be? Here are some possibilities;

We formulate the fellowship allocation problem using the third objective
function.

(a) Minimize the sum of the rank numbers of the award recipients in
group 2 (all applicants in group 1 receive a fellowship).

Integer programming formulationsChap. 10

if applicant i receives an award,
otherwise.

Xi = { 1,
0,

Ti = rank of applicant i

N = total number of available awards

number of applicants from state s E {1, ... , 50}

target for state s E {1, ... ,50}

set of applicants from state s

target for gender 9 E {M, F}

set of applicants of gender 9

target for discipline dE {1, ... , 19}

set of applicants from discipline d

target for grade levell E {u, gl, g2}

= set of applicants of grade level l

T(s)

T(g)

Fg

T(d)

Fd

T(l)

Fl

(b) Looking at the entire applicant pool, determine percentages for each
gender, discipline, and grade level. Use these percentages to calculate
target numbers T(g) for gender 9 E {M, F}, T(d) for discipline d E

{l, ... , 19}, and T(l) for grade levell E {u, gl, g2}. We assume that
there are enough applicants from each gender, discipline, and grade
level. For example, in 1994, 61% of the applicants were male. So if
there are 1,000 fellowships available, T(m) = 610.

(b) Just find a solution that satisfies all of the "fairness" considerations,
ignoring the rank of all group 2 applicants.

(c) Minimize the largest (worst) rank amongst those awarded a fellow­
ship, while all group 1 applicants receive a fellowship.
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Data:

Decision variables:

Since all group 1 applicants receive a fellowship, we require that Xi = 1
iEGl.
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V 9 E {M,F},

ViE G2,

ViE G1,

V d E {I, ... ,19},

V l E {u,gl,g2},

Vs E {I, ... ,50},

ViE G2.

LXi =N,

LXi 2: T(g),
iEFg

LXi 2: T(d),
iEFd

LXi 2: T(l),
iEFI

LXi 2: min (T(s), ns ),

iEFs

Xi E {O, I}.

minimize z
subject to z 2: riXi,

Guidelines for strong formulations

Guidelines for strong formulations

minimize z

subject to z 2: riXi,

Xi = 1,

objective function:

The formulation then becomes

Sec. 10.2

The third objective function is:

which can be written as

In linear programming, a good formulation is one that has a small number
m of variables and constraints, respectively, because the computational

cOInplexity of the problem grows polynomially in nand m. In addition,
the availability of several efficient algorithms for linear programming,

choice of a formulation, although important, does not critically affect
our ability to solve the problem. The situation in integer programming is
qrastically different. Extensive computational experience suggests that the
yhoice of a formulation is crucial. In this section, we provide guidelines for
arriving at strong integer programming formulations. The key concept we
introduce is that of a linear programming relaxation.



minimize 2:: CjYj + 2:: dijXij

j=l i=l j=l

Note that if an optimal solution to the relaxation is feasible for
mixed integer programming problem, it is also an optimal solution to
latter.

Vi,

v j,

Integer programming formulations

m nn

i=l

m

n

Xij,yj E {0,1}.

Chap. 10

subject to 2:: Xij 1,
j=l
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Example 10.4 (The facility location problem revisited) In Example
we presented an integer programming formulation of the facility location pIiobilenl.
Let us consider the following alternative formulation [aggregate facility bUCUh'hun

formulation (AFL)] :

Notice that the constraint L;:1 Xij :s: mYj forces Xij to be °whenever Yj

but allows Xij to be 1 if Yj = 1. Therefore, this constraint is equivalent
constraints Xij :s: Yj, i = 1, ... , m, in the original formulation. For this reason,
set of feasible solutions and the optimal cost is the same for both formulati
Notice, however, that the aggregate formulation (10.2) has m + n constrain
while the original formulation (10.1) had m + mn constraints.

In order to compare the two formulations, let us consider their correspd
ing linear programming relaxations, in which we replace the integrality res
tions Xij, Yj E {O, I} by °:s: Xij :s: 1, °:s: Yj :s: 1. We then define the follo
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Xij = 1, Vi,
j=l

XijSW, Vi,j,

oS Xij S 1, 0 S WS I},

PFL

{(X,y) I
n

PAFL LXij 1, V i,
j=l
m

LXij S mYj, V j,
i=l

Guidelines for strong formulations

Figure 10.3: The two polyhedra PFL and PAFL contain exactly
the same set of integer solutions.

Sec. 10.2

two polyhedra, which are the feasible sets of the two relaxations:

OSXijSl,OSYjS1}.

Clearly, PFL C PAFL and the inclusion can be strict (Exercise 10.11). In other
words, the feasible set of the linear programming relaxation of formulation (10.1)
is closer to the set of integer solutions than the linear programming relaxation of
formulation (10.2) (see Figure 10.3).

Let ZIP be the optimal cost of the integer programming problem, and let
ZFL and ZAFL be the optimal costs of the two linear programming relaxations

have introduced. Since PFL C PAFL, it follows that ZAFL S ZFL. Moreover,
ZFL S ZIP, since an optimal solution to the integer programming problem belongs

PFL. To summarize,



by finding an extreme point solution to the linear programming pr<)blem

minimize e'x
subject to x E T,

Integer programming formulationsChap. 10464

minimize e'x
subject to x E CH(T).

What is then an ideal formulation of an integer programming
lem? Let T = {xl, ... ,x k } be the set of feasible integer solutions to
particular integer programming problem. We assume that the feasible set
is bounded and, therefore, T is finite. We consider the convex hull of T:

We next discuss the implications of this ordering. Many methods for solving
integer programming minimization problems depend on the availability of lower
bounds such as ZFL. The sharper the bound, i.e., the closer it is to ZIP, the
better these methods behave.

Consider, for example, an objective function such as the one depicted in
Figure 10.3. For this objective function, the optimal solution over the polyhedron
PFL corresponds to point A in the figure, and is integer. By the previous inequal­
ities, solution A is indeed the optimal solution to the facility location problem.
So, in this case, we have solved the integer programming problem optimally by
just solving a linear programming problem. On the other hand, for the same
objective function, the optimal solution over the polyhedron PAFL is point B,
which is fractional.

Thus, formulation (10.1) is preferable than formulation (10.2), despite the
fact that (10.2) has a significantly smaller number of constraints.

The set CH(T) is a polyhedron (see Corollary 2.6 in Section 2.8 or l'hleorem
4.16 in Section 4.9) that has integer extreme points. Furthermore,
feasible set P of any linear programming relaxation satisfies CH(T) c
If we knew CH(T) explicitly, i.e., if we could represent CH(T) in the
CH(T) = {x I Dx ~ d}, we could solve the integer programming pr<)blem

Given our ability to solve linear programming problems efticiceniJy,
is then desirable to have a formulation whose linear programming relaxati[Q
is indeed the convex hull CH(T) of the integer feasible solutions (see
10.4). Unfortunately, this is often difficult. In light of this, it is reason",
to strive for a compromise whereby one tries to come up with a n()I"I,p,

that closely approximates CH(T). This leads to the central message
chapter.



In this section, we demonstrate through examples that strong formulations
and, in particular, the convex hull of integer feasible solutions, may involve
an exponential number of linear inequality constraints. However, this does
not necessarily prevent the efficient solution of the linear programming
relaxation of such problems by cutting plane or other methods (see, e.g.,
Section 8.5).
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exponentially many

Modeling with exponentially many constraints

Modeling
constraints

Figure 10.4: The convex hull of the integer feasible solutions to
the facility location problem.

Sec. 10.3



and we can express this set of constraints as

E(S) = {{i,j} E £ I i,j E S},

LXe = n-1.
eEE

SeN, S=f=0,N,

SeN, S=f=0,N.

Chap. 10 Integer programming formulations

minimize LCeXe

eEE

subject to LXe n 1,
eEE

X e < lSI 1,
eEE(S)

X e E {a, I}.
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mj.nilmllffi spanning tree problem

Let G (N, £) be an undirected graph with node set N (INI n) and
edge set £ (1£1 = m). Every edge e E £ has an associated cost Ceo The cost
of a tree is simply the sum of the costs of the edges in the tree. In Section
7.10, the minimum spanning tree problem was defined as the problem of
finding a spanning tree of minimum cost. Tree optimization problems arise
in the design of transportation, communication, and computer networks,
since at the very least such networks should be connected. Our goal in this
example is to illustrate the effectiveness of alternative formulations and to
learn new principles for deriving strong formulations.

In order to formulate the problem, we define for each e E £, a variable
X e which is equal to one if edge e is included in the tree, and zero otherwise.
Since a spanning tree should have n - 1 edges, we introduce the constraint

Moreover, the chosen edges should not contain a cycle. It can be
(Exercise 10.12) that this is guaranteed if for any nonempty set S e
the number of edges with both endpoints in S is less than equal to ISI- 1.
For any SeN, we define

L X e ::; lSI - 1,
eEE(S)

This leads to an integer programming formulation of the minimum sp,anJlliDl?;
tree problem:

This formulation is called the subtour elimination formulation, since it
tains constraints that eliminate all subtours (cycles). We denote the
set of the linear programming relaxation of this formulation by Psub ,

we replace the constraint X e E {a, I} with °::; X e ::; 1. Notice
sides the integrality constraints, the subtour elimination for·mlllation
an exponential number of constraints, namely 2n - 1.



8(S) = {{i,j} E [ liE S, j ~ S}.

Note that 8({i}) is the set of edges incident to i. We can then express the
connectivity requirement in terms of the constraints
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SeN, Sc:j:0,N.L X e 2: 1,
eE8(S)

Modeling with exponentially many constraints

Figure 10.5: Let 8 {I, 2, 4, 7}. Then, 8(8) {{2, 3}, {4, 5},
{7, 8} }, and E(8) { {I, 2}, {1,4}, {2,4}, {4, 7}, {I, 7} }.

Sec. 10.3

The subtour elimination formulation uses the definition of a tree as a
subgraph containing n - 1 edges and no cycles. Using an alternative, but
equivalent definition, a tree is a connected graph containing n 1 edges
(see Theorem 7.1). Given a subset S of N, we define the cutset 8(S) (see
also Figure 10.5) by

We call the resulting integer programming formulation the cutset formula­
tion, and we denote the feasible set of its linear programming relaxation by
Peut. Both formulations have an exponential number of constraints. Are
these formulations equally strong? We show that the subtour elimination
formulation is stronger than the cutset formulation. The proof will demon­
strate how we can compare alternative formulations of discrete optimization
problems.



Since

and

we obtain that
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L X e ~ 1,
eE8(S)

LXe = n 1,
eEE

L Xe:S; IN \ 81 - 1.
eEE(N\S)

L xe:S; 181 - 1,
eEE(S)

£ = E(8) U 8(8) U E(N \ 8).

Proof. (a) For any set 8 of nodes, we have

L X e + L X e + L X e

eEE(S) eEE(N\S) eE8(S)

For x E P sub , and for 8 =I 0, N, we have

Therefore,

and therefore x E P eut .

Consider the example in Figure 1O.6(a). The solution x* shown in
Figure 1O.6(b) belongs to Peut, but it does not belong to Psub, since the
edges in E(8) for 8 = {2, 4, 5} have total weight 5/2, while the corlstramts
defining P sub dictate that the weight should be less than or equal to 3 - 1 =
2. The example shows that the inclusion may be strict.

(b) In order to show that the polyhedron Peut may have fractional ex1breme
points, we construct an objective function, under which there is a
optimal solution which is fractional. This establishes that this unique
tion is an extreme point. Consider again the example in Figure 10.6.
unique optimal solution to Peut is the fractional solution x* shown in
figure, with a cost of 3/2. This shows that Peut has a fractional eX1breme
point.

In Theorem 10.1, we have shown that the cutset formulation is
than the subtour elimination formulation. In addition, it can be shown
Psub CH(T), i.e., the polyhedron P sub is a representation of the
hull of the set of vectors corresponding to spanning trees.

According to the principle regarding strong formulations, the sulbtCHlf
elimination formulation is a strong one. This seems somewhat cOlun1beri:o.f
tuitive, as the formulation involves an exponential number of cOJlstrajmt:~{

Does this prevent us from optimizing over the feasible set Psub of the
programming relaxation efficiently? It can be shown that the SeI)ar'atii()
problem over P sub reduces to a minimum cut problem (see Example



The traveling salesman problem

In Example 8.2, we have introduced one of the most famous problems in
discrete optimization, the traveling salesman problem. We repeat its defi­
nition here. Given an undirected graph G = (N, E) and costs Ce for every
edge e E E, the objective is to find a tour (a cycle that visits all nodes) of
minimum cost. In order to model the problem, we define for every edge
e E E a variable X e equal to one, if edge e is included in the tour, and
zero, otherwise. In Example 8.2, we gave the following formulation for the
problem. Since each node must participate in two edges of the tour, we
have
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i EN.L X e =2,
eE6({i})

Modeling with exponentially many constraints

Figure 10.6: An example of a graph, in which a minimum span­
ning tree has cost 2, while the cost of an optimal solution over Peut

is 3/2. (a) The cost coefficients. (b) An optimal solution x* over
Peut .

Sec. 10.3

a related problem). Therefore, using the ellipsoid method, we can optimize
over Psub in polynomial time. Of course, we would not use the ellipsoid
algorithm to solve the minimum spanning tree problem (see Section 7.10
for an efficient algorithm). However, the subtour elimination formulation
enables us to classify the complexity of the minimum spanning tree prob­
lem using general arguments. Moreover, if there are side constraints, the
subtour elimination formulation may form the basis for a cutting plane ap­
proach to solving the linear programming relaxation of the problem with
side constraints. In Section 12.5, we discuss an application of this technique
to scheduling problems.



A cutset formulation of the traveling salesman problem is as follows:

The perfect matching problem

Also, if S is a nonempty proper subset of N, there must be at least two
edges joining S to N \ S, and we have

iEN,

SeN, S::f::0,N,

i EN,

SeN, S::f::0,N,

SeN, S::f::0,N.

2,
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2,

L X e 2: 2,
eEo(S)

X e E {O, I}.

L x e 2:2,
eEo(S)

X e < lSI-I,
eEE(S)

X e E {O, I}.

L X e

eEo({i})

minimize CeXe

eEt:

subject to L X e

eEO({i})
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Using ideas similar to the subtour elimination formulation of the min­
imum spanning tree problem, we can also formulate the traveling salesman
problem in terms of the following constraints:

Let Ptspcut and Ptspsub be the polyhedra corresponding to the linear pro­
gramming relaxations of these two formulations. It turns out that the two
formulations are equally strong, i.e., Ptspcut = Ptspsub (Exercise 10.14).

Exercise 10.15 deals with a different formulation of the variant of the
traveling salesman problem that involves a directed graph. This formulation
has a polynomial number of constraints, but it is not as strong as the
natural extension of the cutset formulation to directed graphs, which has
an exponential number of constraints.

We have an even number n of persons that need to be matched into
in order to perform a certain job. If person i is matched with person
there is a cost of Cij' A matching is a pairing of persons, so that
individual is matched with exactly one other individual. The goal is to
a matching that minimizes the total cost. We represent the set of people
an undirected graph G (N, E) where N is the set of individuals, and
cost of edge e = {i,j} is Ceo If {i,j} r:t E, this indicates that i and j
be matched. We let X e be one if edge e = {i, j} is selected, i.e., pel'SOlIS



and j are matched, and zero otherwise. Then the perfect matching problem
can be formulated as follows:

The example in Figure 10.7 shows that the above formulation of the
problem is not particularly strong, as its linear programming relaxation
is not equal to the convex hull of vectors corresponding to matchings. A
strengthening of the formulation is to consider the class of inequalities
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iEN,

SeN, S =1= N, lSI odd.

minimize LCeXe

eEE:

subject to L X e 1,
eE8({i})

X e E {O, 1}.

L X e 21,
eE8(S)

Modeling with exponentially many constraints

Figure 10.7: An example of a graph, in which an optimal match­
ing has cost L+2, while the cost of the optimal solution over Pdegree

has cost 3. (a) The cost coefficients. (b) An optimal solution over

Pdegree.
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We denote by Pdegree the polyhedron corresponding to the linear program­
ming relaxation of the above formulation.

Let M be the set of all vectors x corresponding to matchings. Figure
10.7 shows that Pdegree is not equal to the convex hull CH(M) of the set
M.

Notice that all vectors corresponding to matchings satisfy this inequality, as
in every set with an odd number of nodes, there should be at least one edge
leaving this set of nodes. Note that the example in Figure 1O.7(b) violates
this set of inequalities, since for the set S = {I, 2, 3} we have I:eE8(S) X e =
O. We then consider the polyhedron defined by the constraints we have



It turns out that Pmatching = CH(M).
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L X e 1, i EN,
eE8({i})

L X e ~ 1, 8 eN, 8 i- N, 181 odd,
eE8(S)

o:::: X e :::: 1, e E E}.

Summary

Exercises

Pmatching = {X I
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introduced:

10.4

The main message of this chapter is that unlike linear programming
lems, strong formulations are central to being able to solve integer
gramming problems efficiently. The quality of a formulation is judged
the closeness of its linear programming relaxation to the convex hull of
ger feasible solutions. However, strong formulations occasionally require
exponential number of constraints. Finally, formulations give another
of the complexity of a discrete optimization problem, in the sense that
problems that are efficiently solvable, the strongest possible formlllaijOIls
(convex hull of integer feasible solutions) are often known.

Formulations and complexity

As in the case of the minimum spanning tree problem, the description of
the convex hull of the set of all matchings is explicitly known. In con­
trast, the convex hull of the set of integer feasible solutions to the traveling
salesman problem is not known. We have already seen (Section 7.10) that
the minimum spanning tree problem is efficiently (polynomially) solvable.
Moreover, the perfect matching problem is also known to be efficiently
(polynomially) solvable. However, there is no known polynomial time algo­
rithm for the traveling salesman problem. This suggests that our ability to
find the strongest possible formulations of a discrete optimization problem
(the convex hull of all integer feasible solutions) is directly related to our
ability to solve it efficiently. In a sense, the complexity of a problem is
characterized by our ability to construct an integer programming formu­
lation, with a polynomial number of variables, whose linear programming
relaxation is the convex hull of all integer feasible solutions.

10.5

Exercise 10.1 (Disjunctive constraints) Suppose that we are given m
straints a;x 2: bi, i 1, ... ,m, but without the restriction ai 2: O.



requirement that at least k of them are satisfied. Assume that there exists a
number f such that a~x ::::: f for i = 1, ... ,m, and for all feasible x.

Exercise 10.4 An airline operates a fleet of 15 jet aircraft, all equipped with
the JET32 engine. The airline performs its own engine-related repairs and main­
tenance at its repair facility. The maintenance director is reviewing the spare
parts ordering and stocking policy for the next three years. The JET32 engine
consists of 4 main modules, A, B, C, and D. When planes come in for repairs,

Exercise 10.3 (Playing times for the players in the dream team) This is
a continuation of Exercise 10.2. After some careful thought, the coach would also
like to decide how much play time to give to each player as some of these players
in the initial list of 20, although extremely talented, were returning from long
injuries and some were aging. For various reasons (injury, age) each player has
an upper bound Ui on the average number of minutes he can play. In international
tournaments, the duration of a game is 40 minutes. The coach has decided that
there were two team compositions that he will use in the tournament depending on
the type of opponent and circumstances in a game: (PM, SG, SG, F, C) or (PM,
SG, F, F, C). Looking at the schedule, he predicts that these two schemes will be
used equally in the tournament. Therefore, he realizes that the average play time
of play makers would be 40 minutes, shooting guards 60 minutes, forwards 60
minutes, and centers 40 minutes. Formulate the combined problem of selection
and allocation of average play time in order to maximize the scoring average.
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Exercise 10.2 (Selection of the dream team) The coach of the national
basketball team is faced with the decision of selecting 12 players for the upcom­
ing international tournament. He has limited his final selection to 20 players,
PI, ... ,P20· For each player, the coach has collected several statistics that can
be summarized as follows. His rebounding average ri, his assists average ai, his
height hi, his scoring average Si, and his overall defense ability di . The play­
ers have been divided into four broad categories: play makers (PM) (PI, . .. ,P5),
shooting guards (SG) (p4,'" ,pn), forwards (F) (Pg, ... ,PI6), and centers (C)
(p16' ... ,P20). Notice that there are players that can be used in multiple roles
(for example player P4 can be used both as a play maker and a shooting guard).
Players P4,P8,PI5,P20 play in the NCAA (college level), while all of the rest play
in the NBA (professional level). For balance purposes, the team should consist
of at least 3 play makers, 4 shooting guards, 4 forwards, and 3 centers, which
implies that some players with dual roles should be selected. In addition, at least
2 players from the NCAA should be selected, while the mean rebounding, assists,
scoring average, height, and defense ability should be at least T, a, s, h, d, respec­
tively. The problem is further complicated by the fact that there are compatibility
problems among some of the players. Player P5 has declared that if player Pg is
selected, then he does not want to be in the team. Also, players P2 and PIg can
only be selected together as they play in the same team for years and feel that
they are much more effective together. Finally, at most 3 players from the same
team should be selected, so that the coach is not accused of favoritism (players
PI, P7, p12, PI6 play for the same team). Faced with these difficulties, the coach
has decided that he would like to maximize the scoring average, while satisfying
the various constraints. Formulate the problem that the coach is facing as an
integer programming problem.



Table 10.2: Forecasted engine/module prices.

Table 10.1: Forecasted engine/module requirements.
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Year Module Module Module Module Complete
A B C D Engine

1 0.5 2.0 5.0 1.0 7.8

2 0.6 2.2 5.5 1.1 7.5

3 0.7 2.5 6.0 1.3 7.0
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gines and modules at the beginning of the year with JET Inc., the manufacturer
of the JET32 engine. The following table shows the projected prices for engines
and modules that JET Inc. might charge in the next three years.

sometimes the entire engine must be replaced because of extensive damage and
wear. More often, however, only certain modules need replacement. The follow­
ing table contains the forecasted requirements for individual engine modules and
complete engines for the next 3 years. The airline places orders for complete en-

Note that complete engines cost less than the total cost of buying one
module of each type. Assume that the cost of "cannibalizing," i.e., breaking
a complete engine into four individual modules, is negligible compared to the
cost of these modules. The mix of engines and modules that the airline orders
from JET Inc. must, therefore, account for the economies in ordering complete
engines. Assuming that the airline does not have any inventory of modules or
engines in hand, formulate an integer programming problem to determine the
order quantities for the next 3 years, while minimizing the total cost of purchases.
Assume that there are no inventory carrying costs.

Exercise 10.5 for a move) Suppose you are planning to move to your
new house. You have n items of size aj, j = 1, ... , n, that need to be moved.
You have rented a truck that has size Q and you have bought m boxes. Box i
has size bi , i = 1, ... ,m. Formulate an integer programming problem in order to
decide whether the move is possible.



Exercise 10.8 (The vehicle routing problem) An undirected graph G =
(N, E) represents a transportation network. Node i E N, for i oF 1, represents
customers with demand of bi units. The travel costs are de for every arc e E E.
A company has m vehicles, each of capacity Q, that need to visit all customers
in order to satisfy demand. Each vehicle is to follow a route that starts at a
central depot (node 1), visits some customers, and returns to the depot. Suppose
that the demand of each customer can be carried by a single vehicle, i.e., bi :::; Q
for all i. Assuming that the demand of any customer cannot be divided into
several vehicles, formulate the problem of constructing routes for the vehicles
that minimize the total transportation cost.

Exercise 10.6 (A and distribution problem) A company pro­
duces a set of K products at I plants. It then ships these products to J market
zones. For k 1, ... ,K, i = 1, ... , I, and j = 1, ... , J, the following data are
given:

Vik variable cost of producing one unit of product k at plant i
Cijk cost of shipping one unit of product k from plant i to zone j
fik fixed cost associated with producing product k at plant i
M ik maximal quantity of product k produced at plant i
mik minimal quantity of product k that can be produced at plant i,

if plant i produces a nonzero quantity
qik capacity of plant i used to produce one unit of product k
Qi capacity of plant i
djk demand for product k at market zone j

(a) Formulate the problem of minimizing the total cost of production and trans­
portation that the company is facing, as an integer programming prob­
lem. Indicate how your model can incorporate the following additional
constraints.

(b) No plant may produce more than K 1 products.

