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Motivation ﬂ("‘
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@ The general [ML] decoding problem for linear codes and the general problem of finding the weights of a
linear code are both NP-complete. [BMT78]

B The iterative message—passing algorithms preferred in practice do not guarantee optimality and may fail to
decode correctly when the graph contains cycles. [KTP19]

B The standard message-passing algorithms used for decoding [LDPC and turbo codes] are often difficult to
analyze. [Fel03]
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Previous Work ﬂ(".

Karlsruhe Institute of Technology

AT G

Figure: Bachelor’s Thesis by Yanxia Lu [Lu23]

@ Analysis of “Proximal Decoding”
@ Analysis of “Interior Point Decoding”
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Presumptions: Channel & Modulation AT
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@ All simulations are performed with BPSK:
z=(-1)° ceFy xzeR”

B The channel model is AWGN:

1/kE\ "
= ~ 0, —— R™
Yy CB+Z7 z N<72<TLN0> )a Y,z €

@ All-zeros assumption:
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Optimization as a Decoding Method AT
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(1,0,1)

B Reformulate decoding problem as optimization problem

W Establish objective function (0,

@ Establish constraints 1o
B Use optimization method to solve the new problem (1,1,0) 0.0.0)

Figure: Hypercube (n = 3) with valid codewords
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@ Decoding Algorithms
@ Proximal Decoding
@ LP Decoding
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Proximal Decoding: General Idea [WT22] AT
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B MAP rule:

T = arﬂgéélgx fy (ylz) fx (x)
— argmaxe S0 f (@), Lyle) =~ (yle)

@ Approximation of prior PDF:

1 ey 1 e
@)=y 2, MUY m g
@ Code constraint polynomial:
. n 2 1in], T=[1:m)
. 9 2 I=1:n], J=[1:m
h(w)_;(xj 1) +; jel:‘[(i)% H Al)={jlje T . Hj,=1},ieT
Bipolar constraint Parity constraint
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Proximal Decoding: General Idea AT
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@ Objective function:

f () = L (y|z) +vh (x)

@ Proximal operator [PB14]:

1
prox.,p, (x) = arg min (’yh (t) + th — cc||2)

teRn
~x—~Vh(z), - small

@ lterative decoding process:

r«s—wVL(y|s), w>0 “Gradient descent step”
s« r—~Vh(r), >0 “Code proximal step”
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Proximal Decoding: Algorithm AT
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@ lterative decoding algorithm [WT22]:

1 8§+ 0

. for K iterations do

s r<s—wVL(y|s)
4 s+ r—~Vh(r)

5 & < sign (s)

6 if Hc =0do

7 return é

8 end if

s end for

10 return é

CEL

1 Andreas T: ication of Optimization Algorithms for Channel Decoding Communications Engineering Lab (CEL)




LP Decoding [FWKO05]
@ Codeword polytope:

poly (C) = {ZACC:)\C>O,Z)\C:1}, Ae € R

ceC ceC

B Cost function:
z":w‘ = P(Y =y|C =0)
pt (A2 [ P(Y:y1|C:1)

@ LP formulation of ML decoding:

minimize Z'yifi
i=1
subject to f € poly (C)
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Figure: poly (C) forn =3
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@ Analysis
@ Proximal Decoding
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Proximal Decoding: Bit Error Rate and Performance Q\{|T
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B Comparison of simulation' with results of Wadayama et al. [WT22]

10°F 4 [-+- 7 = 0.15—e— = 0.15 (Wadayama et al.)
- 4= 4 = 0.01 e~ = 0.01 (Wadayama et al.)
-#- v =0.05 -7 = 0.05 (Wadayama et al.)