(c) Every product can be produced in at most h plants.

(d) For a particular product ko, plant 3 must produce it if neither plant 1 nor
plant 2 produce it.

(e) Each market zone must be sourced by exactly one plant for all products.

Exercise 10.7 (A single-item lot sizing problem) We consider
the production of a single product over T periods. If we decide to produce at
period t, a setup cost Ct is incurred. For t = 1, ... , T, let dt be the demand
for this product in period t, and let Pt, ht be the unit production cost and unit
storage cost (per period), respectively.

(a) Formulate an integer programming problem in order to minimize the total
cost of production, storage, and setup.

(b) Suppose we allow demand to be lost in every period except for period T,
at a cost of bt per unit of lost demand. Show how to modify the model to
handle this option.

(c) Suppose that production can occur in at most five periods, but no two such
periods can be consecutive. Show how to modify the model to handle this
option.
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Ptspcut = Ptspsub.

Prove that P rncut Psub, where

Exercise 10.14 (The undirected traveling salesman problem) For
undirected traveling salesman problem, prove that

Integer programming formulationsChap. 10

o:S X e :S 1, L X e = n 1,
eE£

L xe :S181 1,8CN,8#0,N}.
eEE(S)

o:S X e :S 1, L X e = n - 1,
eE£

L X e ~ k, for all k

eE6(CO,cl,···,Ck)

and for all partitions Co, C1 , ••. , Ck. of N}.

Psub = { x E iR
m I

Prncut = {x E iR
m I
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Exercise 10.9 (The fixed charge network design problem) We are given
a directed graph G = (N, A) and a demand or supply bi for each i EN, such that
I:iEN bi O. There are two types of costs: transportation costs Cij of shipping
one unit from node i to node j, and building costs dij of establishing a link (i,j)
between nodes i and j of capacity Uij. We would like to build such a network in
order to minimize the total building and transportation costs, so that all demand
is met. Formulate the problem as an integer programming problem.

Exercise 10.11 (Facility location) For the facility location problem, prove
that the inclusion PFL C PAFL can be strict.

Exercise 10.10 (Job shop scheduling) A factory consists of m machines
M 1 , ... , M m , and needs to process n jobs every day. Job j needs to be processed
once by each machine in the order (Mj(l)"" ,Mj(m»)' Machine Mi takes time
Pij to process job j. A machine can only process one job at a time, and once a
job is started on any machine, it must be processed to completion. The objective
is to minimize the sum of the completion times of all the jobs. Provide an integer
programming formulation for this problem.

Exercise 10.12 Let G = (N, E) be an undirected graph with n nodes. Show
that G is a tree if and only if the total number of edges is n - 1, and for any
nonempty set 8 C N, the number of edges with both endpoints in 8 is less than
or equal to 181 - 1.

Exercise 10.13 (A multicut formulation of the MST problem) Given
an undirected graph G (N, E), with INI = n and lEI = m, consider a partition
of N into disjoint nonempty sets Co, C 1 , ... , Ck. of nodes whose union is N. Let
8(Co, C1 , ... , Ck.) be the set of edges whose endpoints lie in different sets Ci . Let
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Ptsp-dcut e Ptsp-polynomial,

and that the inclusion can be strict, i.e., the first formulation is stronger.

(c) Prove that Ptsp-dcut # CH(T) .
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jEN,

SeN, S#0,N,

iEN,

i,j EN.

L Yij = 1,
{il(i,j)EA}

L Yij = 1,
{jl(i,j)EA}

Ui - Uj + nYij :::; n - 1, (i,j) E A, i,j # 1,

L Yij 1, jEN,
{il(i,j)EA}

L Yij 1, iEN,
{j1(i,j)EA}

Yij E {O, I}, i,j EN.

Yij 2: 1,
{(i,j)EAliES, j7!S}

Yij E {O, I},
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Let T be the set of feasible solutions.

(a) Consider now the following set of (polynomially many) constraints:

Exercise 10.15 * (The directed traveling salesman problem) Given a
directed graph G = (N, A), with INI nand IAI = m, a natural extension of
the traveling salesman formulation given in Section 10.3, involves the constraints:

Let T' be the set of feasible solutions. Prove that T = T'.

(b) Let Ptsp-dcut and Ptsp-polynomial be the polyhedra associated with the linear
programming relaxations of the formulations corresponding to T and T',
respectively. Prove that

10.1 The journal Interfaces often publishes large scale discrete optimiza­
tion models. Examples of integer programming modeling techniques
can be found in Papadimitriou and Steiglitz (1982), Nemhauser and
Wolsey (1988), and Williams (1990). The example regarding NSF
fellowships is from Stock (1996).

10.3 Edmonds (1971) has shown that the convex hull of the integer feasi­
ble solutions to the minimum spanning tree problem is given by Psub '

The survey paper by Magnanti and Wolsey (1995) discusses many dif­
ferent formulations for tree-related problems, and their applications
to discrete optimization. Edmonds (1965b) provided a polynomial
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time algorithm for the matching problem and showed that the con­
vex hull of the integer feasible solutions to the matching problem is
given by Pmatching. For a textbook exposition of matching algorithms
see Papadimitriou and Steiglitz (1982), and Nemhauser and Wolsey
(1988). Much more information on the traveling salesman problem
can be found in Lawler et a1. (1985).
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We consider the integer programming problem

minimize c'x
subject to Ax = b

x ?: 0
x integer,

Unlike linear programming problems, integer programming problems are
very difficult to solve. In fact, no efficient general algorithm is known for
their solution. In this chapter, we review algorithms for integer program­
ming problems, we develop a duality theory that facilitates algorithmic
development, and discuss evidence suggesting that these problems are in­
herently hard.

There are three main categories of algorithms:

(a) Exact algorithms that are guaranteed to find an optimal solution,
but may take an exponential number of iterations. They include
cutting plane (Section 11.1), branch and bound and branch and cut
(Section 11.2), and dynamic programming methods (Section 11.3).

(b) Approximation algorithms that provide in polynomial time a sub­
optimal solution together with a bound on the degree of suboptimality
(Section 11.5).

(c) Heuristic algorithms that provide a suboptimal solution, but with­
out a guarantee on its quality. Although the running time is not
guaranteed to be polynomial, empirical evidence suggests that some
of these algorithms find a good solution fast. As examples we intro­
duce local search methods (Section 11.6), and simulated annealing
(Section 11.7).

Duality theory is central to linear programming. Integer program­
ming also has a duality theory, presented in Section 11.4, which provides
bounds on the optimal cost. These bounds are very useful in exact al~

gorithms, as they can be used to avoid enumerating too many feasible
solutions, and in approximation algorithms, as they provide performance
guarantees.

Given our inability to solve integer programming problems efficiently,
it is natural to ask whether such problems are inherently hard. Complexity
theory, reviewed in Section 11.8, offers some insights on this question. It
provides us with a class of problems with the following property: if a poly~

nomial time algorithm exists for any problem in this class, then all integer
programming problems can be solved by an efficient algorithm, but this
considered unlikely.

Integer programming methodsChap. 11
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11.1



This is the inequality that we add to the relaxation (11.2). Note that all integer
solutions to (11.1) satisfy it, while the optimal solution x* to the relaxation
violates it.
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(11.2)
minimize c'x

subject to Ax b
x > o.

Cutting plane methodsSec. 11.1

and its linear programming relaxation

Note that this method is just a variation of the cutting plane algo­
rithm introduced in Section 6.3. As in that section, the main idea is to
generate a violated constraint, whenever the relaxed problem gives rise to
an infeasible solution. The performance of a cutting plane method depends
critically on the choice of the inequality used to "cut" x*. We review next
ways to introduce cuts that give rise to particular cutting plane algorithms.

The main idea in cutting plane methods is to solve the integer programming
problem (11.1) by solving a sequence of linear programming problems, as
follows. We first solve the linear programming relaxation (11.2) and find
an optimal solution x*. If x* is integer, then it is an optimal solution to the
integer programming problem (11.1). If not, we find an inequality that all
integer solutions to (11.1) satisfy, but x* does not. We add this inequality
to the linear programming problem to obtain a tighter relaxation, and we
iterate this step.

Example 11.1 (An example of a cut) Let x* be an optimal basic feasible
solution to (11.2) with at least one fractional basic variable. Let N be the set
of indices of the nonbasic variables. Consider any solution to the integer pro­
gramming problem such that Xi = 0 for all i E N. Then, it is a solution to the
linear programming problem as well, and it must be the same as the basic feasible
solution x*. Since x* is not feasible for the integer programming problem, then
all feasible integer solutions satisfy



Xi + I:: aijXj = aiD'

JEN

Since Xj 2: 0 for all j, we have

Xi + I:: laijJXj :::; Xi + I:: aijXj = aiD·

JEN JEN

Integer programming methods

Xl 2X2

-4XI + 6X2 < 9
Xl + X2 < 4
Xl, X2 2': 0
Xl, X2 integer.
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minimize
subject to

Gomory cutting plane algorithm
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The first finitely terminating algorithm for integer programming was a cut­
ting plane algorithm proposed by Gomory in 1958, which uses some detailed
information from the optimal simplex tableau.

We solve the standard form linear programming problem (11.2) with
the simplex method. Let x* be an optimal basic feasible solution and let B
be an associated optimal basis. We partition x into a subvector XB of basic
variables and a subvector XN of nonbasic variables. Assume for simplicity
that the first m variables are basic, so that XB(i) = Xi, for i = 1, ... , m.
Recall from Chapter 3 that a tableau provides us with the coefficients of
the equation B-1Ax B-1b. Let N be the set of indices of nonbasic
variables. Let AN be the submatrix of A with columns Ai, i E N. :From
the optimal tableau, we obtain the coefficients of the constraints

XB +B-1
ANXN = B-1b.

Let aij = (B-1Aj )i and aiD (B-1b)i' We consider one equality from
the optimal tableau, in which aiD is fractional:

Since Xj should be integer, we obtain

Xi + I:: laijJXj :::; laiDJ.
JEN

This inequality is valid for all integer solutions, but it is not satisfied by x* .
The reason is that xi = aiD, x; 0 for all nonbasic j E N, and laiDJ < aiD

(since aiD was assumed fractional).
It has been shown that by systematically adding these cuts, and us­

ing the dual simplex method with appropriate anticycling rules, we
a finitely terminating algorithm for solving general integer prlDgJrarnnling
problems. See Section 5.1 on how to apply the dual simplex method,
new inequality constraints are added. In practice, however, this mElthod
has not been particularly successful.

Example 11.2 (Illustration of the Gomory cutting plane al~~OI·itlhnl)

We consider the integer programming problem



We solve the linear programming relaxation, and the optimal solution (in terms
of the original variables) is Xl (15/10,25/10). One of the equations in the
optimal tableau is

483

9
4

Xl 2X2

-4XI + 6X2 + X3

Xl + X2 + X4

Xl, ,X4 2:: 0
Xl, ,X4 integer.

minimize
subject to

Cutting plane methods

1<';",,, ..,,, 11.1: The Gomory cutting plane algorithm for Example
11.2. The shaded region is the feasible set of the linear program­
ming relaxation.

Sec. 11.1

We transform the problem in standard form

X2 :::; 2.

1 4 25
X2 + 10 x3 + lOx4 10

We apply the Gomory cutting plane algorithm, and we find the cut

We augment the linear programming relaxation by adding the constraints X2 +
X5 = 2, X5 2:: 0, and we find that the new optimal solution is x 2 = (3/4,2). One
of the equations in the optimal tableau is

We add a new Gomory cut



which, in terms of the original variables Xl, X2, is

(i,j) E £,

iEN.
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for any cycle U such that lUI is odd,

i=l

subject to Xi + Xj :s: 1,

Xi E {O, I},
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LXi :s: 1, for any clique U.
iEU

We add this constraint, together with the previously added constraint X2 :s: 2,
and find that the new optimal solution is x 3 = (1,2). Since the solution x 3 is
integer, it is an optimal solution to the original problem; see Figure 11.1.

A difficulty with general purpose cutting plane algorithms is that the
added inequalities cut only a very small piece of the feasible set of the
linear programming relaxation. As a result, the practical performance of
such algorithms has not been impressive. For this reason, cutting plane
algorithms with deeper cuts have been designed. These cuts utilize the
structure of the particular integer programming problem. We illustrate
such methods with an example.

Example 11.3 (The weighted independent set problem) Given an undi­
rected graph G (N, £) and weights Wi for each i E N, the weighted independent
set problem asks for a collection of nodes S of maximum weight, so that no two
nodes in S are adjacent. We let Xi = 1 if node i is selected in the independent
set, and Xi = 0, otherwise. The problem can then be formulated as follows:

n

maximize L WiXi

A collection of nodes U such that for any i,j E U, we have (i,j) E £,
called a clique. Clearly the following inequality is valid for all feasible soJlutiorlS
to the independent set problem:

A set of nodes U = {il, , ik} is called a cycle if the only edges
nodes in U are {iI, i2}, {i2, is}, , {ik' iI}. For any cycle U of odd cal:diJllality,
there can be no more that (IUI- 1)/2 nodes in an independent set; Ot.llPT'WiRRJ
two of these nodes will be adjacent. Therefore, the inequality

must hold.
The inequalities we derived above utilize the particular combinatorial

ture of the maximum independent set problem. If we use these inequalities in t
generic cutting plane method we described, the performance of the al€~orittJllD,

greatly enhanced. However, given an x*, we must search for a violated mE~quaH

of either type, which can be difficult.



b(Fi ) ..:; min c'x.
xEFi

Figure 11.2: A tree of subproblems: the feasible set F is parti­
tioned into F1 and F2 ; also, F2 is partitioned into F3 and F4 .
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Branch and bound

Sec. 11.2

11.2

minimize c'x
subject to x E Fi , i = 1, ... ,k.

Branch and bound uses a "divide and conquer" approach to explore the
set of feasible integer solutions. However, instead of exploring the entire
feasible set, it uses bounds on the optimal cost to avoid exploring certain
parts of the set of feasible integer solutions.

Let F be the set of feasible solutions to the problem

minimize c'x
subject to x E F.

[For example, F could be the set of integer feasible solutions to the problem
(11.1).] We partition the set F into a finite collection of subsets F I , ... , Fk ,

and solve separately each one of the subproblems

We then compare the optimal solutions to the subproblems, and choose
the best one. Each subproblem may be almost as difficult as the original
problem and this suggests trying to solve each subproblem by means of the
same method; that is, by splitting it into further subproblems, etc. This is
the branching part of the method and leads to a tree of subproblems; see
Figure 11.2.

We also assume that there is a fairly efficient algorithm, which for
every Fi of interest, computes a lower bound b(Fi ) to the optimal cost of
the corresponding subproblem; that is,

The basic idea is that while the optimal cost in a subproblem may be
difficult to compute exactly, a lower bound might be a lot easier to obtain.



A popular method to obtain such a bound is to use the optimal cost of the
linear programming relaxation.

In the course of the algorithm, we will also occasionally solve certain
subproblems to optimality, or simply evaluate the cost of certain feasible
solutions. This allows us to maintain an upper bound U on the optimal
cost, which could be the cost of the best feasible solution encountered thus
far.

The essence of the method lies in the following observation. If the
lower bound b(Fi ) corresponding to a particular subproblem satisfies b(Fi ) 2:
U, then this subproblem need not be considered further, since the optimal
solution to the subproblem is no better than the best feasible solution en­
countered thus far.

The following is a high-level description of the resulting algorithm.
At any point, the algorithm keeps in memory a set of outstanding (active)
subproblems and the cost U of the best feasible solution so far. Initially, U
is set either to 00 or to the cost of some feasible solution, if one happens to
be available. A typical stage of the algorithm proceeds as follows.

There are several "free parameters" in this algorithm. The best
choices are usually dictated by experience.

(a) There are different ways of choosing an active subproblem. Two ex­
treme choices are "breadth-first search" and "depth-first search."

(b) There may be several ways of obtaining a lower bound b(Fi ) on the
optimal cost of a subproblem. One possibility that we have already
mentioned is to consider the linear programming relaxation. We con­
sider other possibilities in Section 11.4.

(c) There are usually several ways of breaking a problem into subprob­
lems.
As an illustration, we use as a lower bound b(Fi ) the optimal cost

of the linear programming relaxation whereby the integrality constraints
are ignored. If an integer optimal solution to the relaxation is obtained,
then it is automatically an optimal solution to the corresponding integer
programming problem as well, and there is no need for expanding into

Integer programming methodsChap. 11486
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Branch and bound

Figure 11.3: Branch and bound in Example 11.4.
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further subproblems. We only need to update U (if the cost of this optimal
solution is better than the previous value of U), and we can delete the
current subproblem. If the optimal solution x* to the linear programming
relaxation is not integer, we choose a component Xi for which xi is not
integer and create two subproblems, by adding either of the constraints

(Note that both constraints are violated by x*. If x* is the unique optimal
solution to the linear programming relaxation, then the optimal cost in the
relaxation of either of the new subproblems will be strictly larger.) Given
that a subproblem differs from its parent only in the fact that a single new
constraint has been added, we can solve the linear programming relaxation
of a subproblem by means of the dual simplex method, starting from x*. We
may then expect that an optimal solution to the new linear programming
problem will be obtained after only a small number of iterations.

Example 11.4 (Illustration of branch and bound) We solve the problem
of Example 11.2 by branch and bound; see Figure 11.3. Initially, U 00. We solve
the linear programming relaxation and the optimal solution is Xl (1.5,2.5).
Then, b(F) is the optimal cost of the relaxation, i.e., b(F) = -3.5. We create
two subproblems, by adding the constraints X2 2': 3 (subproblem F l ), or X2 :::: 2
(subproblem F2 ). The active list of subproblems is {H, H}. The linear program­
ming relaxation of subproblem Fl is infeasible and, therefore, we can delete this
subproblem from the active list. The optimal solution to the linear programming



n n

minimize L L CijXij

i=l j=l

Example 11.5 (A branch and bound method for the directed traveling
salesman problem) Given a directed graph G = (N, A) with n nodes, and a
cost Cij for every arc, we want to solve the traveling salesman problem on G using
branch and bound. The objective is to find a tour (a directed cycle that visits all
nodes) of minimum cost. We let Xij equal to 1, if i and j are consecutive nodes
in a tour, and 0, otherwise. The optimal cost in the problem

relaxation of subproblem F2 is x 2 = (3/4,2), and thus b(F2) -3.25. We further
decompose subproblem F2 into two subproblems, since either Xl :2: 1 (subproblem
F3), or Xl ::; 0 (subproblem F4)' The active list of subproblems is now {F3' F4}.
The optimal solution to the linear programming relaxation of Subproblem F3 is
x 3 (1,2), which is integer and therefore, U = -3. We delete subproblem F3
from the active list. The optimal solution to the linear programming relaxation
of subproblem F4 is x 4 = (0,3/2), and thus b(F4) = -3. Since b(F4) :2: U, we do
not need to further explore subproblem F4. Since the active list of subproblems
is empty, we terminate. The optimal integer solution is x 3 (1,2).

j 1, ... ,n,

i = 1, ... ,n,
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n

LXij 1,
j=l

Xij E {0,1},

n

subject to L Xij = 1,
i=l
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provides a lower bound on the cost of an optimal tour, because every tour must
satisfy the above constraints. We recognize this as an assignment problem. How~

ever, not every feasible solution to the assignment problem corresponds to a tour,
and for this reason the optimal costs for the two problems are not the same. In
particular, an optimal solution to the assignment problem may correspond to a
collection of "subtours"; see Figure 11.4.

Suppose now that we use the assignment problem to obtain a lower
on the cost of the traveling salesman problem. If the optimal solution to the
assignment problem corresponds to a tour, such a tour is optimal for the tnwe,ling
salesman problem. If not, we split the problem into subproblems. Each additi011al
subproblem involves a single additional constraint of the form Xij O. This is
equivalent to prohibiting (i, j) from being consecutive nodes in a tour, and can
be also accomplished by setting Cij to a prohibitively high value. Note that
adding such a constraint to the traveling salesman or to the assignment problem,
still leaves us with a traveling salesman or assignment problem, respectively.
Therefore, all subproblems constructed in the course of the branch and bound
algorithm will also correspond to instances of the traveling salesman problern
and lower bounds can be obtained by solving the related assignment pr1ob.lerns.
The only remaining issue is how to decide which constraints Xij = 0 to add.
natural alternative is to choose one or more subtours and let each subp,roblE~m
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prohibit one of their arcs. For example, if the optimal solution to the assignment
problem is as in Figure 11.4, we can create subproblems by adding one of the
constraints X1Z = 0, XZ3 0, X34 = 0, X4l = 0, X56 = 0, X67 0, X75 = 0. If the
current assignment problem has a unique optimal solution, this solution is made
infeasible by the constraints that are added during branching. For this reason,
the optimal cost in each subproblem is strictly larger, and improved lower bounds
are obtained.

489Branch and bound

Figure 11.4: Consider a directed traveling salesman problem
with seven nodes. The vector x corresponding to these two sub­
tours is a feasible solution to the assignment problem.
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Another variant of the method, often called branch and cut, utilizes cuts
when solving the subproblems. In particular, we augment the formulation
of the subproblems with additional cuts, in order to improve the bounds ob­
tained from the linear programming relaxations. We illustrate the method
with an example.

Example 11.6 (Illustration of branch and cut) We solve the problem of
Example 11.2 by branch and cut. We first solve the linear programming relaxation
and find the optimal solution Xl (1.5,2.5). As before, we create subproblems
Fl (corresponding to Xz :::- 3) and Fz (corresponding to Xz ::; 2). We delete
subproblem Fl, because its linear programming relaxation is infeasible. In order
to solve subproblem Fz , we add the constraint -Xl + Xz ::; 1 which is satisfied
by all integer solutions to subproblem Fz. The optimal solution to the linear
programming relaxation is now x = (1,2), which is integer, and thus we terminate

It should be clear that the success of branch and bound methods
depends critically on the availability of tight lower bounds. (In Section 11.4
we introduce a duality theory for integer programming that leads to such
bounds.) While the branch and bound algorithm may take exponential time
in the worst case (see Exercise 11.4), it often produces acceptable solutions
in a reasonably short amount of time, especially when tight lower bounds
are available.



m~n (C({I, ... ,n}, k) + Ckl ).

More generally, devising a dynamic programming algorithm for
integer programming problem involves the following steps.

(11.3)k E S,
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C(S,k)= min (C(S\{k},m)+cmk)'
mES\{k}

Dynamic programming
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with the optimal solution. Note that by adding the cut -Xl +X2 s: 1, we avoided
further enumeration. This is typical in branch and cut. If we can add "deep"
cuts, we can accelerate branch and bound considerably. However, finding such
cuts is nontrivial.

In the previous section, we introduced branch and bound, which is an exact,
intelligent enumerative technique that attempts to avoid enumerating a
large portion of the feasible integer solutions. In this section, we introduce
another exact technique, called dynamic programming, that solves integer
programming problems sequentially.

We illustrate the method by deriving a dynamic programming algo­
rithm for the traveling salesman problem. We will then discuss general
principles on how to develop dynamic programming algorithms for other
integer programming problems.

Example 11.7 (A dynamic programming algorithm for the traveling
salesman problem) Let G = (N, A) be a directed graph with n nodes and let
Cij be the cost of arc (i, j). We view the choice of a tour as a sequence of choices:
we start at node 1; then, at each stage, we choose which node to visit next. After
a number of stages, we have visited a subset S of N and we are at a current node
k E S. Let C(S, k) be the minimum cost over all paths that start at node 1,
visit all nodes in the set S exactly once, and end up at node k. If we call (S, k)
a state, this state can be reached from any state of the form (S \ {k}, m), with
m E S \ {k}, at a transition cost of Cmk. Thus, C (S, k) can be interpreted as the
least possible sum of transition costs, over all sequences of transitions that take
us from state Ul}, 1) to state (S, k). Therefore, we have the recursion

and CUI}, 1) = O. There are 2n choices for S, O(n) choices for k, and a total

of 0 (n2n
) states (S, k). Each time that C (S, k) is evaluated for some new state

according to Eq. (11.3), O(n) arithmetic operations are needed. Therefore, with
O(n2 2n

) operations, we can obtain C({I, ... ,n}, k) for all k. The length of
optimal tour is then given by

This algorithm, although exponential, is much better than exhaustive enumera­
tion of all n! tours. Realistically, it can only be used to solve instances of
traveling salesman problem involving up to 20 nodes.
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(11.4)

zero-one

subject to

Dynamic programmingSec. 11.3

A dynamic pr,oglrarnnling algorithm
knapsack pr,oblm:n

maximize

The most crucial step is usually the definition of a suitable state. Let
us apply the method to another problem.

Let us consider the version of the zero-one knapsack problem we introduced
in Example 10.1:

n

LWjXj ~ K
j=l

Xj E {O, I}.

We assume that K and all Cj, Wj are positive integers. We derive a dynamic
programming algorithm for the zero-one knapsack problem by decompos­
ing it into stages. Instead of picking a vector (Xl, ... , xn ) all at once, we
visualize the problem as one in which decisions are made for one item at
a time. After i decisions, we have decided which ones out of the first i
items are to be included in the knapsack, and have therefore determined
values for the variables Xl, ... , Xi. At that point, the value accumulated is
2:;=1 CjXj and the weight accumulated is 2:;=1WjXj.

Let Wi (u) be the least possible weight that has to be accumulated in
order to attain a total value of u using only items in the set {I, ... ,i}. Let
Wi (u) = 00, if it is impossible to accumulate a total value of u using only
the first i items. We use the convention Wo(O) = 0, and Wo(u) = 00, if
u #- 0, which reflects the fact that the value accumulated using no items is
zero. We then have the following recursion:

In words, this recursion means the following. If we wish to accumulate a
total value of u, using some of the first i + 1 items, while accumulating as



Figure 11.5: The state transition diagram for the dynamic pro­
gramming approach to the zero-one knapsack problem.
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little weight as possible, there are two alternatives depending on whether
item i +1 is used or not. If item i + 1 is not used, then the best we can do is
to accumulate a total value of u, while using only some of the first i items
and do that with the least possible accumulated weight, which is Wi (u).
Alternatively, if item i + 1 is used, since it has a value of cHI, we must have
accumulated a total value of u - CiH using the first i items. Of course, the
first i decisions should be made so that the value u - CHI is accumulated
with the least possible weight, which is Wi (u - CiH), and to which we must
then add the weight of item i + 1. We can now interpret recursion (11.4)
as stating that WHI (u) is given by the best of the two alternatives that we
have just described.

We continue with a slightly different interpretation ofrecursion (11.4).
Let us say that we are at state (i, u) if we have considered the first i items,
have picked some of them, and have accumulated a total value of u. We
then build a state transition diagram indicating which states can be reached
from which other state. Notice that when in state (i, u) we can either decide
to pick item i + 1 and move to state (i + 1, u + CHI) or we can decide to
skip item i + 1 and move to state (i + 1, u). We represent states as nodes
and possible transitions by directed arcs; see Figure 11.5.

In addition, we associate a weight to each arc (or transition) which
is the additional weight added in the course of this transition. Thus, the
transition from (i, u) to (i + 1, u) carries zero weight, while the transition
from (i, u) to (i + 1, u + cHd carries weight WiH'

Initially, we are at state (0,0); no item has been considered and
value has been accumulated. A sequence of decisions, involving
1, ... ,i corresponds to a directed path from node (0,0) to some node
the form (i, u). Furthermore, the sum of the weights along the path
responds to the accumulated weight. We conclude that Wi(u) is equal
the least weight of all paths from node (0,0) to node (i, u), and is



u* max {u IWn(u) :::; K},
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max Ci.
i=l, ... ,n

Cmax

Dynamic programming

Let
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If u > ncmax , then no state of the form (i, u) is reachable. By restricting
to states of the form (i, u) with u :::; ncmax , we see that the total number
of states of interest is of the order of n 2cmax . Using recursion (11.4), the
value of W i ( u) for all states of interest, can be computed in time O(n2 cmax).

Once this is done, the optimal value u* is given by

which can be determined with only an additional O(ncmax ) effort. Optimal
values for the variables Xl, ... ,Xn are then determined by an optimal path
from node (0,0) to node (n, u*). We have thus proved the following result.

An alternative, and somewhat more natural, dynamic programming
algorithm for the same problem could be obtained by defining Ci(w) as the
maximum value that can be accumulated using some of the first i items
subject to the constraint that the total accumulated weight is equal to w.
We would then obtain the recursion

O(n(logcmax + logwmax) + log K),

to infinity if no such path exists. We may then recognize Eq. (11.4) as the
Bellman equation associated with this shortest path problem (see Section
7.9).

By considering all states of the form (i,w) with w:::; K, an algorithm with
complexity O(nK) would be obtained. However, our previous algorithm
is better suited to the purposes of developing an approximation algorithm,
which will be done in Section 11.5.

The algorithm of Theorem 11.1 is an exponential time algorithm.
This is because the size of an instance of the zero-one knapsack problem is

where W max = maxi Wi' However, it becomes polynomial if Cmax is bounded
by some polynomial in n. More formally, for any integer d, we can define
the problem KNAPSACK(d), as the problem consisting of all instances of the
zero-one knapsack problem with Ci :::; nd for all i. According to Theorem
11.1, KNAPSACK(d) can be solved in time O(nd+2), which is polynomial for
every fixed d.



Proof. Let x* denote an optimal solution to (11.5). Then, b - Ax*
and, therefore,

(11.5)

(11.6)
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minimize c'x
subject to Ax 2: b

Dx 2: d
x integer,

x = {x integer IDx 2: d}.

minimize c'x + p'(b - Ax)
subject to x E X,

D, b, c, d have integer entries. Let ZIP the optimal

11.4
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and assume that
cost and let

In this section, we develop the duality theory of integer programming. This
in turn leads to a method for obtaining tight bounds, that are particularly
useful for branch and bound. The methodology is closely related to the
subject of Section 4.10, but our discussion here is self-contained.

We consider the integer programming problem

In order to motivate the method, we assume that optimizing over the set
X can be done efficiently; for example X may represent the set of feasible
solutions to an assignment problem. However, adding the constraints Ax 2:
b to the problem, makes the problem difficult to solve. We next consider
the idea of introducing a dual variable for every constraint in Ax 2: b. Let
p 2: 0 be a vector of dual variables (also called Lagrange multipliers) that
has the same dimension as the vector b. For a fixed vector p, we introduce
the problem

c'x* + p'(b - Ax*) ~ c'x* = ZIP.

and denote its optimal cost by Z (p). We will say that we relax or dualize
the constraints Ax 2: b. For a fixed p, the above problem can be solved
efficiently, as we are optimizing a linear objective over the set X. We next
observe that Z(p) provides a bound on ZIP.

Since x* EX,
Z(p) ~ c'x* + p'(b - Ax*),

and therefore, Z (p) ~ ZIP.

Since problem (11.6) provides a lower bound to the integer progra
ming problem (11.5) for all p 2: 0, it is natural to consider the tightest su



Suppose for instance, that X = {xl, ... ,xm
}. Then Z (p) can be also

written as

The previous theorem represents the weak duality theory of integer
programming. Unlike linear programming, integer programming does not
have a strong duality theory. (Compare with Theorem 4.18 in Section 4.10.)
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(11. 7)

(11.8)Z(p) = . min (c'Xi + p'(b - Axi
)).

z=l, ... ,m

Integer programming duality

Figure 11.6: The function Z(p) is concave and piecewise linear.

ZD = maxZ(p).
p2°

Sec. 11.4

bound. For this reason, we introduce the problem

maximize Z (p)
subject to p?: o.

We will refer to problem (11.7) as the Lagrangean dual. Let

The function Z (p) is concave and piecewise linear, since it is the minimum
of a finite collection of linear functions of p (see Theorem 1.1 in Section 1.3
and Figure 11.6). As a consequence, the problem of computing ZD [namely,
problem (11.7)] can be recast as a linear programming problem, but with
a very large number of constraints.

It is clear from Lemma 11.1 that weak duality holds:



On the strength of the Lagrangean

Z(p) = min (c'x + p'(b - Ax)).
xEX

Z(p) = min (c'x + p'(b Ax)),
xECH(X)

Integer programming methodsChap. 11496

Indeed in Example 11.8, we show that it is possible to have ZD < ZIP.

The procedure of obtaining bounds for integer programming problems by
calculating ZD is called Lagrangean relaxation. We next investigate the
quality of the bound ZD, in comparison to the one provided by the linear
programming relaxation of problem (11.5).

The characterization (11.8) of the Lagrangean dual objective does not pro­
vide particular insight into the quality of the bound. A more revealing
characterization is developed in this subsection. Let CH(X) be the convex
hull of the set X. We need the following result, whose proof is outlined
in Exercise 11.8. Since we already know that the convex hull of a finite
set is a polyhedron, this result is of interest when the set {x I Dx ;:::: d} is
unbounded and the set X is infinite.

The next theorem, which is the central result of this section, charac­
terizes the Lagrangean dual as a linear programming problem.

Proof. By definition,

Since the objective function is linear in x, the optimal cost remains
same if we allow convex combinations of the elements of X. Therefore,

•
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and hence, we have

Since,

Let x k , k E K, and wj, j E J, be the extreme points and a complete set
of extreme rays of CH(X), respectively. Then, for any fixed p, we have

o

kE K,

j E J,

if (c/ - p/A)w j < 0,
for some j E J,

otherwise.

k E K, j E J.

ZD = max min (c/x + p/(b - Ax)).
P?:O xECH(X)

maximize y

subject to y + p/(Axk

p/Awj

p 2: o.

{

-00,

Z(p) =
min (c/x k + p/ (b - Axk )),
kEK

Therefore, the Lagrangean dual is equivalent to and has the same optimal
value as the problem

maximize min (c/x k + p/ (b Axk
) )

kEK

subject to (c/ - p/A)wj 2: 0, j E J,

p 2: 0,

or equivalently,

Taking the linear programming dual of the above problem, and using strong
duality, we obtain that ZD is equal to the optimal cost of the problem

minimize c/ (L akxk + L !3jW
j

)

kEK jEJ

subject to L ak = 1
kEK

CH(X) = { L ak xk+L!3jW
j I L ak = 1, ak,!3j 2: 0, k E K, j E J},

kEK jEJ kEK

the result follows.



For p ~ 0, we have

X = {(1,0), (2,0),(1, 1), (2, 1), (0,2),(1,2), (2,2), (1,3), (2,3)}.

Integer programming methods

0:::: p :::: 5/3,

5/3:::: p :::: 3,

p ~ 3.

c'x
Ax> b
Dx > d.

Chap. 11

minimize
subject to

minimize 3Xl X2

subject to Xl X2 ~ -1
-Xl + 2X2 :::: 5
3Xl + 2X2 ~ 3

6Xl + X2 < 15
Xl,X2 ~ 0
Xl,X2 integer.

{

-2 + p,

Z(p) = 3 2p,

6 3p,

498

which is plotted in Figure 11.8.
Since there are nine points in X, Z(p) is the minimum of nine linear func­

tions. The function Z(p) turns out to be equal to

We relax the first constraint Xl X2 ~ -1, and we let X be the set of integer
vectors that satisfy the remaining constraints. The set X, shown in Figure 11.7,
is then

Example 11.8 (Illustration of Lagrangean relaxation) Consider the prob­
lem

Although we presented the method for the case where the r"j,;,v"r(

constraints were inequalities, the method is exactly the same even
have equality constraints. The only difference is that the cOITeE;ponding
Lagrange multipliers are unrestricted in sign.

Having characterized the optimal value of the Lagrangean dual as
solution to a linear programming problem, it is natural to compare it
the optimal cost ZIP and the optimal cost ZLP of the linear prIDg]~arnrrtilli

relaxation

The Lagrangean dual is maximized for p = 5/3, and the optimal value is ZD
Z(5/3) = -1/3. For p = 5/3, the corresponding elements of X are (1,0)
(0,2).

In order to illustrate Theorem 11.4, we find first the convex hull
of X, and intersect it with the constraint Xl - X2 ~ -1, forming the
polyhedron in Figure 11.7. Optimizing the original objective function 3Xl

over this polyhedron, we obtain that the optimal solution is (1/3,4/3) with
-1/3, which is the same as ZD.



and the second inequality follows from Theorem 11.2. In the next example,
we show that, depending on the objective function, these inequalities can
be strict.

Example 11.9 We refer again to Example 11.8. It can be verified that we have
the following possibilities:

(a) For the original objective function 3XI - X2, we have ZLP < ZD < ZIP.

(b) If we change the objective function to -Xl + X2, we have ZLP < ZD = ZIP.

(c) For the objective function -Xl - X2, we have ZLP = ZD ZIP.
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CH(X) c {x IDx 2: d},

Figure 11.7: The points shown are elements of X. The convex
hull of X is the set outlined by the thicker lines. The shaded
polyhedron represents the intersection of CH(X) with the set of
vectors that satisfy Xl - X2 :::: -1. The optimal solution to problem
(11.9) is XD = (1/3,4/3), and its cost ZD is equal to -1/3. Note
that the optimal solution to the linear programming relaxation is

the vector XLP = (1/5,6/5), resulting in a lower bound ZLP =
-9/5. The optimal solution to the integer programming problem
is XIP = (1,2), and ZIP = 1. Note that ZLP < ZD < ZIP.

Sec. 11.4

In general, the following ordering holds among ZLP, ZIP, and ZD:

The first inequality follows from Theorem 11.4, because



One can also construct an example, in which the relation ZLP ZD < ZIP holds.
In this example, however, such an ordering is not possible.

Integer programming methodsChap. 11

Figure 11.8: The function Z(p). Each line is the plot of the
function 3XI - X2 + p( -1 Xl + X2), where (Xl, X2) is set to some
particular element of X. The lower envelope of these lines is the
function Z(p). The maximum of Z(p) is -1/3 and is attained for

p = 5/3.

Using Theorem 11.4, we can make the following observations:
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It is interesting to observe that if the polyhedron {x I Dx :::: d},
integer extreme points, then CH(X) = {x IDx :::: d}, and therefore
equal to the optimal cost of the linear programming relaxation.



The formulation can be then written as follows.

Next, we apply the Lagrangean relaxation methodology to the above formulation,
by dualizing the constraints

L X e 1N1-2.
eEE(N\{l})

501

(11.10)iEN\{l}.L X e =2,
eE8({i})

Integer programming duality

minimize LCeXe

eEt:

subject to L X e 2, i EN \ {I},
eE8({i})

L X e 2,
eE8({1})

L x e :::; lSI-I, SeN, Sf.0,N,
eEE(S)

L X e INI- 2,
eEE(N\{l})

X e E {O, I}.

Sec. 11.4

[Recall that X e indicates whether edge e participates in the tour. Also, 8({i})
is the set of edges incident to node i, and E(S) is the set of edges with both
endpoints in S.] We choose node 1 as a special node, called the root node, and
add the redundant equality

L X e 2, i EN,
eE8({i})

L X e :::; ISI- 1, SeN, Sf. 0,N,
eEE(S)

X e E {O, I}.

Example 11.10 (Improved bounds for the traveling salesman prob­
lem) The following set of constraints for the traveling salesman problem on an
undirected graph G = (N, E), was introduced in Section 10.3:

The binary vectors satisfying all the constraints except for (11.10) constitute the
set X. We define an I-tree to be a tree involving all nodes in N \ {I}, and two
additional edges incident to node 1 (see Figure 11.9). It is not hard to show that X
is the set of vectors that correspond to I-trees. As a result, we can optimize over
X efficiently, by using the greedy minimum spanning tree algorithm on N \ {I},
and then adding the two smallest cost edges from node 1. Moreover, it is known
that CH(X) is the polyhedron described by all inequalities except (11.10), and
where we replace the integrality constraints with x ~ o.



Z(p) = ,min (c'xi + p'(b Axi
)).

t=l, ... ,m

eEE(S)

X e ?: O.
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Figure 11.9: Two I-trees.

minimize LCeXe

eEE

subject to L X e 2, i E N,
eE8({i})

L X e s: 181- 1, 8 c N, 8 of 0,N,
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We consider the linear programming relaxation of the original formulation,
which is

Notice that the constraint X e s: 1 is implied by the subtour elimination cOllstraints
for 8 = e = {i,j}, and is therefore omitted.

By Corollary 1l.1(b), ZD = ZLP. The optimal value ZD of the La:gra,ng'8an
dual is called the Held-Karp lower bound. As we mentioned, the caJculatilOI1
of Z (p) for a fixed vector p can be done efficiently. This leads to an eff'8ctive
algorithm for computing the Held-Karp lower bound.

In general, the combination of branch and bound and Lagn1n~~ea.1W

relaxation yields some of the most effective methods for many
integer programming problems.

Solution of the Lagrangean dual

In this subsection, we outline a method for finding the optimal .l..JO"IS<a.u,

multipliers p*, that solve the Lagrangean dual problem (11.7). To
the presentation simple, we assume that X is finite and X {xl, ...
Given a particular value of p, we assume that we can calculate Z(p),
we have defined as follows:



The vectors s in Lemma 11.2 provide the required generalization.
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Let fi = b - Axi and hi = c'xi
. Then,

Z(p) = . min (hi + fip) ,
1,=l, ... ,ffi

which is piecewise linear and concave, as discussed earlier.
In order to motivate the following discussion, let us assume for the

moment that the function Z (p) is also differentiable. Then, the classical
steepest ascent method for maximizing Z (p) is given by the sequence of
iterations

pHI = pt + ()t \7Z(pt), t = 1,2, ...

In our case, the function Z(p) is not differentiable and thus \7Z(pt) does
not always exist. For this reason, we need to generalize the notion of the
gradient to nondifferentiable concave functions. The following alternative
characterization of concave functions is helpful in this respect. The proof
is based on the supporting hyperplane theorem, which is an extension of
the separating hyperplane theorem, and is omitted; see Exercise 11.9.

If the function f is differentiable at x*, then it can be verified that
8f(x*) {\7f(x*)}. If f is not differentiable, then Lemma 11.2 establishes
that the subdifferential is nonempty at every point. Figure 11.10 shows an
example of a subgradient. Definition 11.1 is the same as Definition 5.1 in
Section 5.3, except that the direction ofthe inequality is reversed; the reason
is that here we are dealing with concave as opposed to convex functions.

Note that the inequality f(x) ::; f(x*) for all x E ?Rn
, is equivalent

to saying that 0 is a subgradient of f at x*. This observation is formally
recorded in the following lemma, which establishes a necessary and sufficient
condition for the maximum of a concave function.
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Figure 11.10: A concave function f(x) and a subgradient s of
fat x*. Note that f(x) .:::; f(x*) + s'(x - x*).
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We next characterize exactly the subdifferential of a piecewise
concave function; see Figure 11.11 for an illustration. The proof is
on Farkas' lemma and is omitted (Exercise 11.10).

The following algorithm generalizes the steepest ascent alg:orithlu
can be used to maximize a nondifferentiable concave function Z (.).
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lim ()t = O.
t-'>oo

t = 1,2, ... ,

and
CXJ

L()t = 00,

t=l

Integer programming duality

Figure 11.11: The subdifferential of Z (p) at p * is the set of, all
vectors that can be written as convex combinations of f 1 and f 2 .

Sec. 11.4

We have characterized the subdifferential of a piecewise linear concave
function in Lemma 11.4. Typically, however, only the extreme subgradients
fi are used.

We next specify the stepsize ()t. It can be proved that Z(pt) converges
to the unconstrained maximum of Z(·), assuming it is finite, for any stepsize
sequence ()t such that

An example of such a sequence is ()t = lit. For practical purposes, however,
this leads to slow convergence, and other choices for the stepsizes ()t are
often used. An example is

where a is a scalar satisfying 0 < a < 1. A more sophisticated and popular
rule is to let



corresponding to the points in the set

)( {(1,0), (2,0), (1,1), (2,1), (0,2),(1,2), (2,2), (1,3),(2,3)}.

'V j.
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1 5.00 -3 -9.00

2 2.60 -2 -2.20

3 1.32 1 -0.68

4 1.83 -2 -0.66

5 1.01 1 -0.99

6 1.34 1 -0.66

7 1.60 1 -0.40

8 1.81 -2 -0.62

9 1.48 1 -0.52

10 1.61 1 -0.39

t+l {t () t o}Pj = max Pj + tSj' ,

Table 11.1: An example of the subgradient optimization algorithm.
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Z(p) = min {3-2p, 6 3p, 2-p, 5-2p, -2+p, 1, 4-p, p, 3},

where a satisfies 0 < a < 1, and ZD is an estimate of the optimal value ZD
In practice, the stopping criterion 0 E 8Z(pt) is rarely met. Typically, the
algorithm is stopped after a fixed number of iterations.

Notice that we are interested in maximizing Z(p) subject to p 2': O.
However, with the algorithm that we have presented, the property pt 2': 0
is not guaranteed to hold. In order to enforce this condition, we re})lace.
Step 3 of the subgradient optimization algorithm by

Example 11.11 We apply subgradient optimization to find ZD in Exam.ple
11.8. In this case,

We let Ot 0.8t
. We start with pI = 5. Then, the minimum in the formula

Z (p) is obtained for the piece 6 3p corresponding to (2, 0). The new La,gn1n~(¢

multiplier is p2 = 5 + 0.8(-3) 2.6. The results of the first ten iterations
reported in Table 11.1. The optimal solution is p* = 5/3 = 1.66 and ZD

-1/3 = -0.33. In ten iterations, the best value obtained was in iteration 8,
value -0.39. The example is typical of the behavior of the algorithm. It does



Let us recall the zero-one knapsack problem:

507

n

LWjXj ~ K

j=l

Xj E {O, I}.

maximize

subject to
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have monotonic convergence, and in order to find a near-optimal solution, several
iterations are needed. Another factor at play is that by the tenth iteration, the
stepsize has become quite small and the algorithm is losing the ability to make
rapid progress.

In this section, we introduce algorithms that provide a feasible, but sub­
optimal solution in polynomial time, together with a provable guarantee
regarding its degree of suboptimality. We start with a definition.

An E-approximation algorithm for the zero-one
knapsack problem

Given an optimization problem, a natural question is whether there
exists an E-approximation algorithm for every E > O. For some problems,
this is indeed the case, but there is no general methodology for coming up
with such algorithms. An example is provided next.

We have observed in Section 11.3, that the zero-one knapsack problem can
be solved in time O(n2cmax ), and becomes polynomially solvable if Cmax ~

nd . This motivates an algorithm in which the coefficients Ci are replaced
by smaller values and which produces approximately optimal solutions to
the original problem. The key idea is the following. Consider a problem



The first inequality holds because the set 8 is optimal for the original in­
stance. The second holds because Cj :s; Cj for all j. The third holds because
the set 8' is optimal for the modified instance. The fourth inequality holds
because Cj 2: Cj - lOt. The last inequality holds because the cardinality of
8 is at most n.

The difference

in which C1 = 105, C2 = 37, C3 85. We expect that the optimal cost
does not change much if we consider a new problem with coefficients C1

100, C2 = 30, C3 = 80. But the latter problem is equivalent to one with
coefficients 131 = 10, C2 = 3, C3 = 8, whose solution is faster by a factor of
10.

More generally, if C1 , ... , Cn are the coefficients in the original instance
of the problem, let us replace the t least significant digits of each Ci by
zeroes. Let C1, ... ,cn be the resulting numbers. These numbers are integer
multiples of lOt and we can define an equivalent instance (called the scaled
instance) with coefficients C1,''''Cn , where Ci cd10t . We observe that
Cj lOt:s; Cj :s; Cj, for all j.

Notice that the weight coefficients W1,"" W n have not been changed
and the set of feasible solutions is the same for all three instances. Let 8
(respectively, 8') be a set of items chosen by some optimal solution to the
problem with coefficients C1,"" Cn (respectively, C1,"" cn). We then have

lOt) 2: LCj nlOt
.

jES
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"'"'C > "'"' C > "'"' C > "'"'C > "'"' (c .L..,J-L.., J-L.., J-L..,J-L.., J

jES JES' JES' jES jES
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LCj LCj

jES JES'

is the value Z* - ZH lost if an optimal solution is replaced by an opti­
mal solution to the scaled problem. We have shown that the value lost
is bounded by nlOt . Assuming that Wj :s; K for all j, any single element
set is a feasible solution and this implies that "£jESCj 2: Cmax' Putting
everything together, we have

Z* - ZH "£jES Cj - "£jES' Cj nlOt
---:--- = < - (11.13)

Z* "£jES Cj - cmax ·

The ratio in the left-hand side of Equation (11.13) is the fraction of
optimal value that is lost due to our solving a modified problem.
that we wish this quantity to be bounded by some desired accuracy E.

distinguish two cases:

(a) If n/cmax > E, we solve the problem using the exact algorithm
takes O(n2 cmax ) = O(n3/E) time. The approximation error in
case is zero.