1 |- ®P

1072

: : : :
1 2 3 4 5
Ey/No (dB)

Figure: Simulation results for w = 0.05, K = 100

B O (n) time complexity - same as BP; only multiplication and addition necessary [WT22]
B Measured performance: ~ 10 000 frames/s on Intel Core i7-7700HQ @ 2.80GHz; n = 204

1(3,6) regular LDPC code with n = 204, k = 102 [Mac23, 204.33.484]
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Proximal Decoding: Choice of ~ IT
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@ Simulation’ results for different values of v

100F ‘ ‘ ‘ 7 @ - = 00.01:0.16]
F 1 —  y=001
, — =005
] — y=015
e[| v=015 I
10 £ i i i = 6 0.1
2 4 6 8 E,/Ny (dB) 0 5.1072 .
Ey/No (dB)

Figure: BER for w = 0.05, K = 100

B Not great benefit in finding the optimal value for ~

1(3,6) regular LDPC code with . = 204, k = 102 [Mac23, 204.33.484]
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Proximal Decoding: Choice of ~ AT
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E,/No (dB) 0 : E, /Ny (dB) ¢ 0 ) E, /N, (dB) 0
h v el
(a) (3, 6)-regular LDPC code with (b) (3, 6)-regular LDPC code with (©) (3, 6)-regular LDPC code with ’ 7 =1[0:0.01:0.16]
n = 96, k = 48 [Mac23, 96.3.965] n = 204, k = 102 [Mac23, 204.33.484] n = 408, k = 204 [Mac23, 408.33.844] |—— v = 0.01
— 7 =0.05

— v =015

Ey/No (dB) 0 51072 /N (6B) Ey /Ny (dB) 0 5-107%
5 »/No 0

(d) BCH code withn = 31, k = 26 (e) (5, 10)-regular LDPC code with (f) LDPC code (Progressive Edge Growth

n = 204, k = 102 [Mac23, 204.55.187] fﬁ;fé’;‘?‘é@éﬁ;hg?g;fﬁ“’ k=252
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Proximal Decoding: Frame Error Rate
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B Analysis of simulated' BER and FER
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s+ 0
for K iterations do
r+s—wVL(y]|s)
s« r—~Vh(r)
& < sign (s)
if Hé = 0do
return é
end if
end for
return é

100 F

10~

1072

4 5 10~
i

107

3l

il

Figure: Proximal decoding algorithm [WT22]
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1(3,6) regular LDPC code with n. = 204, k = 102 [Mac23, 204.33.484]
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Figure: Simulation results for w = 0.05, K = 100
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Proximal Decoding: Oscillation of Estimate AT
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B VL (y|x)and Vh (x) generally end up in an equilibrium

0 25 50 75 100

\

I
—
T
\

l
0 25 50 75 100 25 50 7 5 1 0 0 '
Iterations. Iterations terations

(
o

Figure: Internal variables of proximal decoder as a function of the number of iterations (n = 7)'

'A single decoding is shown, using the BCH(7, 4) code; v = 0.05,w = 0.05, E /No = 5dB
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(b) Vh () for a repetition code with n = 2

(@) VL (y | @) for a repetition code with n. = 2

'In an AWGN Channel VL (y | &) « (x — y) [WT22, Sec. 4.1]
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Proximal Decoder: Oscillation of VA (x) AT
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@ For larger n, the gradient itself starts to oscillate
@ The amplitude of the oscillation seems to be highly correlated with the probability of a bit error

1+ PP -
o 8
S
of 5
o
| | | | | 0 ‘ o0 @ o
0 50 100 150 200 0 0.5 1 15 9 25
Iterations Var (Vh(z))
(a) Internal variables of proximal decoder as a function of the iteration ) . , -
(n= 204)1 (b) Correlation between bit error and amplitude of oscillation

A single decoding is shown, using a (3,6) regular LDPC code with n = 204, k = 102 [Mac23, 204.33.484]; v = 0.05,w = 0.05, E, /No = 5dB
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Proximal Decoding: Improvement using “ML-on-List’Q("’
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@ Improvement of proximal decoding by adding an “ML-on-list” step after iterating

s« 0
for K iterations do
r+s—wVL(y|s)
s+ r—+Vh(r)
& < sign (s)
if Hé = 0do
return é
end if
end for
return ¢

Figure: Proximal decoding algorithm [WT22]
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s+ 0
for K iterations do

r<s—wVL(y|s)

s« r—+Vh(r)