(b) If n/cmax :s; E, we find a nonnegative integer t such that

E nlOt
-<--<E
10 Cmax - ,



and apply the exact algorithm to the scaled instance. Notice that
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and the running time is 0(n2cmax ) = 0(n3 /f). The approximation
error is bounded by f, as desired [ef. Eqs. (11.12) and (11.13)].

We summarize this discussion in the following theorem.

Note that Theorem 11.5 refers to a family of algorithms, one algo­
rithm for each choice of f. For every fixed f > 0, we have a polynomial
time algorithm, and we say that we have a polynomial time approximation
scheme. From a theoretical point of view, given that we do not know of
an exact polynomial algorithm for the problem, a polynomial time approx­
imation scheme is rather powerful, as it allows to approximate the problem
arbitrarily closely.

Notice, however, an important difference between the running time of
some interior point methods for linear programming, and the running time
of the approximation scheme for the zero-one knapsack problem. Focusing
on the dependence on f, the former require O(log(l/f)) time, while the
latter requires O(l/f) time. (The two are not fully comparable because f in
interior point methods is an absolute, not relative, error. Nevertheless the
point we are to make is still pertinent.) In order to find an optimal solution
to a linear programming problem within an accuracy of k significant digits,
the required computation time grows linearly with k. For the knapsack
problem, however, the same requirement on the relative accuracy requires
computation time that grows exponentially with k.

Unfortunately, it is highly unlikely that all integer programming prob­
lems can be approximated arbitrarily closely. We give next an example of a
problem that can be approximated within a finite accuracy, but for which
an arbitrarily accurate approximation is unlikely to exist.

An approximation algorithm for the traveling salesman
problem

We now discuss an example where we have an f-approximation algorithm
for f = 1, but for which f-approximation algorithms are not known when f
is arbitrarily small.

We consider instances of the undirected traveling salesman problem,
in which the costs Cij satisfy the triangle inequality:



ZH :s; 2L :s; 2Z*,
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Figure 11.12: (a) A walk through all arcs of the spanning tree.
(b) The resulting tour if we start with the leftmost node in (a).

510

Such costs arise, for example, when the Cij correspond to distances between
points in the Euclidean plane. We call this problem b..TSP.

Consider the following algorithm for the b..TSP. The first step is to
find a minimum spanning tree. Let L be its cost. We then construct a,
walk that starts at some node, visits all nodes, returns to the original
and never uses an arc outside the minimal spanning tree. It is not
see that such a walk can be constructed so as to traverse each arc of
spanning tree exactly twice; see Figure l1.12(a).

The total cost of this walk is 2L. This walk can be converted
a tour by skipping any intermediate node that has already been
Because of the triangle inequality, the cost ZH of this tour is bounded
2L. On the other hand, every tour contains a spanning tree (remove one
the arcs in the tour) and therefore, has cost at least L. We then have

and Eq. (11.11) holds with E = 1. Note that the triangle inequality
instrumental in deriving the inequality ZH :s; 2L.

For the general traveling salesman problem, in which the the diEitaJllCE:$
Cij do not satisfY the triangle inequality, it can be shown that if
exists an E-approximation algorithm (even if Eis very large, say, E=

then there exists an exact polynomial algorithm for the problem, a
unlikely possibility.



Local search is a general approach to designing heuristics for an optimiza­
tion problem

minimize c(x)
subject to x E F.
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Figure 11.13: Two neighboring tours in 20PT.
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In general, it is not known what properties of integer programming
problems allow approximation with an arbitrary E, a fixed E, or no approx­
imation at all. This is an active research area.

The main idea is to start at some x E F, evaluate c(x), and then evaluate
c(y) for some y E F, which is a "neighbor" of x. If a neighbor y with
c(y) < c(x) is found, select y and repeat the same procedure. If no such
neighbor is found, the process stops: a local optimum has been found, that
is, a feasible solution which is at least as good as any of its neighbors.

The specifics of local search algorithms are determined once we spec­
ify what it means for two feasible solutions to be neighbors, and this is
somewhat arbitrary. In the context of linear programming, we can say that
two vertices are neighbors if they are connected by an edge of the constraint
set (that is, if they are distinct and correspond to bases that differ in exactly
one column). Under this definition of neighborhoods, the simplex method
can be viewed as a local search method. While the simplex algorithm finds
the globally optimal solution, local search methods only guarantee a locally
optimal solution, in general.

Example 11.12 (Local Search for the traveling salesman problem) In
the context of the undirected traveling salesman problem, let us say that two
tours are neighbors if one can be obtained from the other by removing two edges
and introducing two new edges. The resulting local search algorithm is known as
20PT; see Figure 11.13. Note that each tour has O(n2

) neighbors. Alternatively,
we could say that two tours are neighbors if one can be obtained from the other
by removing three edges and introducing three new edges; see Figure 11.14. The



e-(c(y)-c(x))/T,
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resulting local search algorithm is known as 30PT. In 30PT, each tour has 0(n3
)

neighbors.
It has been found empirically that 30PT works better than 20PT. We

could also consider the possibility of interchanging four edges at a time, but this
has not been found to be advantageous. In terms of practical implementation,
once c(x) is computed and when we examine a neighboring tour y, the value of
c(y) can be determined using only 0(1) arithmetic operations: take the value of
c(x), subtract the costs of the removed edges, and add the costs of the new edges.

The main drawback of local search algorithms is that they only obtain a
local minimum. Simulated annealing is a generic method that attempts
to improve upon local search algorithms by allowing occasional moves to
feasible solutions with higher costs. We continue with a more detailed
description. This discussion assumes basic knowledge of Markov chains.

We have a finite set of F of feasible solutions which we henceforth
call states, and a cost function cO defined on F. Every state x E F has
a set N(x) c F of neighbors. We assume that the neighborhood relation
is symmetric; that is, y E N(x) if and only if x E N(y). For a concrete
example, suppose that each state x is a tour and N(x) is the set of
obtained from x by removing two edges and introducing two new edges.

Once at a certain state x, we select at random a neighbor y of x:.
Let qxy be the probability that y is selected, given the current state x:.
Naturally,

A generic tradeoff that arises in local search methods is the following.
When we consider larger neighborhoods, there are fewer local minima and a
better solution is likely to be obtained when the algorithm terminates. On
the other hand, the larger the neighborhood the more feasible solutions need
to be examined at each iteration, and the algorithm is slowed down. As with
the comparison of 20PT and 30PT, the proper selection of a neighborhood
is often an empirical issue. Finally, when local search methods are used in
practice, the algorithm is run repeatedly starting from a number of different
initial feasible solutions.

Once y is selected, we compute the difference c(y) c(x). If c(y) s
c(x), then we move to state y. If c(y) > c(x), then we move to state
with probability

and stay in x otherwise. Here, T is a positive constant commonly
temperature, motivated by a certain physical analogy.



and

The transition probability Pxx is of course equal to 1 - L.y/exPXY'

Let
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x) = {qXye-(C(y)-C(X))/T, if c(y) > c(x),

qxy, otherwise.

Figure 11.14: Two neighboring tours in 30PT.

Sec. 11.7 Simulated annealing

A I:>-c(z)/T

zEF

The temperature T controls the likelihood of cost increases: when T
is small, cost increases are highly unlikely; when T is large, the value of
c(y) - c(x) has an insignificant effect on the probability of any particular
transition.

Let x(t) be the state of the algorithm after t iterations. Then, x(t)
evolves as a Markov chain on the state space F, according to the following
transition probabilities for y E N(x):

Pxy = P(x(t+1) = y Ix(t)

e-c(x)/T
1T(X) = A (11.14)

Then L.xEF 1T(X) = 1 and 1T(X) 2: 0 for all x E F. We next assume that the
Markov chain x(t) is irreducible, i.e., we can move from any state x to any
other state y after a finite number of transitions with positive probability.

Proof. Consider some pa~r of neighboring states x and y. Assume, without
loss of generality, that c(x) < c(y). We then have

A1T(Y)Pyx e-c(y)/Tqyx = e-c(x)/Te-(c(y)-c(x))/Tqxy = A1T(X)Pxy.



lim p(x(t) is optimal) 1,
t-->oo

We have presented in this chapter, a number of algorithms for integer
gramming. However, no polynomial time algorithm for this problem

L n(x) = 1.
xEF
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But for an irreducible Markov chain, a vector n(x), x E F, that satisfies
the above conditions is the unique steady-state distribution.

If we let the algorithm run for a sufficiently long time, the probability
that the state x(t) is equal to some particular x is approximately equal to
the steady-state probability n(x). Equation (11.14) shows that n(x) falls
exponentially with c(x). In the limit of very small temperatures (T -+

0), almost all of the steady-state probability is concentrated on states at
which c(x) is minimized globally. We may therefore set T to some very
small constant, and run the algorithm for a long time, until steady-state is
reached. At that point, there is high probability that we are at an optimal
state. A drawback of this idea is that the lower the value of T, the harder it
is to escape from a local minimum and the longer it takes to reach steady­
state. A compromise is obtained by letting the temperature vary with time
according to a temperature schedule T(t). In theoretical studies, schedules
of the form

We conclude that n(y)pyx n(x)pxy for all pairs of neighboring states.
This equality is also trivially true if x =f=. y and y tj. N(x) (both sides are
zero) or if x y. We sum over all x E F and use the fact "LxEFPyX 1,
to obtain

n(y) L n(x)pxy.
xEF

Using the definition of A, we also have

C
T(t) logt

are commonly considered. With such a schedule and if C is sufficiently
large, it is known that

i.e., the method converges to a globally optimal solution.
Despite being a general purpose method, simulated annealing has

been found to work reasonably well for several difficult problems. This
more so for unstructured problems for which better alternatives are not
parent. On the other hand, for more structured and well studied pf()blemls
like the traveling salesman problem, simulated annealing is usually inferi()l'
to finely tuned special purpose methods.

11.8



Problem reductions and transformations

Reductions are the basic tools used to relate one problem to another, and
they permeate all of mathematics: the usual way of approaching a new
problem is to try to reduce it to an older problem, that we already know how
to solve. The concept of a reduction in complexity theory is similar, except
that we need to pay close attention to computation time. In addition, one
must be careful in keeping the distinction between problems and instances,
that was discussed in Section 8.1.
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been discovered, despite many efforts over the course of several decades.
The same is true for many other discrete optimization problems, the trav­
eling salesman problem being a prominent example. As more and more
problems of this type emerged, it was realized that many such seemingly in­
tractable problems were closely related. The root cause for their intractabil­
ity was then sought in complexity theory. This is the theory that studies the
resources (e.g., time and memory) needed to solve a computational prob­
lem. To a great extent, complexity theory focuses on the relation between
different problems and looks at classes of problems that have comparable
computational requirements (complexity classes). The prime example of an
important complexity class is the class P, defined as the set of all prob­
lems that can be solved by a polynomial time algorithm. (Throughout this
section, all references to computation time assume a bit model of compu­
tation.)

In this section, we provide an overview of some complexity-theoretic
concepts that are relevant to the subject of this book. We do not intend to
be rigorous or comprehensive, but rather to convey some of the main ideas.

In the above definition, all references to polynomiality are with respect
to the size of an instance of problem IT1.

Our next definition deals with the simplest type of a reduction, where
an instance of problem IT1 is replaced by an "equivalent" instance of prob­
lem IT2 • Rather than developing a general definition of "equivalence," it
is more convenient to focus on recognition problems, that is, problems that
have a binary answer (e.g., YES or NO).



As already mentioned, the traditional use of reductions in mathemat­
ics is to show that a problem is "easy" by reducing it to another "easy"
problem. In computational terms, this method is captured by the following
result.

Since we do not have a fully precise model of computation, we are not
in a position to provide a rigorous proof. However, the main idea of the
proof should be apparent: a polynomial number of subroutine calls, each of
which takes polynomial time to execute, can be carried out in polynomial
time.

There are two ways of interpreting a reduction of III to II2 . The
first is to say that III is "no harder" than II2 , which is the traditional way
reductions have been used in mathematics. The second is to say that II2

is "at least as hard" as III, in the sense that if there existed a polynomial
time algorithm for II2 , then the same would be true for III. Thus, if we
have some evidence that III tf- P, a reduction of III to II2 would provide
equally strong evidence that II2 tf- P.

Integer programming methodsChap. 11516

Suppose now that problem III transforms to problem II2 and
problem II2 transforms to problem IIs . Consider an instance h of III,
size nl. The transformation to II2 produces an equivalent instance h
II2 , and requires polynomial time, say O(n~) for some k. Let n2 be the
of h. Since 12 must be constructed within the O(n~) time available for
transformation, we must have n2 = O(n~). (We assume that our model
of computation is such that an algorithm can output at most one bit at
time; this is the case for any reasonable bit model of computation.)
transformation of II2 to IIs produces an instance Is of IIs , equivalent to 12 ,

and requires polynomial time, say O(n~), for some t. Note that this is
polynomial in nl. We conclude that carrying out the two tnwE;fo:rmatiotlS
in sequence results in a transformation of III to IIs . This observation
be useful later.



Consider a problem whose generic instance consists of a feasible set F and
a cost function c : F 1---7 R. The corresponding optimization problem is to
find some x E F that minimizes c(x) over the set F. We can also define
an evaluation problem, which is the problem of computing minxEF c(x).
Finally, if we are also given a number L (as part of the instance), we
can consider the so-called recognition problem, in which we need to decide
whether minxEF c(x) is less than or equal to L.

These three types of problems are closely related in terms of algorith­
mic difficulty, as will be discussed shortly. In particular, the difficulty of
the recognition problem is usually a very good indicator of the difficulty of
the corresponding evaluation and optimization problems. For this reason,
we can focus, without much loss of generality, on recognition problems.

We now discuss the relation between the three variants. Let us assume
that the cost c(x) of any feasible solution x E F can be computed in
polynomial time. It is then clear that a polynomial time algorithm for
the optimization problem leads to a polynomial time algorithm for the
evaluation problem. (Once an optimal solution is found, use it to evaluate

in polynomial time the optimal cost.) Similarly, a polynomial time for
the evaluation problem immediately translates to a polynomial algorithm
for the recognition problem. We will now argue that for many interesting
problems, the converse is also true: namely, a polynomial time algorithm
for the recognition problem often leads to polynomial time algorithms for
the evaluation and optimization problems.

Suppose that the optimal cost is known to take one of M values.
We can then perform binary search and solve the evaluation problem using
flog Ml calls to an algorithm for the recognition problem. If log M is
bounded by a polynomial function of the instance size (which is often the
case), and if the recognition algorithm runs in polynomial time, we obtain
a polynomial time algorithm for the evaluation problem.

We now show how a polynomial time evaluation algorithm can lead
to a polynomial time optimization algorithm. We illustrate this by using
the zero-one integer programming problem (ZOIP) as an example. Given
an instance I of ZOIP, let us consider a particular component of the vector
x to be optimized, say Xl, and let us form a new instance I' by adding
the constraint Xl = O. We run an evaluation algorithm on the instances
I and 1'. If the outcome is the same for both instances, we can set Xl to
zero without any loss of optimality. If the outcome is different, we conclude
that Xl should be set to 1. In either case, we have arrived at an instance
involving one less variable to be optimized. Continuing the same way, fixing
the value of one variable at a time, we obtain an optimization algorithm
whose running time is roughly equal to the running time of the evaluation
algorithm times the number of variables.

Optimization, evaluation, and recognition problems

Sec. 11.8 Complexity theory 517



Our last definition refers to problems that are
ZOlP.

NP-hard and NP-complete problems
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We now define a few key concepts in complexity theory. The definitions
that we give are somewhat unconventional, but they are equivalent to those
in more detailed treatments. Throughout this subsection, we are only con­
cerned with recognition problems. For example, when we refer to ZOIP, we
have in mind an instance of zero-one integer programming, together with
an integer L, and the problem is to determine whether the optimal cost is
less than or equal to L, in which case we say that we have a YES instance.

Our starting point is the fact that ZOIP seems to be a difficult prob­
lem, and a polynomial time algorithm is considered unlikely. Hence any
problem which is "at least as hard" as ZOIP is also unlikely to be polyno­
mial time solvable. The definition below refers to such problems.

A polynomial time algorithm for an NP-hard problem would lead to
a polynomial time algorithm for ZOIP, which is considered unlikely. For
this reason, NP-hardness is viewed as strong evidence that a problem is
not polynomially solvable. There are many (literally, thousands) of discrete
optimization problems that are known to be NP-hard. Some examples from
Chapter 10 are the recognition versions of the knapsack, facility location,
set covering, set packing, set partitioning, sequencing with setup times, and
traveling salesman problems.

Our next definition refers to problems that are "no harder"
ZOlP.

It can be shown that the class P of polynomially solvable pn)blemls
contained in NP. It is not known whether the inclusion is proper, and
is probably the most important open problem in the theory of cOlnput'lti()n;.
If it turns out that P NP, then ZOIP and all other problems in NP
be solved in polynomial time. Conversely, if ZOIP belongs to P, then
problem in Np also belongs to P, since it can be transformed to ZOIP.
therefore have P Np if and only if ZOIP can be solved in Do:lvn.orrlial
time.



Figure 11.15: Illustration of the relation between NP-hard,
NP-complete, and problems in Np. Each dot stands for a different
problem. An arc from one problem to another indicates that the
first can be reduced to the second in polynomial time.
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NP-complete problems can be viewed as "the hardest problems in
NP." In a sense they are all equivalent: a polynomial time algorithm for
any NP-complete problem would translate to a polynomial time algorithm
for all of them, and for all of NP. See Figure 11.15 for an illustration of
the definitions that we gave.

When does a problem belong to NP?

Given a problem il, one way of showing that the problem belongs to NP
is to use the definition, that is, reduce the problem to ZOIP. This is the
same as coming up with a formulation of our problem as a zero-one integer
programming problem. In addition, the size of the formulation (i.e., the
size of the instance l' of ZOIP resulting from an instance I of il) should
be bounded by a polynomial in the size of I. In particular, the number of
variables and constraints should be bounded by a polynomial in the size of
I.

While a ZOIP formulation is sometimes easy to obtain, this is not
always the case. However, there is an alternative characterization of NP,
which is usually much easier to work with, and which we now discuss.
We will not attempt to explain why this new characterization of NP is
equivalent to Definition 11.6. This would require much more background
in the theory of computation, and the reader is referred to the literature.



Proving NP-hardness

If we wish to prove that a certain problem II is NP-hard, we can try to use
Definition 11.5, and transform ZOIP to II. However, the task can become
much easier by following the route suggested by the result below.

Integer programming methodsChap. 11520

Loosely speaking, a recognition problem belongs to NP if every YES

instance has a "certificate" of being a YES instance, whose validity can be
checked in polynomial time. Instead of providing a formal definition of the
terms that we have used, we explain them by means of simple examples.

Consider the recognition version of ZOIP whereby we ask whether
the optimal cost is less than or equal to some L. Whenever we have a YES

instance, any feasible solution x with cost less than or equal to L can serve
as a certificate that we are indeed dealing with a YES instance. Verifying
the validity of the certificate is simple: we first check that x is feasible, by
plugging it into each one of the constraints, and we then compute its cost
to make sure it is no more than L; all of this can be done in polynomial
time. Note that we only require YES instances to have a certificate whose
validity is efficiently verifiable. However, such a certificate need not be easy
to find. For example, finding the above described certificate for ZOIP is as
hard as solving the ZOIP problem.

As a second example, consider the recognition version of the traveling
salesman problem where we ask whether the optimal cost is less than or
equal to some L. In this case, a certificate of a YES instance is simply a
tour whose cost is bounded by L. Checking the validity of such a certificate
amounts to checking that it is a legitimate tour, and then adding the costs
of its arcs to verify that the sum is no larger than L.

Notice that the argument in the preceding paragraph is much sim­
pler than coming up with a ZOIP formulation of the traveling salesman
problem (of polynomially bounded size). In the vast majority of cases,
membership of a problem in NP is established along the lines discussed in
this subsection.

Theorem 11.8 is proved by transforming ZOIP to IIo (using the
hardness of IIo), and then transforming IIo to II. This sequence of
formations amounts to a transformation of ZOIP to II, and proves that
is NP-hard.

The usefulness of Theorem 11.8 comes because there is a large
of problems (in the thousands) that are known to be NP-hard. Any
of these problems can play the role of IIo, and this provides us with a



What if a problem is NP-hard?

We now discuss the practical implications of NP-hardness. Suppose that
we became interested in a problem arising in some real world application,

of latitude when attempting to prove NP-hardness of a given problem IT.
The most common approach is as follows. Given a problem IT whose NP­
hardness we wish to establish, we search for a known NP-hard problem ITo
that appears to be closely related to IT. We then attempt to construct a
transformation of ITo to IT. Coming up with such transformations is mostly
an art, based on ingenuity and experience, and there are very few general
guidelines.

We now provide an example where a transformation is relatively easy
to construct. Suppose that we wish to establish NP-hardness of the LlTSP
problem, that was discussed in Section 11.5. Here is a formal definition of
the corresponding recognition problem.

LlTSP: An instance consists of a complete undirected graph (all possible
edges are present), a nonnegative integer cost Cij = Cji for each edge {i,j},
and a nonnegative integer L. Furthermore, the edge costs are required to
satisfy the triangle inequality
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The question is whether there exists a tour (a cycle that visits all nodes)
whose cost is no larger than L.

Instead of trying to directly transform ZOIP to this problem (which
is difficult), we somehow discover that the following problem is known to
be NP-hard.

HAMILTON CIRCUIT: An instance consists of an undirected graph. The
question is whether there exists a tour (a cycle that visits every node).

We now transform HAMILTON CIRCUIT to LlTSP. Since HAMILTON
CIRCUIT is NP-hard, this will imply that LlTSP is also NP-hard. Given an
instance G = (N, E) of HAMILTON CIRCUIT, with n nodes, we construct an
instance of LlTSP, again with n nodes, by defining the costs Cij as follows:

{
I, if {i,j} E E,

Cij = 2, otherwise.

We also let L = n. It is easily seen that these edge costs satisfy the triangle
inequality, and we have a legitimate instance of LlTSP. Furthermore, this
transformation can be carried out in polynomial time [O(n2 ) time suffices].
If we have a YES instance of HAMILTON CIRCUIT, there exists a tour that
uses the edges in E. Since these edges are assigned unit cost, we obtain
a tour of cost n, and we have a YES instance of LlTSP. This argument
can be reversed to show that if we have a YES instance of LlTSP, then we
also have a YES instance of HAMILTON CIRCUIT. This completes the proof.
Note that this proof was very simple, but this is not the typical case.
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and that we are unable to devise a polynomial time algorithm. Suppose
then that we manage to prove that the problem is NP-hard. What does
this truly mean?

NP-hardness is not a definite proof that no polynomial time algo­
rithm exists. For all we know, it is always possible that ZOIP belongs to
P, and P = NP. Nevertheless, NP-hardness suggests that we should stop
searching for a polynomial time algorithm, unless we are willing to tackle
the P = NP question.

NP-hardness can be viewed as a limitation on what can be accom­
plished with a given problem. However, this is very different from declaring
the problem "intractable" and refraining from further work. Many NP­
hard problems are routinely solved in practice, using the whole gamut of
methods that have been discussed in this chapter. Even when solutions are
approximate, without any quality guarantees, the results are often good
enough to be useful in a practical setting.

Another point that needs to be appreciated is that not all NP­
complete problems are equally hard. It is true that they are equivalent
with respect to polynomial time transformations, but, in practical terms,
their difficulty can vary a lot. For an example of an "easy" NP-hard prob­
lem, let us consider the zero-one knapsack problem. We have seen that
it can be solved in time O(n2 cmax ). While this is exponential in the size
o (n(1og Cmax + log wmax ) + log K) of the input data, the running time may
be acceptable for the range of values of Cmax that arise in certain applica­
tions.

In the knapsack problem, NP-hardness is only due to the PVC"'",JLH"J

of large numerical input data. Other problems, however, remain
even if the numerical data are restricted to take small values. Consider,
example, the L\TSP problem, for the special case where the costs Cij

either 1 or 2. The transformation we described in the preceding sulbsE~ctjlon

shows that this special case is also NP-hard. In a sense, the source
complexity in this problem is the combinatorial structure rather than
numerical data.

Problems can also differ in connection to approximability. Some
lems, like the knapsack problem, admit arbitrarily accurate eftlciEmt
proximation. For other problems, there seems to be a limit on the aocUJrac:y
achievable by polynomial time algorithms. Finally, for some problems
are no E-approximation algorithms, for any value of E, unless P NP.
can build a complexity theory that classifies problems in terms of
proximability properties, and this is an active research area.

11.9

In this chapter, we outlined several exact and inexact algorithms, as
as bounding methods for integer programming problems. There are



Exercise 11.1 Consider the integer programming problem:

Exercise 11.2 The goal of this exercise is to compare the optimal costs of an
integer programming problem and its linear programming relaxation. Consider
the integer programming problem

other methods that we did not cover, like genetic algorithms (a special type
of local search methods motivated by biological analogies), tabu search,
interior point algorithms for integer programming, as well as special purpose
methods for particular problems.

Unfortunately, all existing algorithms have a disadvantage: either
they take an exponential amount of time in the worst case, or they only
give an approximate solution. Complexity theory offers some insight into
these limitations by focusing on the class of NP-complete problems. If any
NP-complete problem has a polynomial time algorithm, then P = NP.
Deciding whether P = NP is probably the most important open problem
in the theory of computation.
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minimize c'x
subject to Ax :::: b

x :::: 0
x integer,

maximize Xl + 2X2

subject to -3Xl + 4X2 ::; 4
3Xl + 2X2 ::; 11
2Xl X2 ::; 5

Xl, X2 :::: 0
Xl, X2 integer.
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11.10

Use a figure to answer the following questions.

(a) What is the optimal cost of the linear programming relaxation? What is
the optimal cost of the integer programming problem?

(b) What is the convex hull of the set of all solutions to the integer programming
problem?

(c) Illustrate how the Gomory cutting plane algorithm would work. Give the
first cut.

(d) Solve the problem by branch and bound. Solve the linear programming
relaxations graphically.

(e) Suppose you dualize the constraint -3Xl + 4X2 ::; 4. What is the optimal
value ZD of the Lagrangean dual?

(f) Suppose you dualize the constraint 2Xl -X2 ::; 5. What is the optimal value
ZD of the Lagrangean dual?



where the entries of A, b, and c are integer, and its linear programming relaxation

where N = {I, ... ,n} and J = {I, ... ,p}. Show that the inequality

Lbj-l.

Integer programming methods

'\:'dy·<b
L..JJJ-

jEJ

c'x
Ax > b

x > o.

and

b
1
+ Lbj L djYj :::::: Lbj,

jEJ-
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1,

minimize
subject to

Lbj
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(a) Assume that the integer programming problem is feasible. Show that if
the linear programming relaxation has optimal cost equal to -00, then the
integer programming problem has optimal cost -00 as well.

(b) Is it true that there always exists an a > 0, such that ZIP:::::: aZLP ?

Exercise 11.3 (Cuts for mixed integer programming problems) Let

T= {(X,y) I Lajxj+ LdjYj ::::::b, x integer, X,y:::::o},
jEN jEJ

minimize Xn+I

subject to 2Xl + 2X2 + ... + 2xn + Xn +1 n

Xi E {O, I}.

Exercise 11.4 (Branch and bound can take exponential time)
the integer programming problem

is satisfied by all points of T, where J- = {j E J I dj < o}. Hint: Consider
separately the cases

Show that any branch and bound algorithm that uses linear programming
ations to compute lower bounds, and branches by setting a fractional vaJrialble
to either zero or one, will require the enumeration of an exponential nllm~)pr

subproblems when n is odd.

Exercise 11.5 (A dynamic single-item lot sizing problem) We COIISicl¢f
the production process for a single product. For t = 1, ... , T, let dt be
demand (assumed integer) for this product in period t, and let Ct, Pt, and ht

setup cost (incurred whenever production is nonzero), unit production
unit storage cost per unit period, respectively. Propose a dynamic progralTInllj
algorithm for the problem of minimizing the total setup, production, and stor
cost, while satisfying the demand.

Exercise 11.6 (Typography) The pagination problem faced by a
processing program like 'lEX can be abstracted as follows. Text consists
sequence 1, ... ,n of n items (words, formulas, etc.). A page that starts with
i and ends with item j is assigned an attractiveness factor Cij. Assuming
the factors Ctj are available, we wish to maximize the total at1;ractive]lle~;s

paginated text. Develop a dynamic programming algorithm for this pr<)bJeni>



Exercise 11.8 Let P = {x I Dx ;:: d} be a nonempty unbounded polyhedron
with at least one extreme point, and let

X = {x integer IDx ;:: d}.

We assume that D, d have integer entries. Let x k
, k E K, be the extreme points,

and w j
, j E J, be· a complete set of extreme rays of P.

(a) Show that the extreme rays of P can be chosen to have integer coordinates.

(b) Let

(d) Show that CH(X) is a polyhedron and has the same extreme rays as P.

Exercise 11.9 * (Characterization of concave functions) Show that a
function f : Rn

1-+ R is concave if and only if for any x* E Rn there exists
an s E Rn such that

f(x) ~ f(x*) + s/(x - x*)

for all x ERn. Hint: Consider the set 8 {(x,t) E Rn+l I f(x) ;:: t}. Fix
some x*. Let tk be a decreasing sequence that converges to f (x*). Consider
a hyperplane that separates (X*,tk) from (x*,f(x*)). Then take the limit as
k 1-+ 00.

Q = {x integer I x = L CXk xk + L(3jW
j
,

kEK jEJ

L CXk = 1, CXk ;:: 0, k E K,
kEK

o~ (3j ~ 1, j E J}.
Show that Q is a finite set and Q eX.

(c) Let ql, l E L, be the elements of Q. Show that
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I '\:""' .
x = q + L..-. (3jWJ

, for some l
jEJ

and some nonnegative integers (3j }.

X
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Exercise 11. 7 (DNA sequencing) Strands of DNA are modeled as a se­
quence of letters drawn from the alphabet {A, 0, G, T}. Given two sequences of
letters 8 1 and 8 2 of possibly different lengths, molecular biologists are interested
in determining the degree of similarity between these sequences. A natural way to
measure similarity is to determine the minimum effort required to transform the
sequence 8 1 to sequence 8 2 . Such a transformation may consist of the following
operations:

(a) Insert an element in 8 1 , at any place in the sequence, at a cost of C1 units.

(b) Delete an element in 8 1 , at any place in the sequence, at a cost of C2 units.

(c) "Mutate" the jth element aj of 8 1 into the jth element bj of 82, at a cost
of c(aj, bj ) units.

Propose a dynamic programming algorithm for the problem of finding a minimum
cost transformation.



Exercise 11.10 (Characterization of subgradients) Let

(a) For all i E E(p*), f i is a subgradient of ZO at p*.

(b) 8Z(p*) CH({fi , i E E(p*)}). Hint: Use Farkas' lemma.

Exercise 11.11 (Comparison of relaxations for the traveling salesman
problem) Given an undirected graph G = (N, f), consider the following two
formulations of the traveling salesman problem:

V S=f 0,N,

ViEN,

Vi EN,

VS=f0,N,

Integer programming methodsChap. 11

. min (hi + f:p) ,
~=l,.,.,rn

{i I Z (p) = hi + f:p }.

Z(p)

E(p)

minimize

eE6(S)

X e E {O, I},

LCeXe

eE£

subject to L X e 2,

eE6({i})

L X e :.:: 2,

minimize LCeXe
eE£

subject to L X e 2,
eE6({i})

L X e :'S: lSI-I,
eEE(S)

X e E {O, I}.
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Show that:

Let ZIP be the common optimal cost of the two formulations. Let Zl,
the optimal cost of the linear programming relaxation of the two for·mlllatic1n",
respectively. Let Zm, ZD2 be the values of the Lagrangean duals if we
constraints LeE 6({i}) X e = 2 for all i =f 1, in the two formulations. Let
the cost of a minimum spanning tree with respect to the edge costs Ceo

values Zl, Z2, ZIP, ZDl, ZD2, ZMST. Hint: You can use the result of
10.14.

Exercise 11.12 (Comparison of relaxations for an assignment
with a side constraint) We would like to assign n machines to n jobs in 0

to minimize the total cost of the assignment (it costs Gij to assign machine
job j). In addition, there is a value dij if machine i is assigned to job j. We
like the total value from the assignment to be above a threshold b. We



minimize cl x

ZLD max ZLD (p).
p
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j 1, ... ,n,

i = 1, ... ,n,

n n

i=l
n

n

2.= 2.= dijXij :::- b,
i=l j=l

Xij E {O, I}.

2.= Xij = 1,
j=l

n n

minimize 2.= 2.= CijXij

i=l j=l

subject to 2.= Xij = 1,

ExercisesSec. 11.10

the problem as follows:

subject to x - Y 0

Ax:::-b

Dy:::-d

x, y integer.

We consider the following alternative relaxations:

(1) We relax the third constraint.

(2) We relax the first and second sets of constraints.

(3) We relax the first set of constraints.

(4) We relax the first set of constraints and the third constraint.

Let ZDi be the value of the corresponding Lagrangean dual problem, i
1, ... ,4. Let ZLP be the optimal cost of the linear programming relaxation. Prove
that these relaxations are ordered as follows:

Exercise 11.13 (Lagrangean decomposition) More powerful bounds can
be obtained by introducing variables y in problem (11.5) as follows:

By associating dual variables p with the constraints x - y = 0, we obtain the
following problem:

minimize (c PYx + ply

subject to Ax:::- b

Dy:::-d

x integer

y integer.

Let ZLD (p) be the optimal cost and let



minimize c'x

subject to x E CH(X) n CH(Y).

Let ZH be the cost of the solution obtained. Show that H is a
algorithm, Le.,

'VeE E,

'VeE E.

'VS#0,N,

Integer programming methodsChap. 11

""\""' X e 2: max Tij,
L..J {i,j}E8(S)

eE8(S)

X e 2: 0,

X e integer,

minimize L CeXe

eE£

subject to
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(a) Propose a local search algorithm.

Exercise 11.14 (A 1/2-approximation algorithm for the tlTSP) Con­
sider the traveling salesman problem on the undirected graph G = (N, E), in
which the costs Cij satisfy the triangle inequality. Consider the following approx­
imation algorithm H:

1. Find a minimum spanning tree in G. Let T be the set of edges in the tree.

2. Let S be the set of nodes that have odd degree in T. Find a minirUUlrh
cost perfect matching of the nodes in S, with respect to the costs Cij.

Section 10.3 for the definition of the matching problem.) Let M be the
of edges in the matching.

3. Consider the graph G' = (N, TUM). All nodes have even degree in
Form a closed walk using all edges in G'. Shortcut the closed walk to
a tour.

3
ZH:S; 2ZIP,

where ZIP is the cost of an optimal tour.

Let X = {x integer I Ax 2: b} and Y {y integer I Dy 2: d}. Show that
the value ZLD of the Lagrangean dual produced by the decomposition method is
given by the optimal cost of the following linear programming problem:

Exercise 11.15* (The survivable network design problem) Given
plete undirected graph G = (N, E) (all possible arcs are present), there are
Ce for every edge e E E, and requirements Tij for every pair of nodes i,j E
The objective is to select a set of edges from E (an edge can be selected
than once) at minimum cost, so that between every pair of nodes i and j
are at least Tij paths that do not share any edges. The problem arises in
design of communication, utility, and transportation networks. By requiring
there are at least Tij edge disjoint paths, the network has enough cOll1n1eetivity,
that even if some edges in the network become unavailable, nodes i and j
still be connected.

Consider the following formulation of the problem:



Yi,Zj E {O, I}.

We denote the optimal cost by ZIP and the optimal cost of the linear programming
relaxation by ZLP. Consider the following heuristic:

(b) Assume that 7'ij = min(7'i,7'j) for all i,j. Let {P1, ... ,pp} be the set of
distinct values of all the 7'i'S. We call the numbers Pi the connectivity
types. Consider the following approximation algorithm.

In the kth iteration, construct a minimum cost tree spanning all vertices
for which 7'i 2:: k. The resulting network is survivable since, at iteration k,
we have at least one additional path from i to j if both 7'i and 7'j are greater
than or equal to k. More formally, the tree heuristic can be described as
follows:

Tree Heuristic

1. Prepare a sorted list L {po 0 < P1 < pz < ... < pp} consisting
of all distinct connectivity types.

2. X e := 0;
For k = 1 to p, do the following:
Let N k := {i EN: 7'i 2:: Pk};
Compute Tk (Nk , [k), a minimum spanning tree of the graph
induced by N k with respect to the edge costs Ce ;

Let Xe := Xe + (Pk - Pk-1) for all e E Ek.

Assume that the costs Ce satisfy the triangle inequality. Prove that

Z;:;r) ~ (2-
1
;11) (tPk~:k-1),

where Ztree(r) denotes the cost of the solution produced by the tree heuris­
tic, when the connectivity types are given by the vector r (7'1, ... , 7'n),
and Pi and N 1 are as defined in Steps 1 and 2 of the tree heuristic, and
where ZLP is the optimal cost of the linear programming relaxation.

Exercise 11.16 * (An approximation algorithm for maximum satisfia­
biHty) This exercise shows the use of randomization in constructing approxima­
tion algorithms for the following problem in logic called the maximum satisfiabil­
ity problem (MAXSAT).

Given a collection C {G1 , ... Gm } of boolean clauses, where each clause
is a disjunction of literals (a literal is either a boolean variable x or its negation
x) from a set of variables {Xl, ... ,xn }, and positive weights Wi for each clause Gi ,
the goal in MAXSAT is to assign truth values to the variables Xl, ... , Xn in order
to maximize the sum of the weights of the satisfied clauses.

Let us formulate the problem. Let Yi = 1 if we set Xi true, and Yi = 0,
otherwise; let Zj = 1 if clause Gj is satisfied. Let It, I j- be the set of literals that
are not (respectively, are) negated in clause Gj . Then MAXSAT can be formulated
as follows:

529

Gj E C,
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maximize L WjZj
j=l

subject to L Yi + L (1 Yi) 2:: Zj,

iEI+
J

Sec. 11.10



where e = 2.71... is the base of the natural logarithms.

P(Yi = 1) y;.
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11.11

Exercise 11.17 Implement the 20PT algorithm for the traveling salesman
problem, as well as the corresponding simulated annealing method. Test the
algorithms on instances where each node is a random (uniformly distributed)
point in the unit square in ~2, and Cij is the Euclidean distance between the
points associated with i and j. Test and compare the two algorithms for n = 10
and n = 100.

Randomized rounding heuristic

1. Solve the linear programming relaxation and find optimal values Yi, zj.
2. Interpret the numbers yi as probabilities. Set Yi to a or 1, randomly and

independently, with probability

3. Set the values of Zj to aor 1, with preference given to 1, so that the resulting
solution is feasible.

The resulting solution is always feasible, but its value is a random variable. Let
ZH be the value of the solution produced by the heuristic and let E[ZH] be its
expected value. Prove that

11.1 The first finitely terminating algorithm for integer programming was
the cutting plane algorithm by Gomory (1958). For recent work
on cutting plane methods see Ceria et al. (1995), and Balas, Ceria,
Cornuejols, and Natraj (1995). There are many other cutting
algorithms proposed in the literature; see e.g., Schrijver (1986).

11.2 For a comprehensive description of branch and bound, see
and Wolsey (1988). A general branch and cut algorithm for
ZOIP is proposed in Balas, Ceria, and Cornuejols (1995).

11.3 The dynamic programming algorithm for the traveling salesman
lem is from Held and Karp (1962). For further information
dynamic programming, see Bertsekas (1995a).

11.4 The Lagrangean relaxation method was developed by Held and
(1970, 1971) for the traveling salesman problem. There is a
number of applications using this technique [see e.g., Nemhauser
Wolsey (1988)]. A discussion of subgradient methods and their
vergence can be found in Poljak (1987) and Bertsekas (1995b).

11.5 The E-approximation algorithm for the knapsack problem is
Ibarra and Kim (1975). For recent developments in the area of
proximation algorithms, see the Ph.D. theses of Williamson
and Teo (1996), and the edited volume by Hochbaum (1996).



11.7 The simulated annealing method was used in discrete optimization
problems by Kirkpatrick, Gelatt, and Vecchi (1983). Convergence
results for simulated annealing have been obtained by Geman and
Geman (1984), and have been refined by Hajek (1988). For computa­
tional experience with the simulated annealing algorithm, see Johnson
et a1. (1990, 1992).

11.9 Concepts related to P and NP have been discussed by Cobham (1965)
and Edmonds (1965a). In particular, Edmonds made the conjecture
that the traveling salesman problem does not belong to P. Cook
(1971) and Levin (1973) first established that certain problems are
NP-complete. Karp (1972) showed that several important discrete
optimization problems are NP-complete. For a comprehensive ref­
erence on complexity theory, see the books by Garey and Johnson
(1979), and by Papadimitriou (1994).

11.10 Exercises 11.6 and 11.7 are adapted from Ahuja, Magnanti and Orlin
(1993). Exercise 11.14 is from Christofides (1975). Exercise 11.15 is
from Goemans and Bertsimas (1993). Exercise 11.16 is from Goemans
and Williamson (1993).
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The art in linear optimization
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12.1

In previous chapters, we developed the theory of linear optimization. In
this chapter, we turn our attention to the art in linear optimization, i.e.,
to the process of modeling, exploiting problem structure, and fine tuning
of optimization algorithms.

In recent years, the availability of workstations and optimization li­
braries has advanced optimization capabilities significantly. Large scale lin­
ear optimization problems arising in practice involve thousands (sometimes
millions) of variables and constraints. Therefore, these constraints must be
described efficiently. Towards this goal, special modeling languages have
been developed. We briefly discuss modeling languages in Section 12.1. In
Section 12.2, we mention some powerful linear optimization libraries, with
particular emphasis on the size of the problems they can solve. We also
make some general observations on the relative merits of different methods.

Especially for large scale problems, it is important to utilize their spe­
cial structure in order to solve them efficiently. Although there are some
general approaches (cf. Chapter 6), solving large scale problems involves
imaginative modeling as well as creative use of optimization libraries. In
Section 12.3, we illustrate the art in using optimization algorithms, in the
context of the fleet assignment problem, a large scale integer programming
problem in air transportation. In Section 12.4, we illustrate the art in mod­
eling linear optimization problems, in the context of controlling air traffic
in a network of airports. In Section 12.5, we illustrate the art of combining
formulations, optimization algorithms, and heuristics, in the context of job
shop scheduling.

Most realistic problems involve a large number of variables and CO][lst;ra:ints.
As a result, it would be cumbersome to form a linear optimization nr"h16m

such as
minimize c'x

subject to Ax b
x > 0
x integer,

by entering the entries of A, b, and c one at a time. Practical
optimization problems, however, involve classes of constraints that
a particular pattern. For example, in the assignment problem, one set
constraints can be described compactly as

Modeling languages are software packages that recognize cOInpact
scriptions of formulations and output the matrix A and the vectors



Example 12.1 If n = 100, the previous family of constraints for the assignment
problem can be written in GAMS as:
SET

.2 Linear optimization libraries and
general observations

Although conceptually simple, these programs are very useful as they sig­
nificantly cut the time from model conception to actual solution. Modeling
languages are then connected with particular solvers that on input A, b, C,

output an optimal solution to the problem. Two particular modeling lan­
guages are GAMS and AMPLE.

535Linear optimization libraries and general observationsSec. 12.2

I /1 * 100/
J /1 * 100/

VARIABLES
X(I, J);

EQUATIONS
Constraint (J) ;

Constraint(J) ... SUM(I,X(I,J)) E 1

There are over 200 different commercial linear optimization libraries in
the marketplace. These libraries vary by their degree of flexibility, user­
friendliness, ability to handle large problems, platforms, support, etc. We
mention three of them that have been used to solve large scale linear opti­
mization problems. Our choice of libraries is only for illustration and does
not imply that they are better than others.

(a) OSL, which is an optimization subroutine library from IBM; its linear
programming code is an implementation of the simplex method. It
also includes a branch and bound algorithm for integer programming.

(b) OBI, which is an implementation of interior point methods (variations
of the path following methods discussed in Sections 9.4 and 9.5).

(c) CPLEX, which contains implementations of the simplex method, in­
terior point algorithms, and a branch and bound algorithm for integer
programming.

These software packages run on a wide variety of computational en­
vironments (PCs, workstations, mainframes, supercomputers). In order to
give some insight into the size of problems these codes can solve, we report
in Table 12.1 examples of the performance of these software packages that
have been reported in the literature (all examples are linear programming
problems). The reason for presenting these examples, which involve very
different problems, is to only offer a rough indication of the size of prob­
lems that have been successfully solved in practice. However, the reader
should be warned that the running times of the same package on different
problems of the same size could be vastly different.



Table 12.1: Sample performance of various linear programming codes.

Code Constraints Variables Time Computer

OSL 105,000 155,000 240 mins IBM 3090

OSL 750 12,000,000 27 mins IBM 3090

OBI 10,000 233,000 12 mins IBM 3090

CPLEX 145 1,000,000 6 mins Cray Y-MP

CPLEX 41,000 79,000 3 mins Cray 2

Some key problem parameters that affect performance are the num­
ber of constraints and the sparsity of the constraint matrix A. The running
times are also significantly affected by implementation issues like the nu­
merical linear algebra techniques used, the data structures employed, how
sparsity is exploited, etc.

We now present some general, mostly empirical, guidelines regarding
the performance of various algorithms:

(a) The a priori availability of a basis greatly affects the performance of
the simplex method. If we can start with a basis, significantly fewer
iterations may be required, particularly if a problem is similar to a
previously solved one. Even if the problem is significantly different,
using an advanced basis might help. For example, if we are combining
several smaller models into a larger one, using an optimal basis from
one of the smaller problems can help the solution to the larger problem
greatly.

(b) Many linear programming problems solve faster using the dual sim­
plex method rather than primal simplex. In particular, highly de­
generate problems with little variability in the right-hand side coeffi­
cients, but significant variability in the cost coefficients, solve much
faster using the dual simplex method.

(c) If a linear programming problem has some portion with a network
structure, the network simplex method can be often used to obtain
quickly a good initial basis for the larger problem.

(d) Certain large, sparse problems solve faster using interior point meth~
ods. Examples include problems with over 1000 rows or columns,
containing a relatively small number of nonzeros per column, and
problems with staircase or banded structures in the constraint ma­
trix. In general, the performance of interior point methods is highly

The art in linear optimizationChap. 12536



We revisit most of these issues in the next sections.

In this section, we illustrate the art in using optimization algorithms, in
the context of the fleet assignment problem, a large scale integer program­
ming problem in air transportation. Given a flight schedule and a set of
aircraft of different types, the fleet assignment problem faced by an airline
is to determine which type of aircraft should fly each flight segment on the
airline's daily (or weekly) schedule. These strategic decisions have a major
impact on revenue. For this reason, many airlines around the world have
devoted a lot of resources to solving ·this problem. We describe some re-

dependent on the number of nonzeros in the Cholesky factors, and is
also affected by the presence of columns with a relatively high number
of nonzero entries.

Simplex and interior point methods have different numerical prop­
erties, sensitivities, and behavior. We next discuss some of their major
differences:

(a) Solutions provided by the simplex method are always basic, whereas
optimal solutions found by an interior point algorithm are not neces­
sarily basic. In the case of multiple optimal solutions, interior point
algorithms find a solution in the interior of the set of optimal solu­
tions. Therefore, when an interior point algorithm is used alone, we
do not obtain a basis that can be used for reoptimization. In practice,
it is rare that one wants to solve only one instance of an optimization
problem. Typically, one would like to solve a series of instances of
a problem that are small variations of each other. In that case, the
simplex method has an advantage compared with an interior point
algorithm. Also, since an interior point solution is not basic, there is
no information available for sensitivity analysis. A common solution
technique for large scale, sparse problems is to use an interior point
algorithm to find an optimal solution, convert it to an optimal ba­
sic feasible solution, and then use the simplex method for sensitivity
analysis and reoptimization.