& < sign (s)

ifHé=0

return é

end if
end for
Find N most probably wrong bits.
Generate variations ¢; of & with the NV bits modified.
Compute dy (&;, ¢) for all valid codewords ¢&;
Output ¢&; with lowest dz (&;, €)

Figure: Improved proximal decoding algorithm
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Proximal Decoding: Improvement using “ML-on-List’Q("’
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@ Comparison of proximal & improved (correction of N = 12 bit) decoding simulation' results

100 E

BER

Decoding Failure Rate

2 1 6 B 2 1 6 8 2 1 6 B
Ey/No Ey/No Ey/No

—e—proximal, v = 0.15 —e—proximal, v = 0.01 —e— proximal, v = 0.05
----improved, v = 0.15 -=--improved, v = 0.01 -=--improved, v = 0.05

Figure: Simulation results for v = 0.05,w = 0.05, K = 200, N = 12

1(3,6) regular LDPC code with n = 204, k = 102 [Mac23, Code: 204.33.484]
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Proxmal Decodlng Improvement using “ML-on L|st”4(|'|'
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a) (3, 6)-regular LDPC code with
n = 96, k = 48 [Mac23, 96.3.965]

10°

=y
10-! - l\\?:.
« =3
w02
10-*
1074 . . : :
1 2 3 1 5
Ey/No

(d) BCH code withn = 31, k = 26
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b) (3, 6)-regular LDPC code with
n = 204, k = 102 [Mac23, 204.33.484]
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e) (5, 10)-regular LDPC code with
n = 204, k = 102 [Mac23, 204.55.187]
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c) (3, 6)-regular LDPC code with
n = 408, k = 204 [Mac23, 408.33.844]

100F

1071 E

[ N
@02 |

1070 =

104 b= : + - N
BN
(f) LDPC code (Progressive Edge Growth

Construction) with n = 504, k = 252
[Mac23, PEGReg252x504]
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—e—proximal, v = 0.15
-=--improved, v = 0.15
—e— proximal, v = 0.01
-=--improved, v = 0.01
—e— proximal, v = 0.05
-=--improved, v = 0.05
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Proximal Decoding: Average Error T
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‘ — B,/Ny = 1dB
100 A |— Ey/Ny = 3dB
—— Ey/Nog = 5dB
= 80 4 |— Eo/No =8dB
|
o 60f :
(o)
g
§ 40 o
<
ol i
Il Il Il Il Il
0 50 100 150 200
Iterations

Figure: Average error for 500 000 decodings, w = 0.05,v = 0.05, K = 200"

@ With increasing iterations, the average error asymptotically approaches a minimum, non-zero value

'Simulation performed with (3,6) regular LDPC code with n = 204, k = 102 [Mac23, Code: 204.33.484]
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Proximal Decoding: Time Complexity AT
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Figure: Time Complexity of Proximal Decoding and Modified Implementation?

2The points shown were calculated by evaluating the metadata of BER simulation results from the following codes: BCH (31, 11); BCH (31, 26); [Mac23,
96.3.965; 204.33.484; 204.55.187; 408.33.844; PEGReg252x504]
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B Analysis of proximal decoding for AWGN channels:
@ Error coding performance (BER, FER, decoding failures)
@ Computational performance (O (n) time complexity, fast implementation possible)
B Number of iterations independent of SNR

B Suggestion for improvement of proximal decoding:

@ Addition of “ML-on-list” step
@ Up to ~ 1dB gain under certain conditions
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@ Forthcoming Analysis
@ LP Decoding
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Forthcoming Analysis AT
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@ Test ADMM (Alternating Direction Method of Multipliers) as an optimization method for LP Decoding

@ In LP decoding, the ML decoding problem is reduced to a linear program, which can be solved in
polynomial time [Gen+20]
@ ADMM is intended to blend the decomposability of dual ascent with the superior convergence
properties of the method of multipliers [Boy+11]
B ADMM has been proposed for efficient LP Decoding [ZS13]
B Compare ADMM implementation with Proximal Decoding implementation with respect to

B decoding performance (BER, FER)
@ computational performance (time complexity, actual seconds per frame)

CEL
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Questions ﬂ(“

Thank you for your attention!
Any questions?
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