(b) Interior point algorithms are sensitive to the presence of an unbounded
set of optimal solutions, whereas the simplex method is not. On the
other hand, the simplex method is sensitive to the presence of degen­
eracy, whereas interior point algorithms are less so.

(c) Simplex and interior point methods have different memory require­
ments. Interior point algorithms can require significantly more mem­
ory than the simplex method, depending on the sparsity of the Chole­
sky factors.
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The model can be formulated as an integer programming problem:

The variables Zfot and Xfodt are related as follows:

minimize L L Cfodt X fodt

fEY (o,d,t)E£
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{

I, if fleet f is used for the flight from ° to d
X fodt departing at time t,

0, otherwise,

Yfot number of aircraft on the ground from fleet f that stay

at city ° during the interval [t, t+l,

Zfot number of aircraft from fleet f that arrive

at city ° at time t.

lated research that offers general insights into many of the issues we have
introduced throughout the book.

We use the following notation. There is a set of available fleets, i.e.,
aircraft types, denoted by:F. The number of aircraft available in fleet f E :F
is denoted by 8(j). There is also a given schedule. The set of cities served
by the schedule is denoted by C. The set of flights in the schedule is denoted
by £, with elements (0, d, t), where 0, dEC represent the origin and the
destination of the flight, respectively, and t represents time of scheduled
departure. There are costs Cfodt for assigning an aircraft from fleet f to the
flight (0, d, t). We pick a particular reference time to (for example 3 a.m.
eastern standard time). Time is partitioned into intervals of equal size.
We have a sequence of times h, ... , tn, and we assume that arrivals and
departures only happen at these discrete instances. We use r to denote
the time preceding t, and t+, to denote the following time. We let t(j, 0, d)
be the time fleet f takes to travel from the origin ° to the destination d.
We let O(to) be the set of all flights (0, d, t) E £ that are flying during the
interval [to, ttl, which we assume to be fixed ahead of time. There is also
a set H of pairs of flights that must be performed by an aircraft of the
same fleet. These flights are called "required through." In the following
discussion, we will ignore issues related to maintenance and crew planning,
so that we can focus on the most important issues.

The objective is to assign an aircraft from some fleet f to each flight
(0, d, t) so as to minimize the total cost. For every f E :F and (0, d, t) E £,
we introduce the following decision variables:

Zfot = L Xfodr·

{(d,o,r )E£lr+t(f,d,o)=t}



Table 12.2: Problem sizes for fleet assignment instances. The
last column indicates the number of nonzero elements of the con­
straint matrix ll.

The first set of constraints requires that each flight should be flown by
exactly one fleet. The second set of constraints represents conservation of
flow of aircraft. The third set of constraints enforces that an aircraft of
the same type flies both legs of "required through" flights. The fourth set
of constraints requires that the total number of aircraft in fleet f that are
either flying or are on the ground at the reference time to is at most 8(1).
Because of flow conservation, if this set of constraints is satisfied for one
time period, it will be satisfied for all time periods.

We consider three problem instances. The first is a hypothetical
smaller instance that is used to test various algorithmic ideas, while the
other two are real instances faced by Delta airlines in their daily schedules.
We first discuss the solution to the linear programming relaxation. The
sizes are reported in Table 12.2.

subject to the preceding constraint and the following:
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'tI (o,d,t) E £,

'tI f,o, t,

'tI fEF,

'tI ((0, d, t), (d, dl
, t /)) E H,

'tI f EF,

1,

0,

The fleet assignment problem

L Xfodt + LYfoto < 8(1),
(o,d,t)EO(to) oEC

Xfodt E {O, I},

Yfot ~ 0,

Yfot integer.

L Xfodt

fEF

Zfot + Yfot- - L Xfodt Yfot

dEC

X fodt X fdd't' 0,

lnst. Fleets Flights Var. Rows Col. Nonzeros

A 4 1709 6236 13689 17148 42371

B 11 2559 22679 47994 65254 159064

C 11 2589 22746 48109 65164 163472

Sec. 12.3



Which simplex algorithm?

Table 12.3: Preprocessing can dramatically decrease the size and
the computation times.

The art in linear optimizationChap. 12

Instance A Rows Columns Iterations CPU seconds

no prepr. 13689 17148 39429 10094

prepr. 5579 9508 18975 2381
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The effect of preprocessing

Several optimization codes have an algebraic preprocessing option that re­
duces the size of the problem by eliminating variables whose values are fixed
by other variables. For example, a constraint y = I:i aiXi, allows y to be
removed from the problem, along with this constraint. Preprocessing can
also identify empty rows or columns, and can eliminate redundant rows.
The effect of preprocessing in instance A is shown in Table 12.3. The table
also reports solution times for the linear programming relaxation of the
problem on an IBM RSj6000 Model 320, using OSL Release 2 with primal
simplex. It can be seen that preprocessing can dramatically decrease the
size of the problem and the computation time, which decreases by a factor
of four.

As we have seen in earlier chapters, one can use either the primal or the
dual simplex algorithm, as well as different pivoting rules to solve linear
programming problems. We next illustrate that the use of different simplex
variants can have a significant impact on the computation times. In Table
12.4, we report computational results for instances Band C, using three
simplex variants, known as:

(a) The primal devex simplex.

(b) The primal steepest edge simplex.

(c) The dual steepest edge simplex.

The computations were performed on an IBM RSj6000 Model 550,
using OSLo While the two primal simplex variants are very close, the
steepest edge simplex algorithm takes approximately half as many iterations
and half the time.

Simplex versus interior point methods

The results of Chapter 9 suggest that interior point algorithms take a
nificantly smaller number of iterations to find an optimal solution. In



Table 12.5: The performance of interior point methods.

Avoiding degeneracy through perturbation

crossover problem

Due to dual degeneracy, and when the cost vector was not perturbed, the
problem had many optimal solutions. The interior point algorithm did not
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Instance Iterations Time

A 32 213.3

B 38 2141.8

C 39 2205.2

The fleet assignment problem

Table 12.4: The effect of different pivoting rules for different
simplex variants. The time is in CPU seconds.

Simplex variant Iterations Time Iterations Time

Inst. B Inst. B Inst. C Inst. C

Primal Devex 33101 3257.5 29463 2779.9

Primal SE 32097 3194.5 32811 3199.1

Dual SE 15408 1431.8 14954 1461.5

Sec. 12.3

12.5, we report computational results for all instances using OS1's interior
point code, which is a variant of the path following method covered in
Sections 9.4 and 9.5.

The number of iterations of the interior point algorithm is significantly
smaller than the number of iterations of any simplex variant. While the
computation time is smaller than that of the primal simplex variants, the
dual steepest edge simplex is still faster than the interior point method.
However, this conclusion might depend on the structure of the particular
instances.

The fleet assignment problem is vastly primal and dual degenerate. In order
to improve performance, we can randomly perturb the cost vector. This
reduces the degree of dual degeneracy and improves the performance of the
dual simplex algorithm. The performance of the interior point algorithm is
generally not affected.
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converge to a basic feasible solution, but rather to an interior point of the
set of optimal solutions to the linear programming relaxation. For problems
of this type, it has been observed that an optimal basic feasible solution
has many variables equal to either zero or one. Thus, if we could extract
a basic feasible solution, we would have made progress towards an integer
solution. For this reason, it is desirable to extract an optimal basic feasible
solution from the optimal interior solution, which is known as the crossover
problem.

Because OSL allows its simplex algorithm to begin with a nonbasic
solution, the code does solve the crossover problem. The interior point
algorithm needed 32 iterations and 213.3 CPU seconds to solve instance
A. The crossover problem was solved by OSL's primal simplex method in
5873 iterations and 284 seconds. In this example, the time to solve the
crossover problem exceeded the time to solve the original problem by an
interior point method, but this may not hold in general.

Given that we are interested in an integer solution, the following
rounding scheme was used. If a variable is larger than 0.99, it is fixed to
1. If we first fix these variables, then use the preprocessing routines to fix
other variables and remove redundant rows, and finally use the crossover
routines, the crossover time goes down from 284 seconds to an astonishingly
fast 2.2 seconds.

The effect of heuristics m branch and bound

After finding an optimal basic feasible solution to the linear programming
relaxation and fixing to 1 the variables that were at least 0.99, we still need
to find an integer solution for the remaining variables. For this purpose,
the branch and bound routine of OSL was used. One could use the de­
fault branching strategies provided by the package or develop specialized
branching rules. Table 12.6 compares the default option and two heuristic
branching rules. It can be seen that different branching rules that exploit
the structure of the problem can significantly affect performance.

Overall performance

The overall algorithms, using the dual steepest edge (respectively, the path
following) algorithm, are as follows:

(1) Use optimizer's preprocessing.

(2) Perturb all costs.

(3) Run the dual steepest edge simplex (respectively, the path following)
method.

(4) Remove perturbation.

(5) Reoptimize with original cost.

(6) Fix variables with value at least 0.99, to 1.



Table 12.1: The performance of the overall algorithm, using the
dual steepest edge simplex method.

This example offers several insights that seem to have wide applica­
bility. We summarize them next:

Rule Nodes in B&B Time Nodes in B&B Time

Inst. B Inst. B Inst. C Inst. C

D 2000+ 6743.3 499 809.3

R 1 46 258.9 141 703.2

R 2 96 591.2 60 249.3
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Table 12.6: The effect of various branching rules in the branch
and bound code. Rule D refers to the default option, while Rl
and R2 refer to two branching rules that are particular to the fleet
assignment problem. The time reported here is the time spent
for branch and bound, after obtaining an optimal basic feasible
solution to the linear programming relaxation.

Inst. Iterations Time Time % Total
Dual SE Dual SE in B&B IP-LP Time

B 15351 1501.8 3360.8 0.020 5027.9

C 14177 1376.0 636.5 0.012 2176.3

Sec. 12.3

(7) Use optimizer's preprocessing to further reduce the size.

(8) Run the dual steepest edge simplex method.

(9) Branch and bound.

Notice that in both cases, we use the simplex method to reoptimize.
As a general rule, the simplex method has a clear advantage whenever we
start with near optimal solutions.

Tables 12.7 and 12.8 illustrate the performance of the overall algo­
rithm using the dual simplex method and the interior point algorithm,
respectively. Notice that the degree of suboptimality, defined as (Z ­
ZLP) / ZLP, where Z is the cost of the integer solution found, and ZLP is
the cost of the linear programming relaxation, is extremely small regardless
of the method of solution, and the computational times are quite reason­
able. In Tables 12.7 and 12.8, the column % IP-LP represents 100 x (Z ­
ZLP)/ZLP.



lnst. Time Time Time % Total
of Interior of Simplex in B&B IP-LP Time

B 2141.8 15.33 258.9 0.013 2551.6

C 2205.2 27.11 703.2 0.012 3069.4

The art in linear optimizationChap. 12

The traffic flow management
problem

Table 12.8: The performance of the overall algorithm based on
the interior point algorithm.

(a) Preprocessing can significantly decrease the size of a model and, there­
fore, drastically improve performance.

(b) Different simplex variants have quite different behavior. Dual steepest
edge simplex seems to perform better. In several codes, it is the
default option.

(c) Interior point algorithms take few iterations to converge. As the size
of the problem increases, they seem to perform better than many, but
not all, simplex variants.

(d) As degeneracy can affect performance of the simplex method ad­
versely, perturbation of the cost vector decreases (and often eradi­
cates) dual degeneracy, which improves the performance of the dual
simplex method.

(e) Especially for solving integer programming problems, it is important
to obtain an optimal basic feasible solution to the linear programming
relaxation. Fixing some variables first in an optimal interior solution,
using preprocessing again, and then calling the simplex algorithm to
find an optimal basic feasible solution seems advantageous.

(f) Fixing some variables in an optimal solution to the linear prograrn­
ming relaxation to zero or one, and using branching rules tailored
to the particular problem at hand, leads to significant computational
advantages.
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12.4

While the previous section illustrates the art in developing practical opti­
mization algorithms, this section illustrates the art in developing effective
linear optimization models, in the context of the problem of controlling
traffic.

Throughout the United States and Europe, demand for airport
has been increasing rapidly in recent years, while airport capacity has



1 For example, The Stanford Research Institute estimated in 1990 annual costs of $5
billion in Europe due to congestion. The Federal Aviation Administration estimated in
1988 the annual costs of delays in the US at $1.4 billion.

2During the years 1991-1994, US airlines sustained losses totaling about $9 billion.

stagnating. Acute congestion in many major airports has been the unfortu­
nate result. For example, each of the thirty-three major airports in the US
was expected to exceed 20,000 hours of annual delays by 1997. The ground
and airborne delays caused by congestion create direct costs to the air­
lines and indirect (opportunity) costs to the passengers. Direct costs from
ground delays include crew, maintenance, and depreciation costs, while di­
rect costs from airborne delays include, in addition, fuel and depreciation
costs. Although estimates of congestion costs are difficult to measure, there
seems to be agreement1 that they amount to billions of dollars. Given that
several European and US airlines have been suffering yearly losses that
also amount to billions of dollars2 , congestion is a problem of undeniable
practical significance.

Faced with the realities of congestion, the Federal Aviation Adminis­
tration (FAA) has been using ground-holding policies to reduce delay costs.
These short-term policies consider airport capacities and flight schedules
as fixed for a given time period, and adjust the flow of aircraft on a real­
time basis by imposing "ground holds" on certain flights. The FAA uses
a computerized procedure based on a first-come, first-served rule, in order
to select appropriate ground holds. These selections are further enhanced
through the experience of its air traffic controllers. The motivation for
ground-holding is as follows. Suppose it has been determined that if an
aircraft departs on time, it will encounter congestion, incurring an airborne
delay as it awaits landing clearance at its destination airport. However,
by delaying its departure, the aircraft could arrive at its destination at a
later time when minimal congestion is expected, thus, incurring no airborne
delay. As airborne delays are more costly than ground-holding delays, the
objective of ground-holding policies is to "translate" anticipated airborne
delays to the ground by delaying departures.

In this section, we consider the effect of using a linear optimization
approach to control air traffic in a network of airports that could represent
either the national US network or the European network. The airspace is
divided into sectors. Each flight passes through contiguous sectors while
it is en route to its destination. There is a restriction on the number of
airplanes that may fly within a sector at any given time. This number is
dependent on the number of aircraft that an air traffic controller can manage
at anyone time, the geographic location, and the weather conditions. We
will refer to the restrictions on the number of aircraft in a given sector at a
given time as the en route sector capacities. We formulate the problem of
minimizing the effects of congestion as a 0-1 integer programming problem.

Consider a set of flights, F = {I, ... , F}, a set of airports, JC =
{I, ... ,K}, a set of time periods of unit duration, T {I, ... ,T} (note

Sec. 12.4 The air traffic flow management problem 545
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Pf

Dk(t)

Ak(t)

Sj(t)

df

7'f

sf

C}
cj
ifj

Decision variables:
A very important aspect of the modeling process is the choice of the delcisilon
variables. For every flight f, sector j, and time t, we introduce the tollov\Ting

number of sectors in the path of flight f

{

the departure airport, if i = 1,
the arrival airport, if i = Nf,
the ith sector in flight 1's path, if i i-' {I, Nf}

(P(f,l), ... ,P(f,Nf ))

departure capacity of airport k at time t

arrival capacity of airport k at time t

capacity of sector j at time t
scheduled departure time of flight f

= scheduled arrival time of flight f
turnaround time for flight f

= cost of holding flight f on the ground for one time period

= cost of holding flight f in the air for one time period

= minimum number of time periods that flight f must spend

in sector j

set of allowed times for flight f to arrive at sector j

first time period in the set T}

last time period in the set T}

P(j, i)

that we have discretized time), a set of sectors J {I, ... , J}, and a set
of pairs of flights that are continuations of each other, C HI', f) I I' is
continued by flight f}. We assume that J( c J. In particular, the first
and last sector in every flight's path is an airport. Associated with every
continued flight f is a turnaround time sf, which is the minimum time that
an airplane needs to stay on the ground in order to be prepared for the next
flight. We shall refer to any particular time period t as the "time t." Note
that by "flight," we mean a "flight leg" between two airports. Also, flights
referred to as "continued" are those flights whose aircraft is scheduled to
perform a later flight within some time interval of its scheduled arrival. The
problem input data are as follows:

Data:

Objective:

The objective is to decide how long each flight is to be held on the ground
and in the air, in order to minimize the total delay cost.



PI = (1,A,C,D,E,4) and P2 = (2,F,E,D,B,3).

If the position of the aircraft at time t is indicated by the dots in the figure, then
the variables for these flights at that time will be:
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Figure 12.1: Two possible flight routes.
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decision variables:

Recall that the first and last sectors on each flight path are airports. So,
if j = P(j, 1), then Wit equals 1, if flight f takes off from airport P(j, 1)

by time t, while if j = P(j, N f ), then Wit equals 1, if flight f lands at
airport P(j, N f ) by time t. The above definition, using by time t and not at
time t, is critical to the understanding of the formulation and the practical
success of the model. Also, recall that we have defined for each flight a list
Pf including the departure airport, the pertinent sectors, and the arrival
airport, so that a variable Wit will only be needed for those elements j in

the list Pf' Moreover, we have defined TJ as the set of feasible times for

flight f to arrive at sector j, so that a variable W~t will only be needed

for those times within T}. Thus, whenever the variable Wit is used in the
formulation, it is assumed that (j, j, t) is a feasible combination.

Example 12.2 To ensure the clarity of the model, consider two flights travers­
ing a set of sectors; see Figure 12.1. In this example, there are two flights, 1 and
2, each with the following associated data:



and vice versa,

U
j -wj j
ft - ft Wf ,t-l'
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minimize L (C}9f + cfaf) .
fEF

af = L tU}t- Tf-9f
{tET? I k=P(f,Nf)}

L t(w}t - W},t-l) Tf 9f·
{tET? I k=P(f,Nf)}

The objective function:
The objective is to minimize total delay cost. Using the above
fined variables 9f and af (the ground and air delay, respectively),
objective function can be expressed simply as follows:

As discussed earlier, the variables w}t are only defined in the time
. -j .

range T} = [I:} ,T f]' so that w~,T..f-l O. Furthermore, one vari-

able per flight-sector pair can be eliminated from the formulation by
setting w j

_j = 1. Since flight j has to arrive at sector j by the
f,T f

last possible time in its time window, we can simply set it equal to 1
before solving the problem.

(b) Noticing that P(j, 1) represents the departure airport for flight j, the
total number 9f of time units that flight j is held on the ground is
the actual departure time minus the scheduled departure time, i.e.,

9f = L tU}t - df
{tET? I k=P(f,l)}

L t(w}t - W},t-l) df·
{tET? I k=P(f,l)}

(c) Noticing that P(j, Nf) represents the destination airport for flight j,
the total number af of time units that flight j is held in the air
be expressed as the actual arrival time minus the scheduled
time minus the amount of time that the flight has been held on
ground, i.e.,
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Having defined the variables w}t, we can express several quantities of
interest as linear functions of these variables:

(a) The variable u}t defined to be 1 if flight j arrives at sector j at time
t, and 0 otherwise, can be expressed as follows:
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V k E K, t E T,

V k E K, t E T,

v j E:I, t E T

(c~ - cj) L t(wjt - Wj,t-l)
{tET;lk=P(j,l)}

+cj L t(wjt wj,t_d]
{tET; I k=P(j,Nj)}

< 0,

~[

The air traffic flow management problem

minimize

L (wjt Wj,t-l) < Dk(t),
UIP(j,l)=k}

L (wjt - Wj,t-l) < Ak(t),
UIP(j,Nj )=k}

L (w}t w}t) < Sj(t),
{(j,j')IP(j,i)=j,P(j,i+l)=j' ,i<Nj}

Sec. 12.4

subject to the constraints

A integer programming formulation

Substituting the expressions we derived above for the variables 9j and aj

in terms of w}t, omitting those terms that do not depend on the decision
variables, and rearranging, we obtain the following formulation:

{
V IEF, tET}, j P(j,i), such

thati<Nj, andj'=P(j,i+l),

{
V (jl, I) E C, t E Tj, such that

k = P(j,l) = P(jI,Nj ),

w},t W},t_l > 0, V I E F, j E Pj, t E T},
w}t E {0,1}, V I E F, j E Pj, t E Tj.

The first three sets of constraints take into account the capacities of
various aspects of the system. The first set of constraints ensures that the
number of flights which may take off from airport k at time t, will not
exceed the departure capacity of airport k at time t. Likewise, the second
set of constraints ensures that the number of flights which may arrive at
airport k at time t, will not exceed the arrival capacity of airport k at time
t. In each case, the difference wJt - WJ,t-l will be equal to 1, only when the

first term is 1 and the second term is 0. Thus, the differences wjt Wj,t-l
capture the time at which a flight uses a given airport. The third set of
constraints ensures that the sum of all flights which may be in sector j at
time t will not exceed the capacity of sector j at time t. The difference

is the number of flights that are in sector j at time t, since the first term
will be 1 if flight I has arrived at sector j by time t, and the second term
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will be 1 if flight 1 has arrived at the next sector by time t. So the only
flights that will contribute a value of 1 to this sum are the flights that have
arrived at j and have not yet departed by time t.

The fourth, fifth, and sixth sets of constraints represent the three
types of connectivity in the problem: connectivity between sectors, con­
nectivity within airports, and connectivity in time. The fourth set of con­
straints represents connectivity between sectors. It stipulates that if a flight
arrives at sector l' by time t + Ifj, then it must have arrived at sector j
by time t, where j and l' are consecutive sectors in the path of flight f.
In other words, a flight cannot enter the next sector on its path until it
has spent at least Ifj time units (the minimum possible) traveling through
sector j, the current sector in its path.

The fifth set of constraints represents connectivity within airports. It
handles the cases in which a flight is continued, i.e., the flight's aircraft is
scheduled to perform a later flight within some time interval. We call the
first flight l' and the following flight 1. This set of constraints states that
if flight 1 departs from airport k by time t, then flight l' must have arrived
at airport k by time t sf', where sf' is the turnaround time.

Finally, the sixth set of constraints represents connectivity in time.
Thus, if a flight has arrived at sector j by time t, then w}t' has to have a
value of 1 for all later time periods, t ' 2: t.

The major reason we used the variables w}t, as opposed to the vari­
ables u}t, is that the variables w}t nicely capture the three types of con­
nectivity in the air traffic control problem: connectivity between sectors,
connectivity between airports, and connectivity in time.

Computational results

The preceding formulation has been extensively tested using real data from
both the US and the European networks. As an example, two realistic
size data sets obtained directly from the Official Airline Guide (OAG) were
provided by the FAA. The first one consisted of of 278 flights, 10 airports,
and 178 sectors, tested over a 7 hour time frame with 5 minute intervals.
The second of these data sets consisted of 1002 flights, 18 airports, and 305
sectors, tested over an 8 hour time frame with 5 minute intervals. The
crossing times, sector and airport capacities, and required turnaround times
were all provided by the FAA. These data sets are comparable to those in
the problem being solved daily by the FAA.

For the first problem, consisting of 43226 constraints and 18733 vari­
ables, an optimal solution to the linear programming relaxation was
in approximately 30 minutes on a SUN SPARe 20 workstation using
3.0 as the optimization solver and GAMS 2.25 as the modeling larlgulage.
Furthermore, the solution obtained was completely integer. In other
there is no need to use any integer programming methods. The second
larger data set consisting of 151662 constraints and 69497 variables,
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Our objective in this section is to show that strong formulations, even
involving an exponential number of constraints, coupled with heuristics

solved to optimality in approximately 2 hours, again achieving completely
integer solutions.

Similar results were obtained for the European network. For a data
set provided by EUROCONTROL, a problem involving 2293 flights, 25 sec­
tors, and with all costs equal to 1 (i.e., the objective is to minimize the total
delay), an optimal completely integer solution was found in approximately
one hour on a SUN 10 workstation. The total delay in the optimal solution
was 60% lower than the delay under the first-come-first-serve heuristic that
is exercised by EUROCONTROL. This illustrates the significant impact
that linear optimization can have in practice.

Another observation that is important for achieving short computa­
tion times, is that in the absence of capacity constraints, the remaining
inequalities define the dual of a network flow problem, for which we know
that an integer optimal solution exists and can be found by the network
simplex method. As a result, the model is first ran as a network flow prob­
lem, ignoring the capacity constraints, and a basis is found. Then, the
capacity constraints are introduced and the problem is solved using the
dual simplex method.

While the linear programming relaxation does not always have integer
optimal solutions, this turned out to be the case for these and other test
problems. Compared with other formulations that have been proposed in
the literature, the preceding formulation performs significantly better. One
naturally wonders why this has been the case. A partial explanation is that
the three sets of constraints that express the three types of connectivity in
the problem are "facets" of the convex hull of the set of feasible solutions.

We summarize the principal insights from this example, which have
wide applicability:

(a) Defining the "right" set of variables for a linear optimization problem
can have an important impact on the size and quality of the formu­
lation, as well as on the solution time.

(b) The key to solving large scale integer programming problems is to
obtain strong formulations, i.e., formulations that closely approximate
the convex hull of the set of integer solutions. This can be achieved
by introducing constraints that are "facets" of the convex hull of the
set of feasible solutions.

(c) Extracting a network subproblem is important in achieving short com­
putational times. The network simplex algorithm, for example, is
significantly faster than the general simplex method, and provides a
useful initial basis for the solution to the complete problem.

12.5 The shop scheduling problem
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where Wi ::::: 0, i E N, are given weights. A natural question is to charac­
terize the set of vectors (C1 , ... , Cn) that correspond to feasible schedules.

Clearly, the following conditions need to be satisfied

OJ ::::: Ck +Pj or Ok::::: Cj +Pk, j, kEN, j =I k.
The last condition states that in every schedule, either job k is processed
before job j, or job j is processed before job k. Figure 12.2 depicts the set
of all feasible completion times vectors for N = {I, 2}, and shows that this
set is not convex.

Next, we find constraints on the convex hull of the set of teas1b.le
completion time vectors. Towards this goal, we need the following ch~lrmc­

terization of the optimal schedule.

A single machine scheduling problem

A set N = {I, ... ,n} of jobs needs to be scheduled on a single machine.
The processing time of job i EN is some positive number Pi. A schedule
is called nonpreemptive if, once the machine begins processing a job, it
must complete processing before starting another job. A schedule is called
nonidling if the machine can only stay idle after all jobs have been processed.
A schedule is called feasible if it is nonpreemptive and the machine works
on at most one job at a time.

Let Ci be the completion time of job i, i E N. The objective is to
find a feasible schedule that minimizes

and branch and bound methods, can lead to efficient algorithms for large
scale linear optimization problems. We start with a simple one-machine
scheduling problem, and continue with the job shop scheduling problem, in
which several jobs need to be processed by several machines.

Proof. Suppose that there is another optimal schedule. Then,
two jobs i,j, such that job j is processed just before job i, j >
wi/Pi::::: Wj/Pj' Hence,



WjPi - WiPj

PiPj(Wj Wi)
Pj Pi

< 0,

and therefore, the new schedule is also optimal. Performing more pairwise
interchanges, we conclude that the schedule in which jobs are processed in
the sequence 1,2, ... ,n is optimal.

Suppose that Wi = Pi for all i. Then, from Theorem 12.1, it follows
that all nonidling schedules are optimal. In particular, the schedule in

where C is the completion time of the job that precedes job j in the schedule.
Let Z = LkEN WkCk. Consider now a schedule in which we process job i
before job j, and which is otherwise the same. Under the new schedule, all
completion times except for those of jobs i and j are the same. The new
completion times of jobs i and j become:

C: = C + Pi, Cj = C +Pi +Pj·

Let Z' = LkEN WkC~, The difference in cost between the two schedules is

Z' - Z = WiC: + wjCj - WiCi - WjCj

Wi(C +Pi) + Wj(C + Pi +Pj)

-Wj(C + Pj) - Wi(C +Pi + Pj)

553The job shop scheduling problem

Figure 12.2: The set of all feasible completion times vectors
(01 , O2 ) for N = {I, 2}. Unfortunately, the feasible set is the
union of two disjoint polyhedra. It is not a convex set.
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Based on the above discussion, the single machine scheduling problem
is equivalent to

(12.1)
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p(S) + p(T) ~ p(S n T) +p(S U T).

0 1 2: PI

C2 2: P2

PlCl + P2C2 2: pi+P~+PlP2'

The function

n

minimize L WiOi
i=l

I'>iOi > LPiOt
i=l i=l

1 1 ( )2
p(S) = 2LP7 + 2 LPi

iES iES

Consider a set SeN of jobs. Applying the previous inequality to that set,
we obtain

which the ith job processed is job i is optimal. The completion time of job
i in this schedule is 0t = ~~=l Pk. Therefore, for all schedules,

Note that we have exponentially many inequalities.
We have shown that the completion times (01 , ... , On) associated

with any feasible schedule must satisfy Eq. (12.1). There is also a converse
result whose proof we omit: every vector (01 , ... , On) that satisfies Eq.
(12.1) belongs to the convex hull of feasible completion time vectors.

For N = {I, 2}, the convex hull of the set of feasible completion time
vectors (see also Figure 12.2) is

turns out to be 8upermodular, i.e., for all S, TeN,



Proof. Let 8 be a set that maximizes the function

555The job shop scheduling problemSec. 12.5

f(8 U {j}) = f(8) +Pj (Pj + LPi - Cj).
iES

f(8) f(8 \ {j}) +Pj LPi - pjCj .
iES

f(8) = p(8) - LPiCi,
iES

Note that a function is supermodular if -p(8) is submodular3 .

As discussed in Chapters 6 and 11, when solving problems with a large
number of constraints, it is important to be able to check whether a given
vector is feasible, and if not, to be able to generate a violated inequality.
(This has been referred to as the separation problem; see also Section 8.5.)
Since we can efficiently solve the optimization problem (Theorem 12.1), it
should not be surprising that the separation problem can also be efficiently
solved. This is accomplished by our next result, which exploits the special
structure of the function p(8).

over all 8 eN. For j E 8, we can use the definition of f(8) and p(8) to
obtain

Since f(8 \ {j}) :S f(8), we obtain that for all j E 8,

For j tj. 8, we have

3Theorem 12.1 can also be proved using the results of Exercise 8.10 on submodular
function minimization.



Since f(S U {j}) ::; f(S), we obtain that for all j t/:. S,

OJ -Pj ~ LPi.
iES

'IIi EN,
'II (i,j) E A.

'liSeN,
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n

minimize L WiOi
i=l

1 1 ( ) 2subject to PiOi ~ :2 :L>; +:2 LPi ,
iES iES iES
ri ::; Oi ::; di ,

OJ ~ Oi +Pj,
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Therefore, if j E S, then OJ ::; L:iES Pi· If j t/:. S, then OJ > L:iES Pi·
Hence, if S maximizes f(S), then j E S if and only if OJ ::; L:iES Pi. This
implies that if j E S, then for every m such that Om ::; OJ, we have mE S.
Therefore, we may sort the jobs in order of increasing Ok and construct
the nested family of sets Sl,"" Sn, where Si contains the first i jobs in
the sorted sequence. The optimum subset S may then be found among
Sl, ... ,Sn, and the correctness of the algorithm follows. 0

Note that the most time consuming operation is the sorting in Step 1,
which can be accomplished in O(n log n) time; see, e.g. Cormen, Leiserson,
and Rivest (1990).

Single machine scheduling problems with release times,
deadlines, and precedence constraints

We next show that the separation algorithm provided by Theorem 12.2
leads to an efficient computation of lower bounds for several difficult (NP­
hard) variations of the single machine scheduling problem. Suppose that
job i must be completed between time ri and di . In addition, there are
precedence constraints among jobs that are described by a directed graph
G = (N, A), where

A = {(i, j) I job i must be processed before job j}.

The problem of finding a schedule that minimizes L:iE.N WiOi, in the
ence of release times, deadlines, and precedence constraints, is known
be NP-hard [Garey and Johnson (1979)]. However, the following
programming problem provides a lower bound on the optimal "h'Dr',+i,.ib

function value:

Because of Theorem 12.2, we can solve the separation problem,
identify a violated constraint if one exists, in polynomial time. This
us to use the cutting plane algorithm of Section 6.3 to solve problem
From a theoretical point of view, this also leads to a polynomial
impractical) method, based on the ellipsoid algorithm (ef. Section



Example 12.3 We consider the 4-job, single machine problem with deadlines
di , but without release times (all Ti are equal to Pi) or precedence constraints. The
problem data are shown in Table 12.9. In order to solve the linear programming
problem (12.3), we start with a small number of constraints. The initial linear
programming problem is

minimize 0.5C1 + 2C2 + 3C3 + 4C4

subject to 2C1 + 6C2 + 8C3 + 11C4 2: 477

2 ::: C1 ::: 10

6::: C2 ::: 28

8::: C3 ::: 29

11 ::: C4 ::: 30.

Table 12.9: Data for the single machine scheduling problem with
deadlines.
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Pi 2 6 8 11

di 10 28 29 30

Wi 0.5 2 3 4

IJob 1LiEL£G
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An optimal solution is C* = (Cr, C~, C;, CJ) (10,28,8, 20fl), with objective
function value 166ft. However, the vector C* does not correspond to a feasible
schedule, since Cr < CJ < Cr + P4. We now invoke the separation algorithm.
Note that C; < Cr < CJ < C2. Since

f({3}) = 0, f({1,3}) = 0, f({1,3,4}) 6, f({1,2,3,4}) = 0,

the subset maximizing f(8) is 8 = {1,3,4}. We therefore add the constraint

2C1 + 8C3 + 11C4 2: 315.

The new optimal solution is C* =(10,27,8,21) with value 167. Since this corre­
sponds to a feasible schedule, it is an optimal solution to the original scheduling
problem.

It is possible, however, that the optimal solution to the linear pro­
gramming problem (12.3) corresponds to an infeasible schedule. In par­
ticular, there might be two jobs i and j, such that Ci ::: Cj < Ci + Pj.
We can then propose a branch and bound algorithm, in which we branch
by considering the cases that either job i is processed before job j, and
therefore, Cj 2: Ci +Pj, or job j is processed before job i, and therefore,
Ci 2: Cj +Pi. We add the corresponding constraint to the linear program­
ming problem, find an improved lower bound, and continue until a feasible
solution is obtained.
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and thus,
1 j 1-

C; 2': 2LPk = 2Cj .
k=l

LkENwkCk. Let ZH = LkENwkCk. We have thus shown that

ZLP :s: ZH :s: 2ZLP,

i.e., the heuristic produces a solution within a factor oftwo from the optimal
in the worst case, which is the best known bound for this NP-hard problem.

Even when the optimal solution to the linear programming problem
(12.3) corresponds to an infeasible schedule, a feasible schedule can always
be constructed as long as there are no deadlines (di = 00). Let C; be an
optimal solution to the linear programming problem (12.3). We sort the C;,
and we create a feasible schedule by processing the jobs in the same order,
inserting idle periods whenever needed to satisfy the constraints Ci 2': rio
Note that the precedence constraints will automatically be satisfied.

Next, we provide evidence that the heuristic provides reasonable so­
lutions by showing that it constitutes a I-approximation algorithm when
both release times and deadlines are absent (ri Pi, di = 00). We assume,
without loss of generality, that C]' :s: C2 :s: ... :s: C~. In the heuristic solu­
tion, the completion time of job j is CJ = L~=l Pk. Since C} is a feasible
solution to the linear programming problem, we obtain

j j

Cf'I:'Pk > LPkCk
k=l k=l

> ~ t p
%+ ~(tPk)2

> ~(tpkr,

Job shop scheduling

We consider the problem of scheduling a set N of n jobs on m m2Lchines.
Job i E N consists of k stages, each of which must be completed on
particular machine (we assume for simplicity that all jobs have the
number k of stages). The pair (i, j), called task (i, j), represents the
stage of the ith job. The processing time of task (i, j) is Pij' The cOlupletJloll.
time of job i is the completion time of the last task of job i, i.e., task (i,
The objective is to find a schedule that minimizes the weighted sum of
completion times, subject to the following restrictions:

(a) The schedule must be nonpreemptive. That is, once a machine
processing a stage of a job, it must complete that stage before
anything else.



Therefore, the following linear programming problem provides a lower
bound on the optimal objective function value over all feasible schedules:
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(12.4)

I;j i,j.

I;j i,j.

n

i=l

( )

2

L Pij ,

(i,j)ES

The job shop scheduling problem

minimize

L 1 L 2 1Cp·· > - p .. +-
'J 'J - 2 'J 2

(i,j)ES (i,j)ES

C ij ~ Ci,j-l +Pij,
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( )

2

L CijPij ~ ~ L P7j + ~ L Pij ,

(i,j)ES (i,j)ES (i,j)ES

(b) Each machine may work on at most one task at any given time.

(c) The stages of each job must be completed in order.

In order to formulate the problem, let Cij be the completion time of
task (i,j). For each machine r, r = 1, ... , m, let Mr represent the set of
tasks that must be completed on it.

The objective function:
The objective is

n

minimize L WiCik'

i=l

Constraints:

In order to ensure that the stages of each job are completed in order, we
add the constraints

These constraints ensure that a stage of a job cannot begin before the
previous stage is completed.

In addition, all tasks in the set Mr need to be scheduled on machine
r. Therefore, the completion times Cij , for (i,j) E M r , need to satisfy the
constraints (12.1) of the single machine scheduling problem:

subject to the constraints

Note that by using the separation algorithm described in Theorem 12.2 for
each r, r = 1, ... ,m, we can solve the separation problem (identify violated
constraints) in O(mn log n) time.

As in the single machine case with release times, deadlines, and prece­
dence constraints, an optimal solution to the linear programming problem
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(12.4) does not necessarily correspond to a feasible schedule for the job shop
scheduling problem. However, a feasible solution can be easily generated
by the following heuristic:

For example, suppose machine 1 must process tasks (1,1), (2,1),
(3,4), and (4,2). Suppose that 0]\ = 13, 021 = 8, C34 = 18, and C42 = 12.
Then, machine 1 will process the tasks in order of increasing completion
times, that is, in the order (2,1), (4,2), (1,1), (3,4). Task (2,1) is imme­
diately available, so it will be processed immediately, and the completion
time of task (2,1) will be equal to its processing time. Machine 1 will then
wait until stage 1 of job 4 has been completed, so that it can begin work on
task (4,2). When the machine finishes task (4,2), task (1,1) is immediately
available, so it will be processed immediately.

Moreover, a branch and bound algorithm can be devised as follows.
After solving the linear programming problem (12.4), we can detect that
a schedule is infeasible if there are tasks (i,j) and (k, l) processed on the
same machine r, such that

C0 :::; C kl < C0+Pkl·

As in the single machine scheduling problem, we branch by considering the
cases that either task (i,j) is processed before task (k, l) on machine r, and
therefore, Ckl :::: Cij + Pkl, or task (k, l) is processed before task (i, j)
machine r, and therefore, Cij :::: Ckl +Pij' We add the corresponding con­
straint to the linear programming problem, find an improved lower bound,
and continue until a feasible solution is obtained.

Example 12.4 We consider a job shop with 3 machines, 3 jobs, and 3 stages
per job. The processing times Pij and the weights Wi are given in Table 12.10.

The sets M i , i 1,2,3 are as follows.

M 1 {(I, 1), (2,1), (3,3)},

M2 {(1,2), (2,3), (3,1)},

M3 {(I, 3), (2,2), (3,2)}.



We solve the linear programming problem (12.4). The solution is given in
Table 12.11. The optimal objective function value is 23.67. The ordering of the

However, the schedule is not feasible, because for the tasks (2,1) and (3,3) that
are processed by machine 1, we have

561

~ stage 1 Istage 2 stage 3 B

job 1 2.00 5.00 7.00

job 2 5.67 9.67 10.67

job 3 2.00 4.00 6.00

job 1 2 3 2 1

job 2 3 4 1 1

job 3 2 2 2 1

The job shop scheduling problem

Table 12.10: Processing times for a job shop with 3 machines,
3 jobs, and 3 stages per job.

Sec. 12.5

(1,1), (2,1), (3,3).

(3,2), (1,3), (2,2).

~ stage 1 I stage 2 I stage 3 I

Table 12.11: The job completion times Gij provided by the
solution to the linear programming problem (12.4).

(3,1), (1,2), (2,3).

tasks for each machine is as follows. Machine 1 processes tasks in the order

Machine 2 processes tasks in the order

Machine 3 processes tasks in the order

The job shop heuristic then gives the schedule shown in Table 12.12, with objec­
tive function value of 26.

If we apply the branch and bound algorithm to the solution to the linear
programming problem (12.4), we add the constraint G33 - G21 ~ 3 and find that
the objective function value of the new linear programming problem improves
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~ stage 1 I stage 2 I stage 3 I
job 1 2 5 7

job 2 5 11 12

job 3 2 4 7

Table 12.12: The job completion times provided by the job shop
heuristic.

to 24.5, but the corresponding schedule is still infeasible. Further branching
finds that the optimal objective function value becomes 26 and finds a feasible
schedule with objective function value equal to 26. Alternatively, to explore the
other half of the branch and bound tree, we add the constraint 0 2 1 - 0 33 ~ 2
to the original linear programming problem (12.4), and we find that the optimal
objective function value increases to 26. As we have mentioned, the job scheduling
heuristic produces a schedule whose cost is equal to 26. Since this is equal to
the lower bound provided by the linear programming problem, the heuristic has
produced an optimal schedule.

Computational results suggest that the linear programming problem
(12.4) for problems involving up to 20 machines, 20 jobs, and 20 stages per
job can be solved in minutes in a SUN SPARC 20 using a cutting plane algo­
rithm and the CPLEX optimization library. The job shop heuristic quickly
produces feasible schedules for problems involving up to 20 machines, 20
jobs, and 20 stages per job, that are approximately within a factor of two
of the lower bound provided by the linear programming problem (12.4).
The branch and bound algorithm routinely solves such problems to within
5% - 10% from the lower bound in less than an hour. The key to success
in this application is:

(a) Although the formulation (12.4) has an exponential number of con­
straints, it can be solved efficiently, because the separation problem
can be solved fast.

(b) It is easy to check whether the solution to the linear programming
relaxation is infeasible and to identify violated constraints. This gives
a natural and effective way to branch.

.6 Summary

The availability of workstations, modeling languages, and optimization
braries has advanced optimization capabilities significantly. However,



.7 Exercises

advances do not imply that users can naively apply this technology to con­
struct effective decision support systems. At the hands of an imaginative
analyst the process of modeling, exploiting structure, and fine tuning of op­
timization algorithms will lead to better solution methods and, therefore,
to more informed, insightful, and better decisions.

Sec. 12.7 Exercises 563

Exercise 12.1 * (The stable matching problem) This problem models how
hospitals and residents are matched. There is a set of n hospitals and n medical
residents. Each hospital has a strictly ordered list of the n residents and each
resident has a strictly ordered list of the n hospitals. A perfect matching M of the
hospitals and residents is called unstable if there exist a hospital i and a resident
j, who are not matched under M, but prefer each other over their assigned mates
under M. A perfect matching is stable if no such pair exists in the matching.

(a) Formulate the problem of deciding whether a stable matching exists as an
integer programming problem.

(b) Using linear programming theory prove that a stable matching always ex­
ists.

(c) Use linear programming to compute such a stable matching for n = 9.
The preference order of the hospitals is given in the following table. For
example, intern 1 is the second choice of hospital 1.

h h h 14 15 16 h Is Ig

H 1 2 8 3 9 6 5 7 1 4
H2 7 3 2 1 8 5 4 6 9
H3 7 8 3 9 6 5 2 1 4
H4 1 3 5 7 4 6 8 9 2
H5 6 3 1 8 2 5 9 4 7
H6 2 6 1 4 8 5 7 9 3
H7 2 7 9 8 3 4 1 5 6
Hs 3 8 4 9 5 6 1 7 2
Hg 4 8 3 9 6 5 7 1 2

Similarly, the preference order of the interns is given in the following table.
For example, hospital 1 is the third choice of intern 1.

H 1 H2 H3 H4 H5 H6 H7 Hs Hg

h 3 7 9 8 2 4 1 5 6
h 6 2 3 8 1 4 5 7 9
h 6 3 1 8 2 5 9 4 7
14 9 8 3 2 5 6 7 1 4
h 3 8 2 9 5 6 1 7 4
h 2 6 1 4 8 5 7 9 3
h 8 2 9 3 6 7 5 1 4
Is 9 1 5 7 4 6 8 2 3
Ig 9 8 7 6 1 2 4 5 3



Cl 4.0, C2 2.5,

the operating costs are
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Table 12.13: Processing times for a job shop with 10 machines,
10 jobs, and 10 stages per job. For example Pll = 29 and P12 = 78.

Job/Stage 1 2 3 4 5 6 7 8 9 10

1 29 78 9 36 49 11 62 56 44 21
2 43 90 75 11 69 28 46 46 72 30
3 91 85 39 74 90 10 12 89 45 33
4 81 95 71 99 9 52 85 98 22 43
5 14 6 22 61 26 69 21 49 72 53
6 84 2 52 95 48 72 47 65 6 25
7 46 37 61 13 32 21 32 89 30 55
8 31 86 46 74 32 88 19 68 36 79
9 76 69 76 51 85 11 40 89 26 74
10 85 13 61 7 64 76 47 52 90 45
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ql,l = 0.2, ql,2 = 0.3, ql,3 = 0.4, ql,4 = 0.1.

ill = 4.3, hI = 2.0, hI 0.5, /12 8.7, 122 = 4.0, 132 = 1.0,

Exercise 12.2 (The electric power capacity expansion problem revis­
ited) Solve Example 6.5 in two ways: as a single linear programming problem
and using Benders decomposition. Use the following data.

The generator capacity costs in hundreds of thousands of dollars per mega­
watt (MW) are

gl g2 g3 = 10.0.

and the unserved demand penalties are

The minimum generator capacities in MW are

For every load level i, the demands in MW are

d i ,1 = 900, d i ,2 = 1000, di,3 = 1100, di,4 1200,

with probabilities

Pi,l = 0.15, pi,2 = 0.45, Pi,3 = 0.25, Pi,4 = 0.15.

The availability of generator 1 is

al,l = 1.0, al,2 = 0.9, al,3 = 0.5, al,4 = 0.1,

with probabilities
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Machine/Job 1 2 3 4 5 6 7 8 9 10

M1 1 1 2 3 2 7 2 2 1 2
M2 2 6 1 1 3 2 1 3 2 1
M3 3 2 4 2 1 1 4 1 5 3
M 4 4 5 3 8 5 4 3 10 3 8
Ms 5 3 10 4 6 9 10 5 9 9
M6 6 8 6 10 4 3 6 4 4 7
M 7 7 7 8 5 10 8 5 6 7 4
M s 8 9 7 7 8 10 9 9 8 10
M g 9 10 5 6 7 5 8 7 10 5
MlO 10 4 9 9 9 6 7 8 6 6

Table 12.14: Each row represents the stages from each job that a
machine needs to process. For example, machine 1 needs to process
tasks (1,1), (2,1), (3,2), ... , (10,2).

The availability of generator 2 is

a2,1 = 1.0, a2,2 = 0.9, a2,3 0.7, a2,4 = 0.1, a2,S 0,

with probabilities

q2,1 = 0.1, q2,2 = 0.2, q2,3 0.5, q2,4 = 0.1, Q2,S 0.1.

Exercise 12.3 Using a modeling language, formulate Exercise lOA, and solve
it using an optimization library.

Exercise 12.4 * (A large scale job shop scheduling problem) Solve the
job shop scheduling problem with 10 machines, 10 jobs, and 10 stages per job.
Table 12.13 depicts the processing times Pij, and Table 12.14 specifies the sets Mr.
The weights are Wi 1, so our objective is to minimize the average completion
time.

Exercise 12.5 * (A large scale traveling salesman problem) Generate
1000 random points in the unit square [0,1]2. The distance Cij is the Euclidean
distance between the points i and j. Solve the linear programming relaxation of
the cutset formulation of the traveling salesman problem on these 1000 points.
Based on the solution to the linear programming relaxation, develop a branch
and cut algorithm to generate near optimal traveling salesman tours. Hint: Use
Lagrangean relaxation for bounding.

Exercise 12.6 * (A large scale facility location problem) Generate 200
random points in the unit square [0,1]2. The distance Cij is the Euclidean distance
between the points i and j. Solve the facility location problem for K 10
facilities, where each facility must be one of the 200 random points.
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Player ri ai hi Si di

PI 1 7 5.9 10 10

P2 2 14 6.0 14 9

P3 3 12 6.3 19 8
P4 4 4 6.0 18 6

P5 5 9 6.2 20 8
P6 7 6 6.4 21 10

P7 7 8 6.6 23 10

PS 4 2 6.4 13 5

P9 8 2 6.8 17 8
PIO 5 5 6.3 25 8
PH 10 6 6.8 20 9
PI2 8 8 6.7 30 10
PI3 10 2 7.2 24 9
PI4 9 5 6.8 15 7
PI5 6 3 6.8 17 6
PI6 16 2 6.7 3 6
PI7 11 1 7.3 27 9
PIS 12 5 7.1 26 10
PI9 11 1 7.2 21 9
P20 9 1 7.0 14 8

Table 12.15: The rebounding average ri, assists average ai,
height hi, scoring average Si, and overall defense ability di for player
i = 1, ... ,20.

Exercise 12.7 Solve Exercise 10.2 using the data of Table 12.15. The desired
targets are r = 7, a = 6, h = 6.6, S 18, d = 8.5.

Exercise 12.8 * (A large scale fixed charge network design problem)
Generate 100 random points in the unit square [0,1]2. Let G be the complete
directed graph on these 100 points. Let bi be the demand or supply of point i.
The demands for the first 99 points are independent and uniformly distributed in
the interval [-100,100]. The demand for the 100th point is equal to - bi .

Let the transportation cost Cij be equal to the Euclidean distance beltwE~en

i and j, and let the construction cost dij be ten times the Euclidean distance.
Solve the fixed charge network design problem on these 100 points (see Exerc:ise
10.9 for the definition of the fixed charge network design problem).

Exercise 12.9 * graph coloring problem) Given an undirected
G = (N, E), we want to assign a color to every node in N, so that ad:lac.~nt

nodes are assigned different colors, and the total number of colors is minil1Qized.
Generate a graph on 100 nodes, so that if you draw it on the plane no two
intersect. Such graphs are called planar. Solve the problem by using a
and bound approach. Hint: We can always color planar graphs using 4
Use this information to assist the bounding process.



12.1 'For further information on the modeling languages GAMS and AM­
PLE, see the corresponding manuals. The OR/MS Today journal
has frequent surveys of optimization solvers. The journal Interfaces
contains many successful applications of linear optimization methods
to problems arising in telecommunications, finance, transportation,
manufacturing, services, etc.

12.2 Table 12.1 has been compiled by Weber (1995), based on experiments
by several researchers. The general guidelines for the relative perfor­
mance of various algorithms are from our experimentation with large
scale linear programming problems, and also from the manual of the
CPLEX optimization library.

12.3 The model, the solution methodology, and the computational results
for the fleet assignment problem are taken from Hane et a1. (1995).
For further advances and an application of the fleet assignment prob­
lem in an industrial context, see Rushmeier and Kontogiorgis (1997).

12.4 The model and the computational results for the flow management
problem in the US network are taken from Bertsimas and Stock
(1997). The computational results for the European network are from
Vranas (1996).

12.5 The formulation of the single machine scheduling problem is from
Queyranne (1993). The indexing rule (Theorem 12.1) is from Smith
(1956). The job shop scheduling heuristic is motivated by the work
of Schulz (1996). A comprehensive review of known formulations and
approximation algorithms for machine scheduling problems is given
in Hall et a1. (1996). The branch and bound algorithm, and the com­
putational results for the job shop scheduling problem are from Bert­
simas and Hsu (1997). An alternative cutting plane approach for job
shop scheduling problems, in which we are interested in minimizing
the maximum completion time, is proposed in Applegate and Cook
(1991). For the same problem, a different enumerative but effective
approach is proposed in Martin and Shmoys (1996).

12.7 The stable matching problem addressed in Exercise 12.1 was first de­
fined and solved in Gale and Shapley (1962). A linear programming
approach to the problem is given in Teo (1996). Exercise 12.2 is al­
most identical to a problem formulated and solved in Infanger (1993).
The data in Exercise 12.4 are from Fisher and Thompson (1963). This
is a famous instance of the job shop scheduling problem, and it took
decades until a provably optimal solution was obtained.

Notes and sourcesSec. 12.8

12.8 Notes sources
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A

Index

B

Absolute values, problems with, 17-19, 35
Active constraint, 48
Adjacent

bases, 56
basic solutions, 53, 56
vertices, 78

Affine
function, 15, 34
independence, 120
subspace, 30-31
transformation, 364

Affine scaling algorithm, 394, 395-409,
440-441, 448, 449

initialization, 403
long-step, 401, 402-403, 440, 441
performance, 403-404
short-step, 401, 404-409, 440

Air traffic flow management, 544-551, 567
Algorithm, 32-34, 40, 361

complexity of, see running time
efficient, 363
polynomial time, 362, 515

Analytic center, 422
Anticycling

in dual simplex, 160
in network simplex, 357
in parametric programming, 229
in primal simplex, 108-111

Approximation algorithms, 480, 507-511,
528-530, 558

Arbitrage, 168, 199
Arc

backward, 269
balanced, 316
directed, 268
endpoint of, 267
forward, 269
in directed graphs, 268
in undirected graphs, 267
incident, 267, 268
incoming, 268
outgoing, 268

Arithmetic model of computation, 362
Artificial variables, 112

elimination of, 112-113
Asset pricing, 167-169
Assignment problem, 274, 320, 323,

325-332
with side constraint, 526-527

Auction algorithm, 270, 325-332, 354, 358
Augmenting path, 304
Average computational complexity,

127-128, 138

Ball, 364
Barrier function, 419
Barrier problem, 420, 422, 431
Basic column, 55
Basic direction, 84
Basic feasible solution, 50, 52

existence, 62-65
existence of an optimum, 65-67
finite number of, 52
initial, see initialization
magnitude bounds, 373
to bounded variable LP, 76
to general LP, 50

Basic solution, 50, 52
to network flow problems, 280-284
to standard form LP, 53-54
to dual, 154, 161-164

Basic indices, 55
Basic variable, 55
Basis, 55

adjacent, 56
degenerate, 59
optimal, 87
relation to spanning trees, 280-284

Basis matrix, 55, 87
Basis of a subspace, 29, 30
Bellman equation, 332, 336, 354
Bellman-Ford algorithm, 336-339, 354-355,

358
Benders decomposition, 254-260, 263, 264
Big-M method, 117-119, 135-136
Big 0 notation, 32
Binary search, 372
Binding constraint, 48
Bipartite matching problem, 326, 353, 358
Birkhoff-von Neumann theorem, 353
Bit model of computation, 362
Bland's rule, see smallest subscript rule
Bounded polyhedra, representation, 67-70
Bounded set, 43
Branch and bound, 485-490, 524, 530,

542-544, 560-562
Branch and cut, 489-450, 530
Bring into the basis, 88

c
Candidate list, 94
Capacity

of an arc, 272
of a cut, 309
of a node, 275

Caratheodory's theorem, 76, 197
Cardinality, 26
Caterer problem, 347
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Central path, 420, 422, 444
Certificate of infeasibility, 165
Changes in data, see sensitivity analysis
Chebychev approximation, 188
Chebychev center, 36
Cholesky factor, 440, 537
Clark's theorem, 151, 193
Classifier, 14
Closedness of finitely generated cones

172, 196
Circuits, 315
Circulation, 278

decomposition of, 350
simple, 278

Circulation problem, 275
Clique, 484
Closed set, 169
Column

of a matrix, notation, 27
zeroth, 98

Column generation, 236-238
Column geometry, 119-123, 137
Column space, 30
Column vector, 26
Combination

convex, 44
linear, 29

Communication network, 12-13
Complementary slackness, 151-155, 191

economic interpretation, 329
in assignment problem, 326-327
in network flow problems, 314
strict, 153, 192, 437

Complexity theory, 514-523
Computer manufacturing, 7-10
Concave function, 15

characterization, 503, 525
Cone, 174

containing a line, 175
pointed, 175
polyhedral, 175

Connected graph
directed, 268
undirected, 267

Connectivity, 352
Convex combination, 44
Convex function, 15, 34, 40
Convex hull, 44, 68, 74, 183

of integer solutions, 464
Convex polyhedron, see polyhedron
Convex set, 43
Convexity constraint, 120
Corner point, see extreme point
Cost function, 3
Cramer's rule, 29
Crossover problem, 541-542
Currency conversion, 36
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Cut, 309
capacity of, 309
minimum, 310, 390
s-i, 309

Cutset, 467
Cutset formulation

of minimum spanning tree problem,
467

of traveling salesman problem, 470
Cutting plane method

for integer programming, 480-484, 530
for linear programming, 236-239
for mixed integer programming, 524

Cutting stock problem, 234-236, 260, 263
Cycle

cost of, 278
directed, 269
in directed graphs, 269
in undirected graphs, 267
negative cost, 291
unsaturated, 301

Cyclic problems, 40
Cycling, 92

in primal simplex, 104-105, 130, 138
see also anticycling

D

DNA sequencing, 525
Dantzig-Wolfe decomposition, 239-254,

261-263, 264
Data fitting, 19-20
Decision variables, 3
Deep cuts, 380, 388
Degeneracy, 58-62, 536, 541

and interior point methods, 439
and uniqueness, 190-191
in assignment problems, 350
in dual, 163-164
in standard form, 59-60, 62
in transportation problems, 349

Degenerate basic solution, 58
Degree, 267
Delayed column generation, 236-238
Delayed constraint generation, 236, 263
Demand,272
Determinant, 29
Devex rule, 94, 540
Diameter of a polyhedron, 126
Diet problem, 5, 40, 156, 260-261
Dijkstra's algorithm, 340-342, 343, 358
Dimension, 29, 30

of a polyhedron, 68
Disjunctive constraints, 454, 472-473
Dual algorithm, 157
Dual ascent

approximate, 266
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in network flow problems, 266,

316-325, 357
steepest, 354
termination, 320

Dual plane, 122
Dual problem, 141, 142, 142-146

optimal solutions, 215-216

Dual simplex method, 156-164, 536-537,

540-544
for network flow problems, 266,

323-325, 354, 358
geometry, 160
revised, 157

Dual variables
in network flow problems, 285

interpretation, 155-156

Duality for general LP, 183-187

Duality gap, 399
Duality in integer programming, 494-507

Duality in network flow problems, 312-316

Duality theorem, 146-155, 173, 184, 197,

199
Dynamic programming, 490-493, 530

integer knapsack problem, 236

zero-one knapsack problem, 491-493

traveling salesman problem, 490

E

Edge of a polyhedron, 53, 78

Edge of an undirected graph, 267

Efficient algorithm, see algorithm

Electric power, 10-11, 255-256, 564

Elementary direction, 316

Elementary row operation, 96

Ellipsoid, 364, 396
Ellipsoid method, 363-392

complexity, 377
for full-dimensional bounded polyhe-

dra,371
for optimization, 378-380

practical performance, 380

sliding objective, 379, 389

Enter the basis, 88
Epsilon-relaxation method, 266, 358

Evaluation problem, 517

Exponential number of constraints,

380-387, 465-472, 551-562

Exponential time, 33
Extreme point, 46, 50

see also basic feasible solution

Extreme ray, 67, 176-177, 197, 525

Euclidean norm, 27

F

Facility location problem, 453-454,

Index

462-464, 476, 518, 565

Farkas' lemma, 165, 172, 197, 199

Feasible direction, 83, 129
Feasible set, 3
Feasible solution, 3
Finitely generated

cone, 196, 198
set, 182

Fixed charge network design problem, 476,

566
Fleet assignment problem, 537-544, 567

Flow, 272
feasible, 272

Flow augmentation, 304
Flow conservation, 272

Flow decomposition theorem, 298-300, 351

for circulations, 350

Floyd-Warshall algorithm, 355-356

Forcing constraints, 453

Ford-Fulkerson algorithm, 305-312, 357

Fourier-Motzkin elimination, 70-74, 79

Fractional programming, 36

Free variable, 3
elimination of, 5

Full-dimensional polyhedron, see polyhe­

dron
Full rank, 30, 57
Full tableau, 98

G

Gaussian elimination, 33, 363

Global minimum, 15
Gomory cutting plane algorithm, 482-484

Graph, 267-272
connected, 267, 268
directed, 268
undirected, 267

Graph coloring problem, 566-567

Graphical solution, 21-25
Greedy algorithm

for minimum spanning trees, 344, 356

Groundholding, 545

H

Halfspace, 43
Hamilton circuit, 521
Held-Karp lower bound, 502

Helly's theorem, 194
Heuristic algorithms, 480

Hirsch conjecture, 126-127

Hungarian method, 266, 320, 323, 358

Hyperplane, 43

I

Identity matrix, 28



Index

Incidence matrix, 277, 457
truncated, 280

Independent set problem, 484
Initialization

affine scaling algorithm, 403
Dantzig-Wolfe decomposition, 250-251
negative cost cycle algorithm, 294
network flow problems, 352
network simplex algorithm, 286
potential reduction algorithm, 416-418
primal path following algorithm,
429-431

primal-dual path following algorithm,
435-437

primal simplex method, 111-119
Inner product, 27
Instance of a problem, 360-361

. size, 361
Integer programming, 12, 452

mixed, 452, 524
zero-one, 452, 517, 518

Interior, 395
Interior point methods, 393-449, 537

computational aspects, 439-440,
536-537, 540-544

Intree, 333
Inverse matrix, 28
Invertible matrix, 28

J

Job shop scheduling problem, 476,
551-563, 565, 567

K

Karush-Kuhn-Tucker conditions, 421
Knapsack problem

approximation algorithms, 507-509,
530

complexity, 518, 522
dynamic programming, 491-493, 530
integer, 236
zero-one, 453

Kiinig-Egervary theorem, 352

L

Label correcting methods, 339-340
Labeling algorithm, 307-309, 357
Lagrange multiplier, 140, 494
Lagrangean, 140, 190
Lagrangean decomposition, 527-528
Lagrangean dual, 495

solution to, 502-507
Lagrangean relaxation, 496, 530
Leaf,269
Length, of cycle, path, walk, 333
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Leontief systems, 195, 200
Lexicographic pivoting rule, 108-111,

131-132, 137
in revised simplex, 132
in dual simplex, 160

Libraries, see optimization libraries
Line, 63
Linear algebra, 26-31, 40, 137
Linear combination, 29
Linear inequalities, 165

inconsistent, 194
Linear programming, 2, 38

examples, 6-14
Linear programming relaxation, 12,462
Linearly dependent vectors, 28
Linearly independent vectors, 28
Linearly independent constraints, 49
Local minimum, 15, 82, 131
Local search, 511-512, 530
Lot sizing problem, 475, 524

M

Marginal cost, 155-156
Marriage problem, 352
Matching problem, 470-472, 477-478

see also bipartite matching, stable
matching

Matrix, 26
identity, 28
incidence, 277
inversion, 363
inverse, 28
invertible, 28
nonsingular, 28
positive definite, 364
rotation, 368, 388
square, 28

Matrix inversion lemma, 131, 138
Max-flow min-cut theorem, 310-311, 351,

357
Maximization problems, 3
Maximum flow problem, 273, 301-312
Maximum satisfiability, 529-530
Min-cut problem, see cut
Mean cycle cost minimization, 355, 358
Minimum spanning tree problem, 343-345,

356, 358, 466, 477
multicut formulation, 476

Modeling languages, 534-535, 567
Moment problem, 35
Multicommodity flow problem, 13
Multiperiod problems, 10-11, 189

N

NP, 518, 531
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NP-complete, 519, 531
NP-hard, 518, 531, 556
NSF fellowships, 459-461, 477
Nash equilibrium, 190
Negative cost cycle algorithm, 291-301, 357

largest improvement rule, 301, 351, 357
mean cost rule, 301, 357

Network, 272
Network flow problem, 13, 551

capacitated, 273, 291
circulation, 275
complementary slackness, 314
dual, 312-313, 357
formulation, 272-278
integrality of optimal solutions,
289-290, 300

sensitivity, 313-314
shortest paths, relation to, 334
single source, 275
uncapacitated, 273, 286
with lower bounds, 276, 277
with piecewise linear convex costs, 347
see also primal-dual method

Network simplex algorithm, 278-291,
356-357, 536

anticycling, 357, 358
dual, 323-325, 354

Newton
direction, 424, 432
method, 432-433, 449
step, 422

Node, 267, 268
labeled, 307
scanned, 307
sink,272
source, 272

Node-arc incidence matrix, 277
truncated, 280

Nonbasic variable, 55
Nonsingular matrix, 28
Null variable, 192
Nullspace, 30
Nurse scheduling, 11-12, 40

o
Objective function, 3
One-tree, 501
Operation count, 32-34
Optimal control, 20-21, 40
Optimal cost, 3
Optimal solution, 3

to dual, 215-216
Optimality conditions

for LP problems 82-87, 129, 130
for maximum flow problems, 310
for network flow problems, 298-300

Index

Karush-Kuhn-Tucker, 421
Optimization libraries, 535-537, 567
Optimization problem, 517
Options pricing, 195
Order of magnitude, 32
Orthant, 65
Orthogonal vectors, 27

p

P,515
Parametric programming, 217-221,

227-229
Path

augmenting, 304
directed, 269
in directed graphs, 269
in undirected graphs, 267
shortest, 333
unsaturated, 307
walk, 333

Path following algorithm, primal, 419-431
complexity, 431
initialization, 429-431

Path following algorithm, primal-dual,
431-438

complexity, 435
infeasible, 435-436
performance, 437-438
quadratic programming, 445-446
self-dual, 436-437

Path following algorithms, 395-396, 449,
542

Pattern classification, 14, 40
Perfect matching, 326, 353

see also matching problem
Perturbation of constraints and degener­

acy, 60, 131-132, 541
Piecewise linear convex optimization,

16-17 189, 347
Piecewise linear function, 15, 455
Pivot, 90, 158
Pivot column, 98
Pivot element, 98, 158
Pivot row, 98, 158
Pivot selection, 92-94
Pivoting rules, 92, 108-111
Polar cone, 198
Polar cone theorem, 198-199
Polyhedron, 42

containing a line, 63
full-dimensional, 365, 370, 375-377,

389
in standard form, 43, 53-58
isomorphic, 76
see also representation

Polynomial time, 33, 362, 515
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Potential function, 409, 448
Potential reduction algorithm, 394,

409-419, 445, 448
complexity, 418, 442
initialization, 416-418
performance, 419
with line searches, 419, 443-444

Preemptive scheduling, 302,
357

Preflow-push methods, 266, 358
Preprocessing, 540
Price variable, 140
Primal algorithm, 157, 266
Primal problem, 141, 142
Primal-dual method, 266, 320, 321-323,

353,357
Primal-dual path following method, see

path following algorithm
Probability consistency problem, 384-386
Problem, 360
Product of matrices, 28
Production and distribution problem, 475
Production planning, 7-10, 35, 40,

210-212, 229
Project management, 335-336
Projections of polyhedra, 70-74
Proper subset, 26
Pushing flow, 278

Q
Quadratic programming, 445-446

R

Rank, 30
Ray, 172

see also extreme ray
Recession cone, 175
Recognition problem, 515, 517
Reduced cost, 84

in network flow problems, 285
Reduction (of a problem to another), 515
Redundant constraints, 57-58
Reinversion, 107
Relaxation, see linear programming relax-

ation
Relaxation algorithm, 266, 321, 358
Relaxed dual problem, 237
Representation

of bounded polyhedra, 67
of cones, 182, 198
of polyhedra, 179-183, 198

Requirement line, 122
Residual network, 295-297
Resolution theorem, 179, 198, 199
Restricted problem, 233

585

Revised dual simplex method, 157
Revised simplex method, 95-98,

105-107
lexicographic rule, 132

Rocket control, 21
Row

space, 30
vector, 26
zeroth, 99

Running time, 32, 362

s
Saddle point of Lagrangean, 190
Samuelson's substitution theorem, 195
Scaling

in auction algorithm, 332
in maximum flow problem, 352
in network flow problems, 358

Scanning a node, 307
Scheduling, 11-12, 302, 357, 551-563, 567

with precedence constraints, 556
Schwarz inequality, 27
Self-arc, 267
Sensitivity analysis, 201-215, 216-217

adding new equality constraint,
206-207

adding new inequality constraint,
204-206

adding new variable, 203-204
changes in a nonbasic column, 209
changes in a basic column, 210, 222-223
changes in b, 207-208, 212-215
changes in c, 208-209, 216-217
in network flow problems, 313-314

Separating hyperplane, 170
between disjoint polyhedra, 196
finding, 196

Separating hyperplane theorem, 170
Separation problem, 237, 382, 392, 555
Sequencing with setup times, 457-459, 518
Set covering problem, 456-457, 518
Set packing problem, 456-457, 518
Set partitioning problem, 456-457, 518
Setup times, 457-459, 518
Shadow price, 156
Shortest path problem, 273, 332-343

all-pairs, 333, 342-343, 355-356, 358
all-to-one, 333
relation to network flow problem, 333

Side constraints, 197, 526-527
Simplex, 120, 137
Simplex method, 90-91

average case behavior, 127-128, 138
column geometry, 119-123
computational efficiency, 124-128
dual, see dual simplex method
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for degenerate problems, 92
for networks, see network simplex
full tableau implementation, 98-105,

105-107
history, 38
implementations, 94-108
initialization, 111-119
naive implementation, 94-95
performance, 536-537, 54-541
revised, see revised simplex method
termination, 91, 110
two-phase, 116-117
unbounded problems, 179
with upper bound constraints, 135

Simplex multipliers, 94, 161
Simplex tableau, 98
Simulated annealing, 512-514, 531
Size of an instance, 361
Slack variable, 6, 76
Sliding objective ellipsoid method, 379, 389
Smallest subscript rule, 94, 111, 137
Span, of a set of vectors, 29
Spanning path, 124
Spanning tree, 271-272

see also minimum spanning trees
Sparsity, 107, 108, 440, 536, 537
Square matrix, 28
Stable matching problem, 563, 567
Standard form, 4-5

reduction to, 5-6
visualization, 25

Steepest edge rule, 94, 540-543
Steiner tree problem, 391
Stochastic matrices, 194
Stochastic programming, 254-260, 264,

564
Strong duality, 148, 184
Strong formulations, 461-465
Strongly polynomial, 357
Subdifferential, 503
Subgradient, 215, 503, 504, 526
Subgradient algorithm, 505-506, 530
Submodular function minimization,

391-392
Subspace, 29
Subtour elimination

in the minimum spanning tree problem,
466

in the traveling salesman problem, 470
Supply, 272
Surplus variable, 6
Survivable network design problem, 391,

528-529

T

Theorems of the alternative, 166, 194

Index

Total unimodularity, 357
Tour, 383, 469
Tournament problem, 347
Transformation (of a problem to another),

516
Transportation problem, 273, 274-275, 358

degeneracy, 349
Transpose, 27
Transshipment problem, 266
Traveling salesman problem, directed,

478, 518
branch and bound, 488-489
dynamic programming, 490
integer programming formulation, 477

Traveling salesman problem, undirected,
478, 565, 518, 526

approximation algorithm, 509-510, 528
integer programming formulation,
469-470, 476

local search, 511-512, 530
lower bound, 383-384, 501-502
with triangle inequality, 509-510, 521,

528
Tree, 269

of shortest paths, 333
see also spanning tree

Tree solution, 280
feasible, 280

Typography, 524

u
Unbounded cost, 3
Unbounded problem, 3

characterization, 177-179
Unique solution, 129, 130

to dual, 152, 190-191
Unit vector, 27
Unrestricted variable, see free variable

v
Vector, 26
Vehicle routing problem, 475
Vertex, 47, 50

see also basic feasible solution
Volume, 364

of a simplex, 390
von Neumann algorithm, 446-448,449
Vulnerability, 352

w
Walk

directed, 269
in directed graphs, 268
in undirected graphs, 267

Weak duality, 146, 184, 495
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Weierstrass' theorem, 170, 199
Worst-case running time, 362

z
Zeroth column, 98
Zeroth row, 99
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